A STUDY OF MELLIN-BARNES TYPE INTEGRALS,
GENERAL POLYNOMIALS AND INTEGRAL OPERATORS
OF ARBITRARY ORDERS OF SINGLE AND MULTIPLE
VARIABLES WITH APPLICATIONS

MANISH KUMAR BANSAL
(2012RMA9542)

\TUT!
‘xP“\“ST Eor S

DEPARTMENT OF MATHEMATICS

MALAVIYA NATIONAL INSTITUTE OF
TECHNOLOGY, JAIPUR
December 2016






A STUDY OF MELLIN-BARNES TYPE
INTEGRALS, GENERAL POLYNOMIALS AND
INTEGRAL OPERATORS OF ARBITRARY
ORDERS OF SINGLE AND MULTIPLE
VARIABLES WITH APPLICATIONS

By
MANISH KUMAR BANSAL

(2012RMA9542)

under the supervision of
Prof. Rashmi Jain

Submitted
in partial fulfillment of the requirements of the degree of
Doctor of Philosophy

to the

STITUTE o
o@"“’\“ &
\

Department of Mathematics

MALAVIYA NATIONAL INSTITUTE
OF TECHNOLOGY, JAIPUR
December 2016



(© Malaviya National Institute of Technology (MNIT), Jaipur-2016.

All rights reserved.



CERTIFICATE

This is to certify that Mr. Manish Kumar Bansal has worked under my su-
pervision for the award of degree of Doctor of Philosophy in Mathemat-
ics on the topic entitled, A STUDY OF MELLIN-BARNES TYPE IN-
TEGRALS, GENERAL POLYNOMIALS AND INTEGRAL OPER-
ATORS OF ARBITRARY ORDERS OF SINGLE AND MULTIPLE
VARIABLES WITH APPLICATIONS. The findings contained in this the-
sis are original and have not been submitted to any University/Institute, in part

or full, for award of any degree.

Jaipur Dr. Rashmi Jain
December 2016 Professor
Department of Mathematics
Malaviya National Institute of Technology,

Jaipur






DECELERATION

I hereby declare that the thesis entitled A STUDY OF MELLIN-BARNES
TYPE INTEGRALS, GENERAL POLYNOMIALS AND INTEGRAL
OPERATORS OF ARBITRARY ORDERS OF SINGLE AND MUL-
TIPLE VARIABLES WITH APPLICATIONS is my own work conducted
under the supervision of Dr. RASHMI JAIN, Professor, Department of Math-

ematics, Malaviya National Institute of Technology Jaipur, Rajasthan, India.

I firmly declare that the presented work does not contain any part of any work
that has been submitted for the award of any degree either in this University or

in any other University/Institute without proper citation.

Jaipur MANISH KUMAR BANSAL

December 2016 (2012RMA9542)

11






ACKNOWLEDGEMENTS

I feel great privilege and pleasure in expressing my sincere and deepest sense of
gratitude to my supervisor and mentor Prof. (Mrs.) Rashmi Jain, Department
of Mathematics for her scholarly guidance and affection. It is because of her help-
ful attitude, incessant directions, invaluable support, uninterrupted and expert
supervision that I could accomplish the present manuscript.

I acknowledge my sincere gratitude to Prof. Uday Kumar, Director and Prof.
1. K. Bhatt, Former Director, MNIT for his kind help, inspiration and encourage-
ment. [ am also thankful to, Dr. Vatsala Mathur, Head of Department of Math-
ematics for their timely suggestions, support and facility provided. I express
my deep and profound sense of gratitude to my DREC members Dr. Vatsala
Mathur, Dr. Sanjay Bhatter, Dr. Ritu Agarwal, Department of Mathematics,
MNIT, Jaipur, for their persistent encouragement and suggestions.
My heartfelt gratitude is due to Dr. K.C. Gupta, former Professor and Head,

Department of Mathematics, MNIT, Jaipur for his all time invaluable support,



matchless suggestions, uninching and timely help that paved the way for comple-
tion of my thesis.

My special regards are due to Mr. R. K. Jain, IAS (husband of Prof. Rashmi
Jain) and Mrs. Prakash Gupta (wife of Prof K.C. Gupta) for showering their
affectionate blessings and best wishes for the accomplishment of my work . I am
much grateful to all the faculty members, my senior and junior research workers
for their kind cooperation and enthusiastic encouragement.

I am also thankful to all the peoples who helped me directly or indirectly during
my PhD work.

Words are inadequate enough to express my sincere gratitude to my beloved
parents, Shri Parushotam Das Bansal and Smt. Savita Bansal, for their keen in-
terest and for being source of tremendous strength and energy to me throughout
this work. I would be failing in my duty if I don’t express my thanks towards my
elderly family members for their emotional encouragement and support, thanks
are also due to my elder sister Mrs. Swati Garg and elder brother Mr. Amit
Bansal and sister in law Shikha Bansal for their kind affection and sharing my
responsibilities during this span of life.

Finally, I express my sincere indebtedness to the almighty for his kind and ever-

lasting blessings.

(MANISH KUMAR BANSAL)

vi



ABSTRACT

Chapter 1 is intended to provide an introduction to various functions, poly-
nomials, integral transforms and fractional integral operators studied by some of
the earlier researchers. Further, we present the brief chapter by chapter summary
of the thesis. Finally, we give a list of research papers which have either been
published or accepted for publication in reputed journals having a bearing on
subject matter of the thesis.

In Chapter 2, we first present an integral representation and Mellin transform of
S-generalized Gauss hypergeometric function. Next, we give its complex integral
representation and a relationship between S-generalized Gauss hypergeometric
function and H-function of two variables. Further, we introduce a new integral
transform whose kernel is the S-generalized Gauss hypergeometric function and
point out its three special cases which are also believed to be new. We specify
that the well-known Gauss hypergeometric function transform follows as a simple

special case of our integral transforms. Next, we established an inversion formula

Vil



for above integral transform. Finally, we establish image of Fox H-function un-
der the S-Generalized Gauss hypergeometric function transform and also obtain
the images of five useful and important functions which are special cases of Fox
H-function under the S-generalized Gauss hypergeometric function transform.
In Chapter 3, we study a pair of a general class of fractional integral operators
whose kernels involve the product of a Appell Polynomial, Fox H-function and
S-Generalized Gauss Hypergeometric Function. First we define and give the con-
ditions of existence of the operators of our study and then we obtain the images of
certain useful functions in them. Further, we evaluate four new integrals involving
Appell’s Function, Multivariate generalized Mittag-Leffler Function, generaliza-
tion of the modified Bessel function and generalized hypergeometric function by
the application of the images established and also gives the three unknown and
two known integral of these operators. Next we develop six results wherein the
first two contain the Mellin transform of these operators, the next two the corre-
sponding inversion formulae and the last two their Mellin convolutions. Later on,
we establish a theorem analogous to the well known Parseval Goldstein theorem
for our unified fractional integral operators.

In Chapter 4, we first derive three new and interesting expressions for the com-
position of the two fractional integral operators, which are slight variants of the
operators defined in Chapter 3. Finally, we obtain two interesting finite double
integral formulae as an application of our first composition formula known results
which follow as special case of our findings have also been mentioned.

In Chapter 5, we evaluate two unified and general finite integrals. The first

viil



integral involves the product of the Appell Polynomial A, (z), the Generalized
form of the Astrophysical Thermonuclear function I3 and Generalized Mittag -

Leffler Function E°

o grppp 78 7). Next, we give five special cases of our main
bl 10 .

integral. The second integral involves the I3 and H— function. Further, we give
the five special cases of our main integral

In Chapter 6, we find the solution of Bagley Torvik Equation using Generalized
Differential Transform Method (GDTM). Since the function f(t) taken in this
chapter is general in nature by specializing the function f(t) and taking different
values of constants A, B and C. We can obtain a large number of special cases
of Bagley Torvik Equation. Our findings match with the results obtained earlier
by Ghorbani et al. [29] by He’s variational iteration method. Further, we find
the solution of Fractional Relaxation Oscillation Equation using GDTM. Since
the function f(x) taken in this chapter is general in nature by specializing the
function f(x) and taking different values of constants A. we can obtain a large
number of special cases of Fractional Relaxation Oscillation Equation. Here we
give eight numerical examples. Furthermore these examples are also represented
graphically by using the MATHEMATICA SOFTWARE. Finally, we find the
solution of Fractional Order Riccati Differential Equation using GDTM. and we
give eight numerical examples. Furthermore these examples are also represented

graphically by using the MATHEMATICA SOFTWARE.
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1. INTRODUCTION TO THE TOPIC OF STUDY AND
CHAPTER BY CHAPTER SUMMARY OF THE THESIS

The present chapter deals with an introduction to the topic of the study as
well as a brief review of the contributions made by some of the earlier workers
on the subject matter presented in this thesis. Next a brief chapter by chapter
summary of the thesis has been given. At the end of this chapter, list of research

paper having a bearing on subject matter has been given.

1.1 SPECIAL FUNCTIONS

Special functions have vast applications in all branches of engineering, applied
sciences, statistics and various other fields. A large number of eminent mathe-
maticians such as Euler, Gauss, Kummer, Ramanujan and several others worked
out hard to develop the commonly used special functions like the Gamma func-
tion, the elliptic functions, Bessel functions, Whittaker functions and polynomials
that go by the name of Jacobi, Legendre, Laguerre, Hermite.

The core of special functions is the Gauss hypergeometric functions o F}, intro-
duced by famous mathematicians C F Gauss. It is represented by the following

series:

io: <a)n<b>n£ =1+ a-bz + a.(a+1).b.(b+1) 22
!

(©n nl ¢ 1 cexrl) a b (1.1.1)

n=0

where
(a)p =ala+1)(a+2)---(a+n—1) for n>0;(a)g=1,c#0,-1,-2,---

a, b, ¢ and z may be real or complex. Also if either of the numbers a or b is a

non-positive integer, the function reduces to a polynomial, but if ¢ is non-positive



1.1 SPECIAL FUNCTIONS

integer, the function is not defined since all but a finite number of terms of the
series become infinite.

This series has a fundamental importance in the theory of special function
and is known as Gauss hypergeometric series. It is usually represented by the

symbol o Fi(a, b; ¢; z) the well known Gauss hypergeometric function.

In (|1.1.1)), if we replace z by % and let b — oo then

n

= (a), az afa+1)z
z%((c))nazl+zﬁ+ﬁ§+... (1.1.2)

N

It is represented by the symbol | Fi(a;c; z) and is known as confluent hypergeo-
metric function.

A natural generalization of o F} is the generalized hypergeometric function ,Fy,
which is defined in the following manner:

a1, Ap,
ply z| = plylar, - apibi, -+ by 2]

S (o (o)
=2 B )

where p and q are either positive integers or zero and empty product is interpreted
as unity, the variable z and all the parameters a,,--- ,a,; by, -+ ,b, are real or
complex numbers such that no denominator parameters is zero or a negative
integer.

The conditions of convergence of the function ,F are as follow:
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(i) when p < g, the series on the right hand side of ([1.1.3)) is convergent.

(ii) when p = g+1, the series is convergent if |z| < 1 and divergent when |z| > 1,
and on the circle |z| = 1, the series is
(a) absolutely convergent if R(w) > 0
(b) conditionally convergent if —1 < R(w) < 0 for z # 1
(c) divergent if R(w) < —1

a P
where w =Y b; — Y a;

7=1 7j=1
(iii) when p > ¢ + 1, the series never converges except when z = 0 and the

function is only defined when the series terminates.

A comprehensive account of the functions oFy, 1F} and ,F; can be found in the
works of Luke [67], Slater [106], Exton [25] and Rainville [90] and their applica-

tions can be found in Mathai and Saxena [74].

1.1.1 S-GENERALIZED GAUSS HYPERGEOMETRIC
FUNCTION

The S-generalized Gauss hypergeometric function £ 7™ )(a, b; c; z) was
introduced and investigated by Srivastava et al. [113, p. 350, Eq. (1.12)]. It is
represented in the following manner:

(@B) (g br o ») — b : z
Fy*7T (a, by c; 2) = ng_o(a)n Blb.c—0) o (2| <1)  (1.1.4)

provided that (R(p) > 0; min{R(a),R(B),R(7),R(x)} >0; R(c)>R((Db) >0)
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in terms of the classical Beta function B(\, i) and the S-generalized Beta function
BT (2 ), which was also defined by Srivastava et al. [I13, p. 350, Eq. (1.13)]

as follows:

1
(047571':/1) j— z—1 _ yil N - p
B! (x,y)—/ot (1— ) F <a,ﬁ, —tT(l—t)#) i (115)

(R(p) 2 0; min{R(x), R(y), R(e), R(B), R(7), R(w)} > 0)

If we take p = 0 in (1.1.5)), it reduces to classical Beta Function and (\),, denotes
the Pochhammer symbol defined (for A € C) by (see [115, p. 2 and pp. 4-6]; see

also [114] p. 2]):

(A +n)
_ { L (n=0) (1.1.6)
AA+1)...(A+n—1), meN :={1,2,3,---})

provided that the Gamma quotient exists (see, for details,[108, p. 16 et seq.] and
112, p. 22 et seq.]).

For 7 = pu, the S-generalized Gauss hypergeometric function defined by
reduces to the following generalized Gauss hypergeometric function F,S"‘ﬁ i) (a,b;c; z)
studied earlier by Parmar [83, p. 44]:

= BYPT (b4 n,c— b) 2n
(@BT) (g b e ) — b : 2"
F, (a,b;c;2z) = E (@), Blbc—0) o (2] < 1) (1.1.7)

n=0

(Rp) =0, min{R(a), R(B), R(7)} > 0;  R(c) > R(b) > 0).
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which, in the further special case when 7 = 1, reduces to the following extension
of the generalized Gauss hypergeometric function (see, e.g., [82, p. 4606, Section

3] ; see also [81] p. 39]):

= BYP (b4 n,c—b) 2"
(e,8) cor ) — p )
Fy%7(a, b c;2) = g (a)n (b.c—b) o (lz] < 1) (1.1.8)

n=0

R(p) = 0; min{R(e), R(B)} > 0; R(c) > R(b) > 0)

Upon setting o = 3 in (|1.1.8)), we arrive at the following Extended Gauss hyper-

geometric function (see [13], p. 591, Egs. (2.1) and (2.2)]:

Rlabics) =3 @, 20 B2 (<) )

n=0

1.1.2 THE H- FUNCTION

The H—function is defined by the following Mellin-Barnes type integral [109} p.
10] with the integrand containing products and quotients of the Euler gamma

functions. Such a function generalizes most of the known special functions.

VN VN (GJ'?QJ')LP VN ((11,041),--- 7<aP>@P)
Hpy [zl =Hpy |2 = Hpy |2
(b, Biq (b1, B1), -+, (bg, Be)
S O(s)2° ds (1.1.10)
=5 2° ds, 1.
s
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where w = v/—1, z € C\ {0}, C being the set of complex numbers,

and
M N
A lF(bj — B;s) H1F<1 — a; + a;s)
J= J=
O(s) = — > , (1.1.11)
[T T(—=0;+8s) II T(a;—ays)
j=M+1 j=N+1

Also M, N, P and Q are non-negative integers satisfying 1 £ M < (Q and
0SNZP;a(=1--,P) and p;(j = 1,---,Q) are assumed to be
positive quantities for standardization purposes. The definition of the H-function
given by will, however, have meaning even if some of these quantities
are zero. Also, a;(j =1,---,P)and b;(j =1,---,Q) are complex numbers such
that none of the points

_bh+V

5= h=1,--- M:v=0,1,2,-- (1.1.12)
Bh
which are the poles of I'(b,, — Bis),h =1,--- , M and the points
a—n—1 .
s=—— i=1,--- ,N;n=0,1,2,--- (1.1.13)
Q;

which are the poles of I'(1 — a; + a;) coincide with one another, i.e
a;(by +v) # bp(a; —n—1) (1.1.14)

forv,n=0,1,2,---;h=1,---  M;i=1,--- | N.
Further, the contour £ runs from —woo to +woo such that the poles
L(by, — Brs),h =1,---, M, lie to the right left of £ and the poles of
'l —a;+aq;8), i=1,--- N lie to the left of £. Such a contour is possible on
account of . These assumptions will be adhered to throughout the present

work.
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SPECIAL CASES

The following special cases of the H—function have been made use in this thesis:

1. Lorenzo-Hartley G-function [34, p. 64, Eq. (2.3)]

(1—r1) 0 e (1115)

1,1 . q
H[ C0,1), (I4v-rgq) |z

Here G, is the Lorenzo-Hartley G-function [66].
2. Generalized Mittag-Leffler function [73, p. 25, Eq. (1.137)]

(1=71) — T(7)E] 4(=) (1.1.16)

Mz [_Z (0,1), (1—8,a)

(,5,7€ G R(a,f,7)>0)

where E] ; is the generalized Mittag-Leffler function given by [87].

3. Generalized Hypergeometric function[I09, p. 18, Eq. (2.6.3)]

s
3
£

(L —aj Ly
(07 1>7 (1 - bj? 1)1711

Il
<
Il
—
<
o
—
Q
S
~—
—~
S
LS
~—
|
2
—~
—_
=
—
EN |
~—

1Lp
Hp,q+1 [Z

e
4
S

.
Il
-

4. Generalized Bessel Maitland Function [73, p. 25, Eq. (1.139)]

— ' (2)  (1.1.18)

2

z

Hb =
1,3 |:4

—’_%)_/\_Va:u)

where Jl’: ) is the Generalized Bessel Maitland Function [72, p. 128, Eq.

(8.2)]
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5. Wright’s Generalized Bessel Function[109, p. 19, Eq. (2.6.10)]

HLS {z 0.1). (<A.v) } = JY(2) (1.1.19)

6. Kritzel Function [73] p. 25, Eq. (1.141)]

(0,1), (%, 1) ] =pZ,(z)  zveCp>0 (1.1.20)

2,0
H0’2 {z

where Z} is the Kritzel Function [62].

7. Modified Bessel function of the third kind [30, p. 155, Eq. (2.6)]

< o+l l)
HY |2 BB o1 =\ (2) (1.1.21)
(07 1)7 - - Ea B

1.1.3 THE H-FUNCTION

Though the H-function is sufficiently general in nature, many useful functions
notably generalized Riemann Zeta function [23], the polylogarithm of complex
order [23], the exact partition of the Gaussian model in statistical mechanics
[50], a certain class of Feynman integrals [23] and others do not form its special
cases. Inayat Hussain [50] introduced a generalization of the H-function popu-
larly known as H -function which includes all the above mentioned functions as
its special cases. This function is developing fast and stands on a firm footing
through the publications of Buschman and Srivastava [10], Rathie [91], Saxena

[103, [104], Gupta and Soni [42], Jain and Sharma [53], Gupta, Jain and Sharma
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[41], Gupta, Jain and Agrawal [40] and several others. The H-function is defined
and represented in the following manner:

(e, Ejs €i)1me (€, Ej)ns1p

H,, [2] = H,, |z
(fij}')l,ma (fj?F}; %j)m—i-l,q
b EIGETS (1.1.22)
T 21w o
e

where, w =+/—1,z € C\ {0}, C being the set of complex numbers,

I'(f; — F3¢) : {T(1 —e; + B}

I |
@(5) - Z,:l J i 1o
‘:H+1 (T = f+ BOF A:H+1 [(e; — Ej€)

It may be noted that ©(¢) contains fractional powers of some of the gamma
functions. m,n,p,q are integers such 1 < m < ¢,0 < n < p,(E;)1p, (Fj)ig
and (€;)1.n, (35)m+1,4 are positive quantities for standardization purpose. The
definition (|1.1.22)) will however have meaning even if some of these quantities are
zero, giving us in turn simple transformation formulae.

(€)1, and (f;)1,, are complex numbers such that the points

7fj+l{5
=~

J

5 j:177ma k2071727”'

which are the poles of I'(f; — F}€), and the points

1k
§:€.7T .]:]-7an7 k:07172a

j
which are the singularities of {I'(1 — e; + E;£)}</, do not coincide.

We retain these assumptions throughout the thesis.

10



1.1 SPECIAL FUNCTIONS

The contour £ is the line from ¢ — ico to ¢ + ico, suitably intended to keep the
poles of I'(f; — F;€) j=1,---,m to the right of the path, and the singularities
of {I'(1 —e; + E;§)}< j=1,---,n to the left of the path.

Ife=S;=1 (i=1,---,n; j=m+1,---,q), the H—function reduces to
the familiar H—function.

The following sufficient conditions for the absolute convergence of the defining
integral for H—function given by have been given by Gupta, Jain and

Agarwal [40]
, 1
(1) larg(2)| < EQTF and Q>0
1
(1) |arg(2)| = §Q7T and Q>0

and (a) p#0 and the contour £ 1isso chosen that (cu+A+1) <0

(b) p=0 and (A+1)<0

(1.1.24)
where
m n p
Q=) Fj+)> Ej€— Z FiS;— > E (1.1.25)
Jj=1 Jj=1 j=m+1 j=n+1
n p m q
p=> Ejc;+ Y E- ZFJ - > B (1.1.26)
Jj=1 j=n+1 j=m-+1
m p
=R <Z fi+ Z [ — Zey < — Z ej)
j=1 j=m+1 J=n+1
+1 (Z €; — Z S5 +p—m— n) (1.1.27)
j=1 j=m+1

11
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The following series representation for the H—Function given by Rathie [91] and

Saxena [I03] has been used in the present work:

—n (€j7Ej;€j)1,n7 (ej7Ej)n+17p I
o, |z => ) O(sen)z™* (1.1.28)

(f]’ )1 ms (fj’Fj;%j)m-‘rl,q t=0 h=1

where,

110~ Fou) TT00 ¢ + o))

— i=1,j#h —1) +t
@(5t3h> — J - Jj7# - > (t'F) 7 st’h _ th
[T {TA—fi+Fsn)}™ II Tlej— Ejsen) " "
j=m+1 J=n+1
(1.1.29)

In the Sequel, we shall also make use of the following behavior of the ﬁ;’?&n 2]
function for small and large value of z as recorded by Saxena et al.

[102], p. 112, Egs.(2.3) and (2.4)].

—m,n . fj

H, . [2] = O[|z|*], for small z, where « = 1£r;1<nm9f{ (FJ (1.1.30)
T7men B €; — 1
H, . '[2] = O[|z|"], for large z, where 3 = lrgjaéli}i (EJ (—Ej )) (1.1.31)

provided that either of the following conditions are satisfied:

(1) p<0 and 0<|z] <o
(1.1.32)
(1) p=0 and 0<|z|<d?

where

ZE € + Z E; - ZF - Z S, (1.1.33)

j=n+1 j=m+1
n P m
o=[JE) < ] &)™ []F)" H (1.1.34)
j=1 j=n+1 j=1 m+1
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1.1 SPECIAL FUNCTIONS

SPECIAL CASES

The following special cases of the H—function have been made use in this thesis:

(I) The Polylogarithm of order p |23, p.30, §1.11, Eq. (14)] and [39, p.

315, Eq. (1.9)]

(0,1;p+1)

. " —11
F(z,p) = Zﬁ =2t {_Z 0,1),  (=1,1;p) }

(1,1;p+1)

(1,1), (0,1:p) } (1.1.35)

=—H, {_Z

Here F(z,p) is the polylogarithm function of order p .

(II) The Generalized Wright Hypergeometric Function [41, p. 271, Eq.

(7]

e

(6]', Ej, Ej)l,p; {F<€j + EJT)}Ej o

(0(f; + Fr)p> "

zZ
(fis Fj3S5)1,q5

=
»Qel
Il
ilagE
| T

<
Il
-

(1 =€, Ej €)1y
—Z
(07 1)7 (1 - fja Fj; %j)Lq
(1.1.36)

pﬁq reduces to ,¥,, the familiar Wright’s Generalized hypergeometric func-
tion [109, p. 19, Eq. (2.6.11)], when all the exponents (€;)1.4, (3)m+14

take the value 1.
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(III) The Generalized Riemann Zeta Function [23 p. 27, §1.11, Eq. (1)]

and [39, pp. 314-315, Eq. (1.6) and (1.7)]

(IV) Generalized Hurwitz Lerch Zeta Function |51 pp. 147 & 151, Eqs.(6.2.5)

and (6.4.2)]

= F(’y) ﬁ;g ; (1_7771;]))7(1_04,1;1)7 (1 —5,1;1)
L(a)(B)  ~ (0,1),(1 —~,1;1), (—n,1;p)
(1.1.38)
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1.1 SPECIAL FUNCTIONS

(VI) A Generalization of the Generalized Hypergeometric Function

M1, p. 271, Eq. (9)]

(e, €
pFq z

([ S

)r} '

=
—
—

Q)
<
m
<.

3
e
~

)1
—
S
N—
—

1%
Ly

(1 —e5 1 €)1

Il
Nt
T

I
T
]
=

|

N

(07 1)7 (1 - f]7 ]-a %j>1,q

\3
|
()
—=
—~
—~
S
SN—
3
—
I
—s
—
—
—~
o
SN—
—
o

<
Il
-
48
<
Il
—

e
—~—
=
h
~—
——
S

= (e € )y

= U, P (1.1.40)
[1{L(ej)} (f5: 13 S5)1a;
j=1

The function ,F, reduces to well known ,F, for €;= 1(j = 1,---,p),

Naturally, all functions which are special cases of the H—function are also special

cases of the H—function.

1.1.4 THE MULTIVARIABLE H-FUNCTION

The multivariable H—function occuring in the thesis was introduced and studied
by Srivastava and Panda [118, p. 130, Eq. (1.1)]. This function involves r

complex variables and will be defined and represented in the following contracted
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form [109, pp. 251-252, Egs. (C.1-C.3)]

21 (a]7 51)7 T 7a§‘r))1,0 . (

HOBA1B1 3 Ar, By
C,D:C1,D1;++;Cr,Dr

Zr (bj§ ﬁj(l)’ .. 7ﬂj(,7")) (d(l) (5

J 0

(1)

J ’73

IRERERR (o

Do

(r)

? "Y‘]('T))LCT

; (d(T) ; 5J(r))1,DT ]

J

,7)

(1.1.41)

(1.1.42)

-,7’)

) [6e)E)de - -de, (=1,
=1
where w = /—1,
B .
H F(l — aj + Z a;l)fi)
¢(§1a e 757") = =1 . - lgl - A
[IT(—b+387%) I T(e—Xals)
=t i=1 j=B+1 i=1
A B,
Er(dz gl)l:[ (l—c —|-~yj fz)
&) = - — (=1,
[I T0-d”+57%) II T —7%)
j=Aitl Jj=B;+1

(1.1.43)

All the greek letters occuring on the left-hand side of ([1.1.41)) are assumed to be

positive real numbers for standardization purposes; the definition of the multi-

variable H —function will, however, be meaningful even if some of these quantities

are zero such that

A; —Za“ + Z % =>"8P - 25”>0
j=B;+1 j=1 j=1
Ci D

B; A; )
D N S S DR WS
j=

Jj=B+1 J=1 J=Bi+ J=1
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(1.1.44)

D; A
- Y >0 (=12

(1.1.45)



1.1 SPECIAL FUNCTIONS

where B, C, D, A;, B;, C;, D; are non negative integers such that 0 < B < C,
D>0, 0<B;<Cjand1< A, <D;, (i=1,---,r).

The sequences of the parameters in are such that none of the poles of
the integrand coincide i.e. the poles of the integrand in ([1.1.41)) are simple. The
contour £; in the complex &— plane is of the Mellin-Barnes type which runs from
—woo to +woo with indentations, if necessary, to ensure that all the poles of
F(dg-i) — 5;”&) (j=1,---,A;) are separated from those of I'(1 — C;i) — %@&)
(j=1,---,B;) and r(1—aj+zrla§")§i) (i=1,---,rj=1,---,B).

It is known that multiple MellinjBarnes contour integral representing the multi-
variable H— function ([1.1.41]) converges absolutely [119, p. 130, Eq. (1.4)] under

the condition (|1.1.45)) when
1
larg(z;)| < §Qi7r, (t=1,---,7) (1.1.46)

The point z; = 0(i = 1,--- ,r) and various exceptional parameter values are

excluded.

SPECIAL CASES

By suitably specializing the various parameters occuring in the multivariable H—
function defined by (|1.1.41)), it reduces to the simpler special functions of one and
more variables.

Some of them which have been used in this thesis are given below:

: o _ @ _ _ : (1) _ 5@ _ _
(i) If we take o’ = ;" = ... = a;’ (j=1,..,D)and 8’ =37 = ... =

,BJ(.T) (j = 1,..,D) in (|1.1.41), it reduces to a special multivariable H—

function studied by Saxena [103].
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(i) If we take r = 2, in (1.1.41) , we get H—function of two variables defined

in [109, p.82, eq.(6.1.1)].

(iii) A relation between H—function of two variable and the Appell function

[109], p.89,Eq.(6.4.6)] is given as below:

H0,0:LQ;LZ —T - (1 _671)7(1 _0/71); <1 -6 1>’(1 _el’l)
012121 | _y (1—b;1,1): (0,1); (0,1)
L(e)L()T(e)(e

_ JEy(eend ésbinny), Jal <Lyl <1 (L14T)

(iv) if we reduce Multivariable H-function into generalized hypergeometric Func-
tion [52, p.xi,Eq.(A.18)] as given below
2 | (T—apls Do —— 5 ——

0,C:1,0;-+-31,0
HC',D:O,I;---;O,I

IS I
S

(1_b]717 71)1,D : <O71>? 7(071)
C
[1T(ay) (ac);
= Fp () (1.1.48)
[1T(;) (bp);

(v) if we reduce Multivariable H-function into Multivariate generalized Mittag-

Leffler Function [9] p.187,Eq.(B.27)] as given below
a | —— (=i = 1)

777777

Zr (1_)‘;p1a"'7pr):(071);"';(0a1)

= HF(%)E((ZQ,A(ZD e 2) (1.1.49)

j=1

18



1.1 SPECIAL FUNCTIONS

1.1.5 THE APPELL POLYNOMIALS

A class of polynomials over the field of complex numbers which contains many
classical polynomial systems. The Appell Polynomials were introduced by Appell

[6]. The series of Appell Polynomials is defined by :

n

An(z) = a’;’“z’f, n=01,2,- (1.1.50)
k=0 ’

where a,,_j is the complex coefficients and ag # 0
SPECIAL CASES OF THE APPELL POLYNOMIALS A4,[7]

On suitably specializing the coefficients a,_g, occurring in (1.1.50)), the Appell
polynomials A,[z] can be reduced to various type polynomials as cited in the
papers referred to above.

The following special cases of the Appell polynomials A,[z] will be required in

the thesis:

(a) Cesaro Polynomial

If we take a,,_x = (T::k)k:'
Azl = ¢9(2) (1.1.51)

n

where gy)(z) is Cesaro polynomial[T12] p. 449, Eq. (20)] and is given by:

") :n TH+n—Fk\ ,
=3 (TH )

k=0

T+n —n, 1;
_ ( ’ )QF1 ( el z) (1.1.52)
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(b) Laguerre Polynomial
On taking a,—, = (—1)*(¢77)

Anlz] = Lo(2), (1.1.53)

where L{(z) is the Laguerre Polynomial [I21, p. 101, Eq. (5.1.6)] and is

given by :

L) () = & <a+n> (_]:!)k

(1+ ),

(= 1+ a;2) (1.1.54)
n!

(c) Shively Polynomial
A+ n)n(=n)k(ar)k - - (ap)k
nl(A+n)g(B1)x - (By)k

Anlz] = S)(2) (1.1.55)

If we take a,_; =

where S (z) is the Shively Polynomial [I12, p. 187, Eq. (49)] and is given

by :
S)\(Z) _ n ()\ + n)n(—n)k(al)k c (ap>kz_k
! k=0 DA+ n)e(B1)k - (B k!
_(/\+n)n F =N, 0, .
T et )\+n,ﬁl,...’ﬁq;z (1.1.56)
(d) Bateman’s Polynomial
on taking a,_j = <_78’;’(:(Llj);1)k
Anlz] = Zu(2) (1.1.57)
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1.1 SPECIAL FUNCTIONS

where Z,(z) is the Bateman’s Polynomial [112, p. 183, Eq. (42)] and is

given by:
Zo(e) = S £ D 2
" —~ (D) K
=, F, < _n’ln;f L z) (1.1.58)

(e) Bessel Polynomial
(—n)k(a +n— 1)k(—1)k
3k

Anlz] = yu(z, 0, B) (1.1.59)

If we take a,,_; =

where y,(z, «, 3) is the Bessel Polynomial [60, p. 108, Eq. (34)] and is given

by:
B - (—n)r(a+n—1) [(—= k
e g )
=, F { —moetn-l %1 (1.1.60)

1.1.6 INTEGRAL TRANSFORM

If f(x) denotes of a prescribed class of functions defined on a given interval [a, b]
and K (z,s) denotes a definite function of x in that interval for each value of
s, a parameter whose domain is prescribed, then the linear integral transform

T[f(x); s] of the function f(z) is defined in the following manner:

T[f(x);s] :/K(x,s)f(x)dx (1.1.61)
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wherein the class of functions and the domain of parameter s are so prescribed
that the above integral exists. In (L.1.61]), K(z,s) is known as the kernel of the
transform, T'[f(z); s] is the image of f(z) in the said transform; and f(z) is the
original of T'[f(x); s].

Inversion formula for the transform

If an integral equation can be determined that
B
o) = [ ofs.)T1f(w):lds (1.162)

then (1.1.62)) is termed as the inversion formula of (1.1.61)).

LAPLACE TRANSFORM

One of the simplest and most important integral transform is the well known
Laplace Transform. It has been a subject of wide and extensive study on account
of its applications in applied mathematics and physics.

The Laplace Transform of a function is defined as follows:

o0

L{f(z);s} :/e_sxf(x)dx (1.1.63)

0
and the inversion formula is given by:

c+ioco

:% ' eTL{f(x);s}ds (1.1.64)

/()

provided that the above integral exists.
The standard works of Doestch [I8] in three volumes give the detailed and com-

plete account of Laplace Transform.
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1.2 FRACTIONAL CALCULUS

MELLIN TRANSFORM

The well known Mellin Transform is defined by:

o0

M {f(z): s} = /xs_lf(x)dx (1.1.65)

0
and the inversion formula is given by:

c+ioco

f(z) = % M A{f(x);s}ds (1.1.66)

c—ico

provided that the above integral exists.

1.2 FRACTIONAL CALCULUS

The term Fractional calculus has its origin to the letter written by L’hospital in
1695 to Leibniz, wherein he enquired whether a meaning could be ascribed to
%Ef) if n were a fraction. Because the answer to the questions was affirmative,
various authors started working on the subject. In the initial stage of devel-
opment, the order n was taken to be fraction. Although now n is taken as an
arbitrary number, the subject is still known as fractional calculus. The works of
Oldham and Spanier [80], Samko, Kilbas and Marichev [97], Gorenflo and Vessela
[31], Kiryakova [61], McBridge [75], Miller and Ross [7§], Nishimoto [79], Pod-
lubny [84], Caputo [12] provide a comprehensive account of the development and

applications in the field of fractional calculus.

The following well known Fractional integral operator has been widely studied :
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(i) The left-sided Riemann-Liouville fractional integral or Riemann-
Liouville fractional integral of order «, for a > 0, x > a, is defined as

58, p. 69, Bq. (2.1.1)]

T

T2 @) = g [0 (1.2.1)

a

(ii) The right-sided Riemann-Liouville fractional integral of order «, for

a >0,z <b,is defined as [58, p. 69, Eq. (2.1.2)]
b

@) = o [ = 0 (1.22)

(iii) The left-sided Riemann-Liouville fractional Derivative or Riemann-
Liouville fractional Derivative of order a, m — 1 < o« < m, m € N, for
a real valued function f(x) defined on Ry = (0, 00), is defined as |58 p. 70,

Eq. (2.1.5)]

D () = DM I f () = m (%) / % (1.23)

a

(iv) The right-sided Riemann-Liouville fractional Derivative of order «,

m—1<a<m,meN,is given by [58, p. 70, Eq. (2.1.6)]

Dy f(2) = ﬁ (_d%y/b% (1.2.4)

T

(v) Caputo fractional derivative of order a, m — 1 < o < m, m € N, is

defined as [11]

T

(D) =tz D" ) = ot [ { (5] e
' (1.2.5)
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1.2 FRACTIONAL CALCULUS

(vi) Weyl Fractional Integral of order a, for () > 0 and = > 0 is defined

as [78, p. 236, Eq. (1.1)]

1

W) = o / (t— 2)°" F(t)dt (1.2.6)

T

On account of the importance of the fractional calculus operators(FCO) in several
problems of mathematical physics and applied mathematics, various generaliza-
tion of the FCO defined by Riemann -Liouville and Weyl have been studied from
time to time by several research workers notably: Kober [54], Sneddon [107],
Kalla [55], Kalla and Saxena [56], Saxena and Kumbhat [101], Manocha [70],
Koul [59], Raina and Kiryakova [89], Gupta and Soni [38], Garg [28], Garg and
Purohit [27], Gupta [37], Saigo [95, 96], Gupta and Jain [36] , Gupta, Jain and
Agrawal [35].

The fractional calculus finds use in many fields of science and engineering, such
as fluid flow, reheology model, diffusion, potential theory, electrical transmission
lines, probability, image processing, ultrasonic wave propagation electrochemistry,
scattering theory, transport theory, statistics, theory of viscoelasticity, potential
theory and many branches of mathematical analysis like integral and differen-
tial equations, operational calculus, univalent function theory and various other
problems involving special function of mathematical physics as well as their ex-
tensions and generalizations in one and more variables.

A detailed account of various fractional integral operators studied from time to
time has been given by Srivastava and Saxena [114].

In the present work we have introduced and developed a pair of unified Fractional
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Integral Operators whose kernels involve the product of Appell Polynomial, Fox
H-function and S-Generalized Gauss’s Hypergeometric Function

y A\ ¢ A1
B A H B f0) =0 [ e, (2) (1-1)

x x
0
t v2 t A2 (9]7 Gj)l,P . t v3 t A3
H%@N 29 (—) (1 — —) Fp(a’B’T”“‘) a, b; c; z3 <—) (1 — —) f(t)dt
’ x x x x
(hj, Hj)1o

provided that

. h; h;
lglgnM%<y+y2E+§+1,)\+)\2Fj+1) >0

min{l/l,V:;, )\17 )\3} Z 0

(1.2.8)

[e.9]

JeM A H Fy f()} = 2 / N {Z (5) (- %N

xT

(95, Gj)rp
M,N AN PR ’ @87 | g bres e (E)° (1= £)™
Hpg Zz(t) ( t> Ey a’b’c’z3<t> (1 t> f(t)dt
(hyj, H)1o
(1.2.9)
provided that
R(wg) >0 or R(wy) =0 and min R (v — —i—l/& >0
Wao (6} Wa) = a. = w1 2Hj
. (1.2.10)
lgjngr}w% ()\ + AgHj + 1) > 0, min{vy, v3, A1, A3} >0
where f(t) € A and A denotes the class of functions for which
OfJt°}; max{[t|} — 0
ft) = (1.2.11)

O{]t|w16_w2|t|}; min{|¢|} — oo
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1.3 FRACTIONAL DIFFERENTIAL EQUATIONS

1.3 FRACTIONAL DIFFERENTIAL EQUATIONS

Fractional differential equations have gained considerable importance due to their
application in various disciplines, such as physics, mechanics, chemistry, engineer-
ing, etc. In recent years, there has been a significant development in ordinary
and partial differential equations involving fractional derivatives (see the mono-
graphs of Samko et al.[97], Kilbas et al. [58], Miller and Ross [78], Oldham and
Spanier [80], and Podlubny [84]). Numerous problems in these areas are modeled
mathematically by systems of fractional differential equations.

A growing number of works in science and engineering deal with dynami-
cal systems described by fractional order equations that involve derivatives and
integrals of non-integer order [Benson et al. [8], Metzler & Klafter [77], Za-
slavasky [128]]. These new models are more adequate than the previously used
integer order models, because fractional order derivatives and integrals describe
the memory and hereditary properties of different substances [84]. This is the
most significant advantage of the fractional order models in comparison with in-
teger order models, in which such effects are neglected. In the context of flow in
porous media, fractional space derivatives exhibit large motions through highly
conductive layers or fractures, while fractional time derivatives describe particles
that remain motionless for extended period of time [76]

Recent applications of fractional differential equations to a number of systems

have given opportunity for physicists to study even more complicated systems.
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For example, the fractional diffusion equation allow describing complex systems

with anomalous behavior in much the same way as simpler systems.

1.3.1 BAGLEY TORVIK EQUATION

The Bagley-Torvik Equation is originally formulated to study the behavior of
real material by use of fractional calculus [7, 123]. Tt plays important role in
many engineering and applied science problems. In particular, the equation with
1/2-order derivative or 3/2-order derivative can model the frequency-dependent
damping materials quite satisfactorily. It can also describe motion of real physical
systems, the modeling of the motion of a rigid plate immersed in a Newtonian fluid
and a gas in a fluid, respectively [84, [93]. Fractional dynamic systems have found
many applications in various problems such as viscoelasticity, heat conduction,
electrode-electrolyte polarization, electromagnetic waves, diffusion wave, control
theory, and signal processing [3| [7, 17, [71, 84} 93], 120, 122, 123, 127].

The generic form of Bagley-Torvik equation [84], p. 229] can be written as

Py(t) | day(t) _
A— + B 3 +Cy(t) = f(t), t>0 (1.3.1)

Subject to initial conditions
y(0)=0 and ' (0)=0 (1.3.2)

Where y(t) is the solution of the equation, A # 0, B, and C are constant co-
efficient’s and f(t) is a given function from I into R, I is the interval [0,T]. The
analytic results on existence and uniqueness of solutions to fractional differential

equations have been investigated by many authors [84] [92].
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1.3.2 FRACTIONAL RELAXATION-OSCILLATION
EQUATION

The relaxation-oscillation equation is a fractional differential equation with ini-
tial conditions. There are many relaxation-oscillation models such as fractional
derivative [I4] [15] 68, 69, 126]. The relaxation-oscillation equation is the primary
equation of relaxation and oscillation processes. The fractional derivatives are
employed in the relaxation and oscillation models to represent slow relaxation
and damped oscillation [68], 69)].

Fractional Relaxation-Oscillation [44, p. 5928] model can be depicted as

DPy(t)+ Ay(t) = f(t), t>0 (1.3.3)
y0)=a if 0<B<1 (1.3.4)
y(0)=X and ¢y 0)=p if 1<p<2 (1.3.5)

where A is a positive constant. For 0 < § < 2, the above equation is called the
fractional relaxation-oscillation equation. When 0 < § < 1, the model describes
the relaxation with the power law attenuation. When 1 < < 2, the model
depicts the damped oscillation with viscoelastic intrinsic damping of oscillator
16, 124].

This model has been applied in electrical model of the heart, signal processing,
modeling cardiac pacemakers, predator-prey system, spruce-budworm interac-

tions ete. [4] (16, 43| 94 [124] [125].
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1.3.3 FRACTIONAL ORDER RICCATI DIFFERENTIAL
EQUATION

The general form of Fractional Order Riccati differential equation [57] is
D%y(t) = P(t)y*(t) + Q(t)y(t) + R(t),  t>0 (1.3.6)

Subject to initial condition

y(0) =B (1.3.7)

where P(t), Q(t) and R(t) are known functions. For g = 1, the fractional-
order Riccati differential equation converts into the classical Riccati differential

equation.

1.4 METHODS OF SOLUTION OF FRACTIONAL
DIFFERENTIAL EQUATIONS

Finding accurate and efficient methods for solving fractional differential equations
has been an active research undertaking. In the last decade, various analytical and
numerical methods have been employed to solve linear and non-linear problems.
For example the matrix method [85, [86] which is a numerical method. Unlike
other numerical methods used for solving fractional partial differential equations
in which the solution is obtained step-by-step by moving from the previous time
layer to the next one, here in matrix method, we consider the whole time interval.
This allows us to create a net of discretization nodes. The values of the unknown

function in inner nodes are to be found. The values at the boundaries are known
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and these are used in construction the system of algebraic equations. Adomian
decomposition method (ADM), introduced and developed by Adomian [I, 2],
attacks the problem in a direct way and in straightforward fashion without using
linearization, perturbation or any other restrictive assumption that may change
the physical behavior of the model under discussion, Homotopy perturbation
method (HPM), introduced by He [45], 146, 47, [48], [49], consider the solution as
the sum of an infinite series which converges rapidly to the accurate solutions.
Variational iteration method (VIM), established by He [49] gives rapidly con-
vergent successive approximations of the exact solution if such a solution exists.
The VIM does not require specific treatments for non-linear problems as in Ado-
mian decomposition method, perturbation techniques, etc. Homotopy analysis
method (HAM) introduced by Liao [63, 64} [65], is a method based on homotopy,
a fundamental concept in topology and differential geometry. It is a computa-
tional method that yields analytical solutions and has certain advantages over
standard numerical methods. It is free from rounding off errors as it does not
involve discretization, and does not require large computer obtained memory or
power. The method introduces the solution in the form of a convergent fractional
series with elegantly computable terms. Generalized differential transform
method (GDTM) developed by Ertuk, Momani and Odibat [22] , for solving
two dimensional linear and non-linear partial differential equations of fractional
order is a generalization of differential transform method, it was proposed by

Zhou [129] to solve linear and non-linear initial value problem in electric circuit
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analysis. This method constructs an analytical solution in the form of a poly-
nomial. It is different from the traditional higher order Taylor series method,
which requires symbolic computation of the necessary derivatives of the data
functions and takes long time in computation, whereas the differential transform
is an iterative procedure for obtaining analytic Taylor series solution.

In Chapter 6, we apply FDTM for solving Bagley Torvik Equation, Frac-
tional Relaxation Oscillation Equation and Fractional Order Riccati Differential

Equation.

1.5 BRIEF CHAPTER BY CHAPTER
SUMMARY OF THE THESIS

Now we present a brief summary of the work carried out in Chapter 2 to 6.

In Chapter—2, First of all we give definition of the S-generalized Gauss hyperge-
ometric function and S-generalized Beta function which was recently introduced
by Srivastava et al. [113].

Next, we first present an integral representation and Mellin transform of S-
generalized Gauss hypergeometric function. Next, we give its complex integral
representation and a relationship between S-generalized Gauss hypergeometric
function and H-function of two variables. Further, we introduce a new integral
transform whose kernel is the S-generalized Gauss hypergeometric function and
point out its three special cases which are also believed to be new. We specify that
the well-known Gauss hypergeometric function transform follows as a simple spe-

cial case of our integral transforms. Next, we established an inversion formula for
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above integral transform in theorem form. Finally, we establish image of Fox H-
function under the S-Generalized Gauss hypergeometric function transform and
also obtain the images of five useful and important functions which are special
cases of Fox H-function (Generalized Bessel function, Gauss Hpergeometric func-
tion, Generalized Mittag-Leffler Function, Kratzel Function and Lorenzo Hartley
G-function) under the S-generalized Gauss hypergeometric function transform.
Which are also believed to be new.

In Chapter—3, we study a pair of a general class of fractional integral operators
involving the Appell Polynomial, Fox H-function and S-Generalized Gauss
Hypergeometric Function. First we define and give the conditions of existence
of the operators of our study and then we obtain the images of certain useful
functions in them. Further, we evaluate four new integrals involving Appell’s
Function, Multivariate generalized Mittag-Lefflet Function, generalization of the
modified Bessel function and generalized hypergeometric function by the applica-
tion of the images established and also gives the three unknown and two known
integral of these operators. Next we develop six results wherein the first two
contain the Mellin transform of these operators, the next two the corresponding
inversion formulae and the last two their Mellin convolutions. Later on, we es-
tablish a theorem analogous to the well known Parseval Goldstein theorem for
our unified fractional integral operators.

In Chapter—4, we first derive three new and interesting expressions for the com-
position of the two fractional integral operators, which are slight variants of the

operators defined in Chapter 3. The operators of our study are quite general in
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nature and may be considered as extensions of a number of simpler fractional
integral operators studied from time to time by several authors. By suitably
specializing the coefficients and the parameters in these functions we can get a
large number of (new and known) interesting expressions for the composition of
fractional integral operators involving simpler special functions. Finally, we ob-
tain two interesting finite double integral formulae as an application of our first
composition formula known results which follow as special case of our findings
have also been mentioned.

In Chapter—5, we evaluate two unified and general finite integrals. The first
integral involves the product of the Appell Polynomial A,(z), the Generalized
form of the Astrophysical Thermonuclear function I3 and Generalized Mittag -

Leffler Function E?

o Tupp(z; s,7). The arguments of the functions occurring in

the integral involve the product of factors of the form #*~!(a — 2)7~1(1 — ua!)=*.
We also obtain five new special cases of our main Integral which are of interest
by themselves and are believed to be new.

The second integral involves the Generalized form of the Astrophysical
Thermonuclear function I3 and H— function. The arguments of the function
occurring in the integral involve the product of factors of the form
A1 = )77 (1 — uth) (1 + ™) 7P,

We also obtain five new special cases of our main Integral which are of interest
by themselves and are believed to be new.

In Chapter—6, The object of this chapter is to find solutions of the Bagley Torvik
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Equation, Fractional Relaxation Oscillation Equation and Fractional Order Ric-
cati Differential Equation. We make use of generalized differential transform
method (GDTM) to solve the equations. First of all we give definition of a Ca-
puto fractional derivative of order v which was introduced and investigated by
Caputo [12]. Then, we give the generalized differential transform method and
inverse generalized differential transform which was introduce and investigated
by Ertuk et al.[22] and some basic properties of GDTM. Next, we find solutions
to three different fractional differential equations using GDTM technique.

In section 6.2 we find the solution of Bagley Torvik Equation using GDTM.
Since the function f(t) taken in this chapter is general in nature by specializing
the function f(t) and taking different values of constants A, B and C. We can
obtain a large number of special cases of Bagley Torvik Equation. Here we give
two numerical examples. Our findings match with the results obtained earlier by
Ghorbani et al. [29] by He’s variational iteration method.

In section 6.3 we find the solution of Fractional Relaxation Oscillation Equa-
tion using GDTM. Since the function f(x) taken in this chapter is general in nature
by specializing the function f(x) and taking different values of constants A, we
can obtain a large number of special cases of Fractional Relaxation Oscillation
Equation. Here we give eight numerical examples. Furthermore these examples
are also represented graphically by using the MATHEMATICA SOFTWARE.

In section 6.4, Again we find the solution of Fractional Order Riccati Dif-
ferential Equation using GDTM. Since order of Fractional Riccati Differential

equation is S and all function are general in nature, by specializing parameters
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and functions, we can obtain a large number of special cases of Fractional Relax-
ation Oscillation Equation. Here we give eight numerical examples. Furthermore
these examples are also represented graphically by using the MATHEMATICA

SOFTWARE.
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2. S-GENERALIZED GAUSS HYPERGEOMETRIC FUNCTION
AND AN INTEGRAL TRANSFORM ASSOCIATED WITH IT

In this chapter, we first define all the necessary function which is used in this
chapter. First of all we give definition of the S-generalized Gauss hypergeometric
function and S-generalized Beta function which was recently introduced by
Srivastava et al. [I13]. Since S-generalized Gauss hypergeometric function is in
general nature, by specializing the parameters we can obtain a number of special
cases which are studied earlier by Parmar [83], Ozergin [81] and [82], Chaudhry
et al. [13].

Next, we present an integral representation and Mellin transform of S-generalized

Gauss hypergeometric function in the theorem form [2.2.1] and [2.2.2 respectively

and its complex integral representation is also discussed in theorem [2.2.3|and also
we establish a relationship between S-generalized Gauss hypergeometric function
and H-function of two variables and also we introduce a new integral transform
whose kernel is the S-generalized Gauss hypergeometric function and point out
its three special cases which are also believed to be new. We specify that the
well-known Gauss hypergeometric function transform follows as a simple special
case of our integral transforms. Next, we established an inversion formula for
above integral transform in theorem [2.3.1] Finally, we establish image of Fox H-
function under the S-Generalized Gauss hypergeometric function transform and
also obtain the images of five useful and important functions which are special
cases of Fox H-function (Generalized Bessel function, Gauss Hpergeometric func-
tion, Generalized Mittag-Leffler Function, Kratzel Function and Lorenzo Hartley
G-function) under the S-generalized Gauss hypergeometric function transform.

Which are also believed to be new.
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2.1 INTRODUCTION

2.1 INTRODUCTION

S-GENERALIZED GAUSS HYPERGEOMETRIC
FUNCTION

EPT (4, b; ¢, 2) was

The S-generalized Gauss hypergeometric function
introduced and investigated by Srivastava et al. [113, p. 350, Eq. (1.12)]. It is

represented in the following manner:

> B(a’ﬂm”)(b +n,c—b) 2"
(a,B;7,1) C ) P ) z
F4PT (a, by c; 2) = g (@), oD o (Jz2| < 1)  (2.1.1)

n=0

provided that (R(p) > 0; min{R(a),R(B),R(7),R(k)} >0; R(c) > R(b) >0)

in terms of the classical Beta function B(A, i) and the S-generalized Beta function
BYPT) (2 ), which was also defined by Srivastava et al. [I13} p. 350, Eq.(1.13)]

as follows:

1
(o Bi7m.10) _ w=1(1 _ 4yy—1 3. P
B! (x,y)—/ot (1) F <a,5, tT(l_t)u>dt (2.1.2)

(R(p) 2 0; min{R(x), R(y), R(e), R(B), R(7), R(p)} > 0)

If we take p = 0 in (2.1.2)), it reduces to classical Beta Function and (\),, denotes
the Pochhammer symbol defined (for A\ € C) by (see [115, p. 2 and pp. 4-6]; see

also [114, p. 2]):

_ T'(A+n)
(Nn = e
— {)\(A+1)...()\+n—1), meN ={1,2,3,--}) (2.1.3)
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provided that the Gamma quotient exists (see, for details,[108, p. 16 et seq.] and
112, p. 22 et seq.]).

For 7 = pu, the S-generalized Gauss hypergeometric function defined by
reduces to the following generalized Gauss hypergeometric function FZSOC”B ™) (a,b;c; 2)

studied earlier by Parmar [83] p.44]:

> B(a’B;T)(b+n c—b)z"
(a,ﬁ;‘r) . . J— p ) -
F, (a,b;¢;2) = 5 (a)y, Blbc—0) oy (2] < 1) (2.1.4)

n=0

(R(p) > 0; min{R(a),R(B),R(7)} >0; R(c)>R((D) > 0).

which, in the further special case when 7 = 1, reduces to the following extension
of the generalized Gauss hypergeometric function (see, e.g., [82, p.4606, Section

3] ; see also [81] p. 39]):

o

e a,bi62) = 3 (@)

n=0

By (b+n,c—b) 2"
B(b,c—b) n!

(2] < 1) (2.1.5)

R(p) = 0; min{R(e), R(B)} > 0; R(c) > R(b) > 0)

Upon setting a = 3 in (2.1.5)), we arrive at the following Extended Gauss hyper-

geometric function (see [13], p.591, Egs. (2.1) and (2.2)]:

F(a,bic;z) = Z(a)ang)& Z_CIS b)Z—T (2] < 1) (2.1.6)

n=0
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Fox H-Function

A single Mellin-Barnes contour integral, occurring in the present work, is now
popularly known as the H-function of Charles Fox (1897-1977). It will be defined

and represented here in the following manner (see, for example, [109, p. 10]):

. . (aj,j)1,p . (a1,01),-- -, (ap,ap)
Hpg 2] = Hpy |2 =Hpg |#
(b, B (b1, B1), -+, (bg, Bg)
1
= s 1.
QWi/EQ(E)Z ds, (2.1.7)

where i = /—1, z € C\ {0}, C being the set of complex numbers,

M N
H F(b] ﬁJS) H F(l — CLj + Oéjﬁ)
Ofs) = —— = , (2.1.8)
[I TA—-0b;+ps) I T(a; —ays)
j=M+1 j=N+1
and
1S MEQ and 0OSNESP
(M,QeN={1,2,3,---}; NN PeNg=NU{0}),  (2.1.9)

an empty product being interpreted to be 1. Here £ is a Mellin-Barnes type
contour in the complex s-plane with appropriate indentations in order to separate

the two sets of poles of the integrand ©(s) (see, for details, [58] and [109]).

2.2 MAIN RESULTS

In this section, we first give the integral representation, Mellin Transform and

complex integral representation of S-generalized gauss hypergeometric function.
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Next, we establish a relationship between S-generalized gauss hypergeometric

function and H-function of two variables.

INTEGRAL REPRESENTATION OF THE S-GENERALIZED
GAUSS HYPERGEOMETRIC FUNCTION

Theorem 2.2.1. Suppose that R(p) > 0, |arg(l — z)| < 7, min{R(7), R(w),
RO+ 1a), R(c—b+ pa)} > 0and R(c) > R(b) > 0. Then the following integral

representation holds true :

(0, B;7,8) .
F, Ha,b;c; 2)

1 ! P
=— [ "1 -0 A -2ty YR | i ———— ) dt (2.2.1
e L 0T e (e i 22)
where the S-generalized Gauss hypergeometric function Féa’ﬂm”) (a,b;c; 2) is given

by (13).

Proof. Using Eq. (2.1.1) on the left hand side of (2.2.1]), we have

(. B57,10) .
F, Ha, b;c; 2)

B i @ By T (b +n,c = b) 2"
It B(b,c —b) n!

1 = ! P z"
B(b,C _ b) nzzo(a’) /0v ( ) 141 auﬁa tT(l I t)” n
1 ' p ()"
- - tb_l 1—¢ c—b—1 F A R n dt
B(b,c—b) /0 (L=07"1h (O"B’ (1 — t)u) 7;(@) nl
1 ' b—1 b—1 p
= 11— )1 - 2t) T o 85— dt
rorenl AU U “(“’5’ tT(l—t)#)
which proves Theorem ([2.2.1)) m
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THE MELLIN TRANSFORM OF THE S-GENERALIZED
GAUSS HYPERGEOMETRIC FUNCTION

As usual, the Mellin transform of a function f(t) is defined by (see, for example, [19,

p. 340, Eq. (8.2.5)])

M[f(2)](s) = /000 27 (2)dz R(s) >0 (2.2.2)

provided that the improper integral exists.

Theorem 2.2.2. If R(p) > 0, min{R(7),R(n), R+ 7a),R(c — b+ pa)} >
0 and R(c) > R(s) < min{R(a), R(b)},

then

B(s,a— s)BYPT (b — s, ¢ — b)
B(b,c —b)

Proof. : In order to prove the assertion (2.2.3)), by taking the Mellin transform
of (2.2.1)), we obtain

A(s) = /OOO P lm /Oltb—l(l — )1 — 2t)" " Ry (a;ﬁ; —tT(lp_ t)u) dt} dz

Upon interchanging the order of t and z-integrals (which is permissible under the

Dﬁ[Féa’ﬁ;T’“)(a,b; c; 2)|(s) = (—=1)° (2.2.3)

conditions stated), if we evaluate the resulting z-integral first, we get

Als) = = )/Oltbl(l—t)CbllFl (oz;ﬂ;—ﬂ< £ )F(S)F<G_S)dt

B(b,c—b 1—t)r) (=t)*T'(a)
Now with the help of (2.1.2), we get the desired result (2.2.3) after a little
simplification. O

A COMPLEX INTEGRAL REPRESENTATION OF THE
S-GENERALIZED GAUSS HYPERGEOMETRIC
FUNCTION

Theorem 2.2.3. If R(p) > 0, min{R(7), R(p), R(b + 7)), R(c — b+ pa)} >
0 and R(c) > R(b) > 0 then complex integral representation for the s-generalized
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Gauss Hypergeometric function FS*" ™) (a,b; ¢; 2) is defined in the following man-

ner:

a,B;T, o
F*Bm8) (a,b; ¢; 2)

1 /”Oo(_ )_SB(S, a— s)B,(,o"B;T’“)(b —s,c—0b)
: - B(b,c—b)

ds (2.2.4)

100

Proof. If we take the inverse Mellin transform of (2.2.3)), we easily arrive the
desired result O

RELATIONSHIP BETWEEN S-GENERALIZED GAUSS
HYPERGEOMETRIC FUNCTION AND H-FUNCTION
OF TWO VARIABLES

a,B;T,’Y)(

we give the following representation of Fp( a,b;c, z) in terms of H-function

of two variables:

. 1 1 _B(¢ a—f)B(a’B;T’”)(b—ﬁ c—0b)
FeB77) (g b _ / 13 ’ p )
P (a,b:¢,2) 2mi (=) B(b,c—b)

—ioco

dg

-1 1—0;7,1): A*
I . p ( y 1y
- (6) o112 (225
—z | (1l—¢7+p1): B

where
A =(11),1—=c+bp),(B,1);(1—a,l) B* = (a,1);(0,1)
provided that the existence conditions in (2.1.1)) for the S-generalized Gauss

hypergeometric function.

Proof. To evaluate the contour integral (2.2.5]), we first express the term
Bz(,o"ﬁm“)(b — &, c—b) occurring in it’s integrand in terms of integral with the help

of equation ([2.1.2]). Thus left hand side of (2.2.5)) takes the following form (sayA):
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1
o 1 7B(,CL—§) —&— c—b— . Q. —p
a= g [ ey | [ a0 (el o

£y 0

(2.2.6)

Now we convert | F} function into its contour integral form, then we change the
order of contour n— integral with t-integral (which is permissible under the con-
ditions stated). Thus right hand side of 1) takes the following form :

_ I'(3) )L(=n)'(a +n)
Aif( J'(a)B(b,c —b) 271'1 // 6““’7)

/ T L= ) | (—2)fdedn (22.7)

0

Further, we evaluate the t-integral occurring in (2.2.7)) with the help of well known

Beta function. Thus we get the following equation

PN}

,C— b)
)L(=n)T(a+n)(b—& —mn(c—b—

pn) )
B+ e — & — (v + ) (=) "pdedn

(2.2.8)

finally reinterpret the result thus obtained in terms of H-function of two variable.
We easily arrive at the right hand side of (2.2.5) after a little simplification. [

2.3 THE S-GENERALIZED GAUSS
HYPERGEOMETRIC FUNCTION
TRANSFORM

We define the S-generalized Gauss hypergeometric transform by the following

equation (see also a recent work [110] dealing with several new families of integral
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transforms):

SUes) = el = [ HO ks (231)
0
where f(z) € A, and A denotes the class of functions for which

f(z) = { 01"}, (== 0) (2.3.2)

O{z"re w27} (|z] = o0)

provided that the existence conditions in (2.1.1) for the S- generalized Gauss

hypergeometric function F\**™(.) are satisfied and

R +1>0
(2.3.3)
R(wy) >0 or R(wy) =0 and R(w; —a+1)<0

SPECIAL CASES

In this section, we give three special cases of our integral transform defined by

2-3.1).

(i) GENERALIZED GAUSS HYPERGEOMETRIC FUNCTION
TRANSFORM

If we put 7 = p in (2.3.1), the transform in (2.3.1)) reduces to the generalized

Gauss hypergeometric function transform given by

gpl(s):/ FISO"@T’T)(a,b; c;s2)f(z)dz (2.3.4)
0
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(ii) EXTENSION OF THE GENERALIZED GAUSS
HYPERGEOMETRIC FUNCTION TRANSFORM

By taking 7 = p =1 in (2.3.4), we get the following extension of the generalized

gauss hypergeometric function transform :

pa(s) = /000 Fp(a”@)(a,b; c;sz)f(z)dz (2.3.5)

(iii) EXTENDED GAUSS HYPERGEOMETRIC FUNCTION
TRANSFORM

Moreover, if we take o = 3 in ([2.3.5]), it reduces to the extended Gauss hyperge-

ometric function transform given below:
w3(s) = / F,(a,b;c;sz)f(2)dz (2.3.6)
0

if we set p = 0 in the integral transforms defined by (2.3.4), (2.3.5) and (2.3.6)),

we easily get the Gauss hypergeometric transform (see, for details, [109]).

INVERSION FORMULA FOR THE S-GENERALIZED
GAUSS HYPERGEOMETRIC FUNCTION TRANSFORM

Theorem 2.3.1. Ify" ' f(y) € L(0,0), the function f(y) is of bounded variation
in the neighborhood of the point y = z, and

p(s) = S[f(2); 5] = /00 FISO‘ﬂ?T’“)(a, b;c;sz) f(z)dz (2.3.7)
0
then

ST+ 0) 4 (- 0))

1 —~1)*1B(b,c—b
- (=1) (a(ﬁ_’c) ) (k)R (2.3.8)
211 Je B(1 — k,a+ K — 1)By"" "M (b+ K —1,c—b)
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where

Q(k) = /OOO s "p(s)ds (2.3.9)

provided that existence conditions for the S-generalized Gauss hypergeometric
function Féa’ﬁm“)(a, b; c; 2) given by m are satisfied, the S-generalized Gauss

hypergeometric function transform of |f(2)| exists, and

R(1—k) >0, R(l—a—k) <0

Proof. : In order to prove the inversion formula (2.3.8), we substitute the value
of p(s) from ([2.3.7)) in the right hand side of (2.3.9)), We thus find that

:/0 s (/0 Flgo"ﬁ”’“)(a, b; ¢; sz)f(z)dz) ds (2.3.10)

Upon interchanging the order of the z and s- integrals in (2.3.10]) (which is permis-
sible under the given conditions), if we evaluate the s-integral by using (2.2.3)),

we obtain

Q(ﬁ)_/oo B(l—li,a—l—li—1)B£Q7B;T7M)(b+li—1,c—b)
—Jo B(b,c—b)

Finally, by applying the Mellin Inversion Formula to the above integral (2.3.11)),
we get the desired result (2.3.8]), after a little simplification. O
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2.4 THE S-GENERALIZED GAUSS
HYPERGEOMETRIC TRANSFORM OF
THE H-FUNCTION

The S-Generalized Gauss hypergeometric Transform ((2.3.1) of Fox H-function

(2.1.7)) defined as follows :

i (aj, 05)1,p o
G) z”H%éN Az° ( | 0 S :/0 F}Ea’ﬁm“)(a,b; c; sz)z”H%@N Az
bj, Bj)1.Q I
_mtl - 1—-0b;1,7): A*

_ I'(B)A g 0L+ N M 1,2 A ( ™)
= — 1,1:14Q,14+P;3,1

ol'(a)T'(a)B(b,c —b) 1 (1—c1,7+p): B |

(2.4.1)

where

A* = (1—a,1),(1—b; — B;1EH) By, 0 (1,1), (1 — ¢+ b, ), (8,1)

o o

B*=(0,1),(1 — a; — o (i) “)ypi(a,1)

g

provided that the existence conditions in (2.1.1]) for the S-Generalized Gauss hy-

pergeometric function F " )(a, b; c; z) are satisfied and
(i) min %(n+”ﬁ—l?f>+1>0 (ii)maxf)ﬁ{(,i_a+°'(Lf1))+1<o
1<9<M J 1<j<N aj

Proof. To prove the result (2.4.1)), we first write the complex integral representa-
tion of S-generalized Gauss hypergeometric function defined in (2.2.4) and then
change the order of {—integral with z-integral (which is permissible under the

conditions stated), we obtain (say A)

1 (—s)™“B(u,a — u)Bz(,a’ﬁ;T’“)(b —u,c—b) T ew MNT 4 o
A:%/ Bloc—1) /z Hpy ' [A2%]dz p du
¢ 0

(2.4.2)
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Now we evaluate the z-integral involved in (2.4.2)) with the help of [109, p.15, Eq.

(2.4.1)], we have

A 1 [(=s)"B(u,a— W) BSPT (b — u, e — b)
27 B(b,c—b)
i

I'(l—a; — aj@ + )

o

e

M (k+1) B
. HF@+@ﬁT—fW

e N =1 du
o Q . Q @
LI T = by = B+ Q) T Tlag + oy 070 = )
j=M+1 j=N+1
(2.4.3)

Next, we express S-generalized Beta function in terms of complex integral form.
Finally, we get the right hand side of (2.4.1)) by reinterpreting the result in terms

of H-function of two variables.

2.4.1 SPECIAL CASES

Here we give S-generalized Gauss hypergeometric function Transform of the some
important special cases of Fox H-Function involving Generalized Bessel func-
tion, Gauss Hpergeometric function, Generalized Mittag-Leffler Function, Kratzel

Function and Lorenzo Hartley G-function.

1. S-generalized Gauss hypergeometric function Transform of
Generalized Bessel Function: In , if we reduce Fox H-Function
to the Generalized Bessel function [109, p.19, Eq.(2.6.10)] by taking M =
L, N=P=0,Q=2,b =0,6, = 1,bp = =\, By = p, we can easily

get the following S-generalized Gauss hypergeometric function Transform
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of Generalized Bessel Function after a little simplification.

& [ A7s) = [ B i) A

0
—( —s 1—b1,7): A*
= A ( j )F<ﬂ) 0,1:1,2;1,2 ( T)
UF(O{)F(@)B(b, c— b) 1,1:3,1;3,1

(1—c¢l,74+u): B*
(2.4.4)

where

Ar=(1=a,1),(1=(55),2), L+ A= p(=E), £); (1, 1), (1 = e+ b, 1), (B, 1)
B*=(0,1); (a, 1)

provided that the conditions are easily obtainable from the existing

conditions of (2.4.1)) are satisfied.

. S-generalized Gauss hypergeometric function Transform of Gauss
Hypergeometric Function: Next, if we reduce Fox H-Function to the
Gauss Hpergeometric function [109, p.19, Eq.(2.6.8)] by taking M = 1, N
=P=Q=2, a1 =1—u,a0 =1—v,bp =0,bp =1—w,a1 = ay =
p1 = P2 = 11in (2.4.1), we can easily get the following S-generalized Gauss
hypergeometric function Transform of Gauss Hpergeometric Function after

a little simplification.

S (259 F [u, v;w; —A2%]; s] = / Fzga’ﬁ;77’“‘)(a,b; ¢; s2)2 % F[u, v; w; —Az°|dz
0

—(=F - 1—5b:1,7): A*

= AL 'T(w)T'(B) 013212 ° ( 1,7)
ol (u)L(v)[(a)T(a)B(b,c — b) ~ B333L 1
p

(1—c 1,74 p): B
(2.4.5)
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B* = (07 1)7 (u - (NTH)v i)v (U o (KTH); %)3 (Oé, 1)

provided that the conditions are easily obtainable from the existing

conditions of (2.4.1)) are satisfied.

3. S-generalized Gauss hypergeometric function Transform of Gen-
eralized Mittag-Leffler Function : Again, if we reduce Fox H-Function
to the Generalized Mittag-Leffler function [73], p.25, Eq.(1.137)] by taking
M=N=P=1,Q=2anda; =1-6,b; =0,by =1—0,0; =51 =1, =p
in (2.4.1)), we can easily get the following S-generalized Gauss hypergeomet-
ric function Transform of Generalized Mittag-Leffler Function after a little

simplification.

& [ A1 :/0 F{5T (a,b; ¢; 82)2" By [A2°]dz
A . )F(B 0,1:2,2;1,2 s ( ’ ’T)
ol'(a)T(a)B(b,c — b) 1,1:3,2;3,1

(1—cl,74p): B
(2.4.6)

where

A" = (1= a,1), (=K, 1), (7 = pli + 1), p); (1,1), (1 = ¢ + b, ), (B,1)
B*=(0,1), (6 —x—1,1); (e, 1)

provided that the conditions are easily obtainable from the existing

conditions of (2.4.1)) are satisfied.

4. S-generalized Gauss hypergeometric function Transform of Kratzel
Function: In (2.4.1)), if we reduce Fox H-Function to the Kratzel function

[73, p.25, Eq.(1.141)] by taking M = Q=2 N=P =0,b6; =0,0; = 1,by =
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%, By = %, we can easily get the following S-generalized Gauss hypergeo-

metric function Transform of Kratzel Function after a little simplification.
S [2°2)(Az7);s] = / Féa’ﬂ”’“)(a, b;c;s2)2" 2y (A27)dz
0
-5 (1—=0;1,7): A*

A-CET(B) 011312
UPF(O()F<Q)B<[),C_ b) 1,1:3,1;3,1

(1—c 1,74 p): B
(2.4.7)

where

Ar = (1_a>1)7(1_(ﬁ_+1)7§)7(1_ o

o

IR
|
—~
|;R

—_

op )7 #); (L 1)7 (1 —Cc+ bv :u)v (5? 1)
B*=(0,1);(c, 1)
provided that the conditions are easily obtainable from the existing

conditions of (2.4.1)) are satisfied.

5. S-generalized Gauss hypergeometric function Transform of Lorenzo
Hartley G-function : In (2.4.1), if we reduce Fox H-Function to the
Lorenzo Hartley G-function [34], p.64, Eq.(2.3)] by taking M = N =P = 1,
Q=21 =1—-r,a01=1,0,=0,6, =y =1,bp =1+ v —r, we can easily
get the following S-generalized Gauss hypergeometric function Transform

of Lorenzo Hartley G-function after a little simplification.

S [2"Gopr[—A, t]; 8] :/ Féaﬂ”’“)(a,b; ¢;82)2" Gy pr[—A, t]dz
0

_ A_(H_U"i)r( ) 012,212 A (L=bi1,7): A4

ol (r)T(a)T(a)B(b,c —b) %31

SR

(1—c¢l,74+u): B*
(2.4.8)

where

Ar = (1 —a, 1)7 (w l)v (_Kv 1); (17 1)7 (1 —c+ b7 fj’)a (57 1)

o o
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B* = (0,1),(%3", ;)i (. 1)

o o

provided that the conditions are easily obtainable from the existing

conditions of (2.4.1)) are satisfied.
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FRACTIONAL INTEGRAL OPERATORS
WITH APPLICATIONS

The main findings of this chapter have been published as detailed below:

1. M. K. BANSAL and R. JAIN (2017). A STUDY OF UNIFIED FRAC-
TIONAL INTEGRAL OPERATORS INVOLVING S-GENERALIZED GAUSS’S
HYPERGEOMETRIC FUNCTION AS ITS KERNEL, Palestine Journal

of Mathematics, 6(1), 142-152 .
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3. FRACTIONAL INTEGRAL OPERATORS WITH
APPLICATIONS

In this chapter we study a pair of a general class of fractional integral opera-
tors involving the Appell Polynomial, Fox H-function and S-Generalized Gauss
Hypergeometric Function. First we define and give the conditions of existence
of the operators of our study and then we obtain the images of certain useful
functions in them. Further, we evaluate four new integrals involving Appell’s
Function, Multivariate generalized Mittag-Lefflet Function, generalization of the
modified Bessel function and generalized hypergeometric function by the applica-
tion of the images established and also gives the three unknown and two known
integral of these operators. Next we develop six results wherein the first two
contain the Mellin transform of these operators, the next two the corresponding
inversion formulae and the last two their Mellin convolutions. Later on, we es-
tablish a theorem analogous to the well known Parseval Goldstein theorem for

our unified fractional integral operators.

3.1 INTRODUCTION
APPELL POLYNOMIAL

A class of polynomials over the field of complex numbers which contains many
classical polynomial systems. The Appell Polynomials were introduced by Appell

[6]. The series of Appell Polynomials is defined by :

n

Ap(2) = %z’f n=0,1,2,.. (3.1.1)
k=0

where a,,_j is the complex coefficient and ag # 0.
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3.1 INTRODUCTION

FOX H-FUNCTION

A single Mellin-Barnes contour integral, occurring in the present work, is now
popularly known as the H-function of Charles Fox (1897-1977). It will be defined

and represented here in the following manner [109]:

VN VN (gj7Gj)1,P UN (91>G1)>"' ,(9P7GP)
Hpy [zl = Hpy |2 =Hpy |2
(hj’Hj>1yQ (hle)a"' >(hQ7HQ>
1
£

where i = v/—1, z € C\ {0}, C being the set of complex numbers,

M N
HlF(hj — H;¢) ,le(l —9; +G5E)
i=

, (3.1.3)

R ;
II TA-h;+H;E) [I Tlg—Gy8)
M+

1 j=N+1
M, N, P and @ are non-negative integers satisfying 1 < M < Q,
0SNZSP;Gj(j=1,---,P)and H;(j =1,---,Q) are assumed to be positive
quantities for standardization purpose.
The definition of the H-function given by will, However, have meaning
even if some of these quantities are zero, giving us in turn simple transformation
formulas.

The nature of contour £ in (3.1.2)), a set of sufficient conditions for the con-
vergence of this integral, the asymptotic expansion of the H-function, some of its

properties and special cases can be referred to in a book by Srivastava et al.[109]
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THE MULTIVARIABLE H-FUNCTION

The Multivariable H-Function is defined and represented in the following manner

[109, p. 251-250, Eqs. (C.1-C.3)]:

a | (a0, a0 (A e s (7 A e,

F0B:AL B Ar By
C,D:C1,Dx;...;Cr Dy

@ | (0538, B0 (@, 61 by (A, 6) 1, |

& &) [ [ ©4(6)2° d&de,, .., dé, (3.1.4)
=1

£1 Lo Lr

where w = v/ —1,

B r .
[[TQ1—a;+ 3" agl)fi)

O(&,, 8, .., &) = = j=1 : 10:1 -
HT=b;+ Z ‘&) T1 Tla;— ¥ a’&)
= =1 j=B+1 i=1
A; @ B,
F(djl ) H ( + ,yj gl)
0;(&) = c,zl J=1 (1=1,2,...,r), (3.1.5)
1_1 F<C§‘i) N 73(1)&) H F(l . dgz) 1 5](1)&)
J=Bit1 j=Ai+1

All the Greek letters occurring on the left and side of are assumed to be
positive real numbers for standardization purposes. The definition of the

multivariable H-function will however be meaningful even if some of these quan-
tities are zero. The details about the nature of contour £,, ..., £, conditions of
convergence of the integral given by . Throughout the work it is assumed

that this function always satisfied its appropriate conditions of convergence

[109, p. 251, Egs. (C.4-C.6)].
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3.1 INTRODUCTION

S-GENERALIZED GAUSS HYPERGEOMETRIC
FUNCTION

Flgavﬁn—nu‘) (

The S-generalized Gauss hypergeometric function a, b; c; z) was

introduced and investigated by Srivastava et al. [I13, p. 350, Eq. (1.12)]. It is

represented in the following manner:

e}

(o, B57,10) n
: B (b+n,c—10b)z
(arﬁvTv ) . . . p ) -
Fy*7T (a,b;c; 2) = E (a), Bbc—0) oy (Jz2| <1)  (3.1.6)

provided that (R(p) > 0; min{R(a),R(B),R(1),R(x)} >0; R(c)>R((Db) >0)

in terms of the classical Beta function B(, ) and the S-generalized Beta function
BT (2 ) was also defined by Srivastava et al. [II3, p. 350, Eq.(1.13)] as

follows:

1

(CHRAD) — z—1 o \y—1 . Q. —D
B! @wy_/t (1-1) 1E(mﬂ%7fjv>ﬁ (3.1.7)
0

(R(p) = 0; min{R(z), R(y), R(a), R(B), R(7), R(u)} > 0)

If we take p = 0 in (3.1.7)), it reduces to Classical Beta Function and (\),, denotes
the pochhammer symbol defined (for A € C) by (see [115], p. 2 and pp. 4-6]; see

also [114] p. 2]):

) T+ [, (n=0)
" () AA+1D)..(A+n—1), (mneN :={1,2,3})
(3.1.8)

provided that the Gamma quotient exists (see, for details,[108] et seq.] and [112],

p. 22 et seq.]).
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COMPLEX INTEGRAL REPRESENTATION OF S-GENERALIZED
GAUSS HYPERGEOMETRIC FUNCTION

A complex integral representation of S-Generalized Gauss Hypergeometric func-
tion F,*"™ (a,b; ¢, z) was introduced and investigated by Srivastava et al.[IT1].

It is represented in the following manner:

i (e, B57,10)
R e O R T

£

(0476;777)(

Now we give the following representation of Fj a,b;c,z) in terms of H-

function of two variables:

. 1 L B(&,a— BT (b — ¢ c—b)
FBT) ( be2) — / _)-e B p A
P (a.bi¢,2) = 5= [ (=2) B(b,c—b) ¢
£
-1 1—0b;7,1): A*
_ ['(p) FOLL2LL b ( 7 1) (3.1.10)
F(O‘)F(G)B<b> C— b) bl LL — (1 — T+ N, 1) . B*

where

Ar = (17 1)7 (1 —c+b, ,u), (67 1>; (1 —a, 1) B* = (aa 1); (07 1)

GENERALIZED INCOMPLETE HYPERGEOMETRIC
FUNCTION

The generalized incomplete hypergeometric function introduced and defined by

Srivastava et al. [IT6l p.675, Eq.(4.1)] is represented in the following manner:

(Ep;0); (€1;0), €2, ..., €
zZ| =4 z
Fq? f1>-~->fq§
= Ep,a = (€1;0)ns (€2)n; -y () 2"
Z n‘ _Z (fl)nv(f2)n>-“a(fq)n n! (3.1.1)

pVq
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where the incomplete Pochhammer symbols are defined as follows:

v(e+n,o)

o) (a,n € C;z > 0) (3.1.12)

(G;J)n =

and the familiar incomplete gamma function (s, x) is

T

(s, x) = /ts_le_tdt (R(s) > 0;2 > 0) (3.1.13)

provided that the defining of infinite series in each case is absolutely convergent.

FRACTIONAL INTEGRAL OPERATORS

We study two unified fractional integral operators involving the Appell
Polynomial, Fox H-function and S-Generalized Gauss’s Hypergeometric Function
having general arguments defined and represented in the following manner:

JONCEN

I A, H, By f(8)} = a0 / @ — 1) A,
0

t v2 t A2 (g]7 Gj)l,P ) t v3 t A3
HYN o (= 1—— FeBmm g e zg [ — 1—— f(t)dt
PQ x x p x T
(hj, Hi)q

(3.1.14)
where f(t) € A and A denotes the class of functions for which
Of [t} max{[t[} — 0
ft): = (3.1.15)
O{|t[wre—w2lt}, min{|t|} — oo
provided that
| h h
min R(v+re—+C+L, A+ ——+1] >0
1<5<M H; H; (3.1.16)

min{yla s, )\17 )\3} Z 0
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oo

2 B 10y = [ [ (2) (1-2)']

t t
v N | (G5 Gip y A
HMN | -, (E) (1 — f) FleBimom) a,b; c; 23 (§> ’ (1 — E) ’ f(t)dt
PQ t t P t t
(hj, Hi)q
(3.1.17)
provided that
. h;
R(wy) >0 or R(wy) =0 and min R|v—w +vo—] >0
1<j<M H;
(3.1.18)

h.
min R (/\ + )\Qﬁ + 1) > 0, min{vy,v3, A1, A3} >0

3.2 IMAGES

In this section, we will find the images of some useful functions under the our

operators define by (3.1.14)) and (3.1.17)). We have:
(i)
LD (x — zf)A<1>

e
['(a)T'(a)B(b,c —b)

,,,,,

L)) (x — t))‘(r)

B e B C oL
n a Zk .
§ : n—k~1 770,B+3;A1,B1;...;Ar,Br;1,2;M,N;1,1 (r) L)
o1 HOY3.D4200 Dol iCr D8, Gs 1 2 (3.2.1)
k=0 ' pt
22
23 B* . D*
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where

A" = (_p_ v — Vlk; V(l)a' o 7V(T)7V27V370>7 (_)‘ - Alka >\(1)7 e 7>\(T)7)‘27/\370)7

1 r
(]- _b70a ,0,7,1),(%;0&5- )a 7015- )707070)1,C
r+1

B* = (_1 - p - ()\ + V) - (Al + Vl)k:; (A(l) + l/(l))7 e 7<)\(T) + V(T))7 ()\2 + V?); ()\3 + V3)a0)a

(1 - C 07 7077—_'_/*671)7([)3';5]('1)7"' ; j('r)aoaoa O)l,D
r+1
(Cj 77] )1,01, 7(Cj 7’-)/] )1,CT>( ) )7( c—+ 7”)7(67 )7(9]7 ])LP?( a, )

D* = (dW, 6" pys - (d7, 68, b (o, 1); (hyy Hy)rg: (0,1)

VR )

(3.2.2)
provided that conditions given by (3.1.16)) are satisfied.
(ii)
Z(l)t—u(l)(l o %))\(1)
: o ' L(B)xr
ToN | A, H, Fys te HE G 0B B : -
T P C,D;C1,Dq;...;Cr, Dy F(G)F(Q)B(b, c— b)
Z(T)t_V(T> (1 . z))ﬁ)
B Z(l)x—lj(l) A** - C* 7
- an_sz 0,B+3;A1,B1;...;Ar,Br;1,2;M,N;1,1 (r) =™
Z —k' HC+3,D+2;C’1,D1;...;CT,D,«;3,1;P,Q;1,1 ANy (3-2-3>
k=0 ) p_l
zZ2
L Z3 B D™

where A** and B** can be obtained from A* and B* defined in (3.2.2)) by replacing
p by —1 — p, and provided that conditions given by (3.1.18]) are satisfied.
(iii)

(EP7 O’)? t 21 t >\4
I | Ay H, Fyi 17,7 2 (—) (1 - —) =
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z

0 k! (fl)i,(fz)i,...,(fq)ii! 174

I'(8)z? i an—r (€1;0)i, (€2)i; -, (ep)izk i

zZ9 E*; (gj7Gj)1,P§ (1—&,1); (1’1)’(1_C+b’u>7(571)

H0,3:M,N;1,1;1,2
3,2:P,Q;1,1;3,1

pt | F (hy,Hj)g;  (0,1); (o, 1)
(3.2.4)

E* = (—p—v—uvk — i, v9,v3,0), (=X — Ak — A\gi, Ao, A3,0), (1 — b;0,1,7)

F* = (—1 —p— ()\ —+ I/)) — ()\1 + V1>]<7 — ()\4 + V4)i, ()\2 + 1/2), (/\3 + V3>,0), (1 — C; 0, 1,7' + M)
(3.2.5)

provided that the conditions given by (3.1.16)) are satisfied.

(iv)
(Ep; o);

A
T Ay, H, Fyit7y5 at v (1-7) ]| =
Fy;

SNy (e1;0)is (€2)iy - (ep)i ki pp—vai

L'(s) S
F(a)F(a)B(bvc—b)Z KU ()i (fadis s (fa)id! ™"

=0 k=0

zZ2 E**7 (g]aG])l,Pa (1_aa1>a (171)7(1_C+b’ﬂ)’<ﬁ’1>

0,3:M,N;1,1;1,2
H.

3,2:P,Q:1,1;3,1 Z3

pt | F* (hy, Hi)ig;  (0,1); (o, 1)

(3.2.6)

where E** and F** can be obtained from E* and F* defined in (3.2.5)) by replac-

ing p by —1 — p, and provided that conditions given by (3.1.18)) are satisfied.
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Proof:

To prove (3.2.1)), first of all express the I-operator involved in its left hand side,
in the integral form with the help of equation (3.1.14}), we have

Z(l)ty(l) (IE . t))\(l)

v, . 4p 170,B;A1,B1;..;Ar, By _ —v=A—1
I$ ATHH’ Fp’t HC,D;Cl,Dl;...;CT,DT : =T

2™ (v — t))‘m

t\ " AN Y t\"” £\ 2 (97, Gip
al2) (1=2) [HMN 4 (2) (1-2
X s PQ X X

(hj, Hj)1.0

AW £\ B;A1,Bis..; A, B '
(0, 3;7,1) . v _ 0,B;A1,B1;...;Ar, By
Fp a, ba C; Z3 T 1 T HC,D;Cl,Dlg...;CT,DT ) dt

20 (g — )N
(3.2.7)

Now, we replace the Appell polynomial occurring in the above expression in terms

/ P (x — ) A,
0

of its series with the help of equation (3.1.1) and change the order of the series
and the t-integral. Next, we express the S-Generalized Gauss Hypergeometric
Function in terms of H-function of two variable with the help of . Fur-
ther, we express Fox H-function, H-function of two variable and Multivariable
H-function in terms of the Mellin-Barnes type contour integrals with the help of
equation and respectively. Then changing the order of ;- and t-
integrals (j= 1,2,3,...,r + 3) (which is permissible under the conditions stated),

we have

LM (x — t))‘(l)

5 ' r(
II/,)x An H F . tpHO,B,.Al,Bl,...,AT,BT ) _
T (Al 2 C,D;C1,Dy;..;Cr, Dy F(Q)P(G)B(b, c— b)

207 (2 — )N
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n

n—k _k p—(W4+X)—(w1+A1)k—(v2+X2)& 41— (3+A3)&rq2—1 1
Z o P 1+A1 2+A2)&r 41— (V3+A3)6rt2 (Q—WW)T+3 D&, &)

k=0 S
r r+3

H 0;(&)p(Erya, Ergs) H O, (fj)Z(Z)Eizgr+1z§r+2p—§r+3

=1 j=r+1

x

/tp-i-l/-i-lqk’-i-z v € fobri14vabito M k+ S0 MDAl 141360
i=1 i=

(SL’ - t) =t dt dfldfu D) d£t+3
i (3.2.8)

Finally, evaluating the t-integral and reinterpreting the result thus obtained in

terms of the H-function of r+3 variables, we easily arrive at the desired result

(3.2.1)) after a little simplification.

The proof of (3.2.3)), (3.2.4]) and (3.2.6) can be obtained by proceed-

ing on similar lines to those given above.

3.3 APPLICATIONS

Now we shall establish four interesting integrals with the application of images:
(I) In the image (i), if we reduce Multivariable H-function into Appell’s Function
[109, p.89,Eq.(6.4.6)] and take p = 0. We obtain the following integral after a

little simplification:
z v A\ 2 A1
ettt F(0 oy, [ (5 (1L
[(d)(dy) = x t x x
0
Vo A2 (gj, Gj)l,P v3 A3
HIJL/[@N 29 (£> (1 - E) FISO"B;T’“) [a, b; c; z3 <£) (1 - E) ]
’ x x x x
(hy, Hj)1q

Fy [cl, Co, C3,Cy; b1 z(l)t”m(x — t)’\(l),z(Q)t”(Q) (x — t)w)} dt (3.3.1)
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A* . O* ]
(1) AW
o (2), D@
= F(ﬁ) i an—sz H0,3;1,2;1,2;1,2;M,N;1,1 o x_l
[(a)l(a)B(b,c —b) &= k! 3,3:2,1;2,133,1,P.Q;1,1 pZ
B 2
<3
| B* . D* i
(3.3.2)

where

A" = (—v — vk v 0P by w5 0), (=X — Mk AD AP Ny 0, 0), (1 —5;0,0,0,7,1))
B = (=1—-(A+4+v)— (A +11)k; ()\(1) + u(l)), ()\(2) + 1/(2)), (A2 + 1), (A3 + 13),0),
(1—1¢;0,0,0,7+ p,1),(1—b1;1,1,0,0,0)

C"=(1—-c,1), (1=, 1); (1 —c3,1), (L =g, 1)5 (L, 1), (L= c+ b, ), (B, 1);

(gj7 Gj)l,P; (1 —a, 1)

D™ = (071)7(071)7(aa]—)a(hj7H])l,Qa(071) y,
(IT) On taking in image (ii), if we reduce Multivariable H-function into Multi-

variate generalized Mittag-Leffler Function [99, p.5,Eq.(2.1)] and take p = 0. We

easily get the following integral after a little simplification:

. OO1 T\Y T\ T\ Y T\
re) [ (7) (1-7) 4 |2 (3) (1=3)
]1:[1 (%)/t [ [ - !
y (95, Gi)vp )
i = G 03| | e e () (-9
(hj, Hi)q
B (-2 =0 P at (3.3.3)
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W B g ]
LBzt Q2 0,3:1,1;..:1,131,2; M, N; 1,1 )
= T @Bl e 2k Hasiaiasiieaii | 20
! k=0 p_l
%)
i 23 F*: H* ]
(3.3.4)
E*=(1—-v—uk; V(l), . I/(T), Vo, v3,0), (=X — A\ k; )\(1), e )\(T), A2, A3,0), (1 —=0;0,---,0,7,1))
1
r+

P = (_()‘ + V)) - <)\1 + Vl)k; (A(l) + y(l))7 L) ()\(T) + V(T))v (>\2 + V2>7 (/\3 + V3)7 0)7

(1-¢0,....,0, 7+ u, 1), (1 —by; b1, ..., 5,0,0,0)
r+1
G"=(1—-cy,1);...

H*=(0,1);..;(0,1); (o, 1); (hy, Hj)1,0; (0, 1)

) (1 - Cr,y 1>; (17 1)7 (1 —Cc+ b7 :U’)v (57 1>; (gj7 GJ')LP; (1 - a 1)

(3.3.5)

(III) Further, in the image (i), if we reduce Multivariable H-function into gen-

eralization of the modified Bessel function of the third kind [30, p.155,Eq.(2.6)]

and take p = 0. We arrive at the following integral after a little simplification:

1 [ /t\" £\ £\ A .
- - 1—=) A, ~ 1—= HM
0
£\ £\
F@BT1) | g b c: 2 (_) (1 _ _) Y [ W (5 —
y Yy & x T v,

k
An—k2q 7032012, M,N;1,1
k! 3,2;1,2;3,1;P,Q;1,1
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p—l

22
Z3

A2
t
1__)
x

M*

s P

(gja Gj)l,P
(hj, Hj)1q

(3.3.6)
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where
M* = (—v — vk v 1y, 05, 0), (=X — Mk AY ) Ao, A3, 0), (1 —5;0,0,7,1) )
N* = (=1—A+v) = A +v)k A + W), (A + 1), (A + 13),0),
(1=1¢;0,0,7+p,1)
P = (1= (o + 1)/ 1/n); (1,1), (1 = e b, ), (8, 1) (g5, G (1 — a, 1)

Q" = (07 1)7 (_7 - 0/777 1/77); (O‘v 1); (hj? HJ)LQ; (O? 1) J
(3.3.8)

(IV) Again if we take in image (ii) p = 0 and reduce Multivariable H-function into
generalized hypergeometric Function [52, p.xi,Eq.(A.18)]. We get the following

integral after a little simplification:

D
I'l —a;) ~
S T () 2
g t \t t Tt t
.lnl—@)x
J:
(gjan)lP
M,N f = _f A2 ’ (o, B;7,1) . E v _E As
Hpg Z2<t> <1 t) (hi ) by a’b’c’z?’(t) (1 t)
js 415)1,Q

p

(1 —ap); (1) - ( 90)”” (r) =) < x)“’")
/ — 1—-— 1—-—
q[(l—bp); 2t C) ; dt
(3.3.9)

[ W™ | g U ]
i k
_ L'(5) Z Un—kZ1 £70.p'+3:1,0;..:1,0:1,2,M,N;1,1 () =™
o P'+3,¢'+2:0,1;...50,1;3, 1, P,Q;1,1
['(a)'(a)B(b,c —b) e 4
- p
Z2
23 T* . V*

(3.3.10)
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S*=(1—v—1k; v ™ s, v3,0), (=X — A\ik; MDD N, A3, 0), )

(1-5;0,..,0,7,1), (1 —a;;1,..,1,0,0,0)1,
r+1 r
T = (= A+ v) — A+ o)k AD 40D (A 400 (A + 1), (A + 13),0),

(1-¢0,..,0,74+p,1), (1 —b;;1,...,1,0,0,0); o
H,l_/ ——
r+ r

U* = e <17 1)7 (1 —c+ bnu)’ (ﬁ7 1)7 (gj7G])l,P7 (1 —a, 1)

V*=(0,1);..;(0,1); (e, 1); (hj, Hj)1,0; (0, 1)
~—_——

r 7/

(3.3.11)

3.4 SPECIAL CASES OF FRACTIONAL
INTEGRAL OPERATORS

(i) In (3.1.14) and (3.1.17)) , if we reduce Appell polynomial to Laguerre polyno-
mial [121], p.101, Eq.(5.1.6)] and Fox H-function reduced to Lorenzo Hartley

G-function [34] p.64,Eq.(2.3)], we obtain the following integral:

K. V1 A1l
LMLy, Gor, By f(1)} = 27771 /t”(x — )P [Zl (é) (1 _ f) ]

X
0
1) A2 V3 A3
GQ,U,T Z92, (£> (1 - E) F}EQHB;T’H) [a7 b7 C; 23 (E) (]- - E) ] f(t)dt
X xr X X
(3.4.1)

and

° V1 A1
TN L Gyos Fos (1)} = 2 / A (- ) LY [ (3) (1—3) ]
T

T\ V2 T\ A2
Goor |2 (3) (1-7)
@ {22 / ¢
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3.4 SPECIAL CASES OF FRACTIONAL
INTEGRAL OPERATORS

(i) In (3.1.14) and (3.1.17) , if we reduce Appell polynomial to Bessel polyno-
mial [60, p.108, Eq.(34)] and Fox H-function reduced to Generalized Mittag

Leffler function [73, p.25,Eq.(1.137)], we obtain the following integral:

z V1 A1
v —v—A— v 4 3
]z)\{yTh E:’y],57 Fpa f<t>} =T At /t (ZE - t)Ayn [zl (E) (1 - E) ) P J]
0

v2 t A2 t\"” 14 Ao
2 (f) <1 - —) Ey i) [a, b2 (_> <1 - _) ] o
X X X t
and

° V1 A1
v v o t t
Jx,)\{y’ru E:’y776’ Fp) f(t)} =T /t A l(t - x)Ayn [Zl (E) (1 - ;) y Ps U]
(a.40) AR CI AN
Fy7TH ) by e; 23 <?> <1 — —) f(t)dt

+(5) (-2) t
(3.4.4)

(iii) In (3.1.14) and (3.1.17) , if we reduce Appell polynomial to Cesaro polyno-
mial [112) p.449, Eq.(20)] and Fox H-function reduced to Bessel Maitland

En

7,0

U]
E 7,0

function [73] p.25,Eq.(1.139)], we obtain the following integral

A f y t\" £\ M
];7A{gzv Jg,ay Fp; f(t)} =x Al /t (CL‘ — t)Agép) [21 (E) (1 — 5) ]
0

(aBir) AN AN
Fy&PT a, b; c; 23 " 1— . f(t)dt

[e.e]

vy A1
- t t
SN g s (0 =2 [ 472710l [ (%) (1—;)]

J O (12 DY gt (b (2) (1= 5] e
[0 (2o e G- 5

and

8
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If we reduce Appell polynomial A, (z) and Fox’s H-function to unity, S-generalized
hypergeometric function into gauss hypergeometric function and A3 = 1,3 = 0

in our fractional integral operators defined by (3.1.14) and (3.1.17)), we easily

arrive at the results which are same in essence as those obtained by Saxena and
Kumbhat [98].

If we reduce Appell polynomial A4, (z) and Fox’s H-function to unity, S-generalized
hypergeometric function into gauss hypergeometric function and \3 = 1,3 = v =

0 in our fractional integral operators defined by (3.1.14) and (3.1.17]), we easily

arrive at the results which are same in essence as those obtained by Saigo [96].

3.5 MELLIN TRANSFORM, INVERSION
FORMULAS AND MELLIN
CONVOLUTIONS

The Mellin transform of a function f(t) is defined as usual by the following

equation:

o0

M{f(t);s} = /ts‘lf(t)dt (3.5.1)

0

provided that the integral on the right hand side exists.

Now we obtain the following results which give the Mellin transforms of the

fractional integral operators defined by ((3.1.14]) and (3.1.17]), their corresponding

inversion formulae and convolutions.

Theorem 3.5.1. If M{[f(¢)];s}, M{IVA,, H, Fy; f(t)];s} ewist,
R(A+A) >0, R(1+v—s) >0 and the conditions of the existence of the
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FORMULAS AND MELLIN
CONVOLUTIONS

operator IV A,, H, F,; f(t)] are satisfied then
ML A, H, Fyi f(1)];8} = M{f(1);5}G(s) (3.5.2)

Theorem 3.5.2. If M{[f(t)];s}, M{JWA,, H,Fy; f(t)];s} exist,
R(L+A) >0, R(v+s)>0 and the conditions of the existence of the operator
JUAAn, H, Fy; f(t)] are satisfied then

M T A, H, Fy; f(8)];8F = M{f(1); s}G((1 — 5)) (3.5.3)
where
_ F(ﬁ) - anszf
@) = ST @B e =) 27

) G*7 (gjan)l,P; (1-@, 1)7 (171)7(1_C+b7ﬂ)7(571)

HO,3:M,N;1,1;1,2
3,2:P,Q;1,1;3,1 Z3

pt | HY (hy,Hj)io;  (0,1); (a,1)

G* = (=X = Mk; A2, A3,0), (s — v — 1 k;v9,15,0), (1 — b;0,1,7)
H =(6—w+A)—(w+M)k—1(ra+ X)), (r3+ A3),0), (1 —¢;0, 1,7+ p)
(3.5.4)

provided that conditions given by (3.1.16)and (3.1.18)are satisfied.

Proof: To prove Theorem [3.5.1] first we write the Mellin transform of the

[-operator defined by (3.1.14)) with the help of (3.5.1)

o0

M1 Ay, H, Fyy (D)6} = / I (1) de

]

o0 T

— /$5_l{lj_y_)\_1/ty(l’ . t)AAn
0 0

MN t v2 t A2 (9]7 G])I,P t v3 t A3
Hpy' |2 <5> (1 — 5) Féa’ﬁ”’“) a,b;c; z3 (E) (1 — E) f(t)dtdx

(hj, Hj)1q
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Next, we change the order of x- and t-integrals. Now, we replace the Fox
H-function and S-generalized hypergeometric function occuring in it in terms of
Mellin Barnes Contour integral with the help of equation and
respectively and Appell polynomial in terms of series with the help of equation
(3.1.1)) and interchange the order of summation and integration in the result thus
obtained. Next we evaluate the t-integral and interpret the result in terms of
multivariable H-function and finally with the help of , we easily arrive at
the desired result after a little simplification.

The proof of Theorem can be developed on similar lines.

INVERSION FORMULAE

On making use of the well-known inversion theorem for the Mellin Transform,

(3.5.1), we easily arrive at the following inversion formulae for our fractional

integral operators defined by (3.1.14]) and (3.1.17)):

Formula 1

f(t—0) ;r fE+0) _ % /2 é(;)m{jg»A[An, H,Fy; f(t);s}ds  (3.5.5)

Formula 2

f(t—0) ; f+0) _ %/S%mwymmﬂ, F, f(t)]:s}ds (3.5.6)

where G(s) is given by (3.5.4)
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MELLIN CONVOLUTION

The Mellin convolution of two functions f(t) and g(t) will be defined by

o0

(F+9)@) = (g% )le) = [ 79

0

%) F(t)dt (3.5.7)
provided that the integral involved in (3.5.7)) exists.

The fractional integral operators defined by (3.1.14) and (3.1.17) can readily

be expressed as Mellin convolutions. we have the following interesting results

involving the Mellin convolutions :

Result 1
LAAn, H, Fy; f(0)] = (9% () (3.5.8)
where
(95, Gj)rp
g(z) =27 A Nz — 1A, [z M (2 — 1) H]]X;[C’QN a2 (p — 1)
(hj, Hj)1o
F}gaﬁmu) [a, b c; P (z — 1)A3} Uz — 1)
(3.5.9)
Result 2
TN An, H, Fy; f(8)] = (h* f)(x) (3.5.10)
where
(95, Gj)p
h(z) = 2"(1 — 2) 4, 212 (1 — )] H%@N 2a"2(1 — 2)™
(hj, Hj)1o
FP(O"B;T’“) [a, b; c; 232”3 (1 — x)ki”} U(l—x)
(3.5.11)
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U(x) being the Heaviside’s unit function.
Proof: To prove Result 1 we first write the I“*-operator defined by (3.1.14)) in

the following form using the definition of Heaviside’s unit function:

) B OO_ T\l m NN o\ gr e (9. Gj)p
Iﬂ”A[f(t)]_[)/“(t) (t 1) Hrq ZQ(t) (t 1) i Ho)
[ B o e s (2 ) 2 )

(3.5.12)

Now making use of the equation (3.5.9)) and the definition of the Mellin convolu-
tion given by (3.5.7)) in the above equation, we easily arrive at the required Result
1 after a little simplification.

The proof of Result 2 can be developed on similar lines.

3.6 ANALOGUS OF PARSEVAL GOLDSTEIN

THEOREM
If
o1(x) = I [An, H, Fy; f(1)) (3.6.1)
and
0a(x) = T An, H, Fyi f(1)] (3.6.2)
then
7@@ﬁwmz7@@ﬁ@m (3.6.3)
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provided that the integral involved in (3.6.1]), (3.6.2)) and (3.6.3) exists.
Proof: To prove the above theorem, we substitute the value of ¢;(x) from (3.6.1))

in the left hand side of and expressing the [-operator in its integral form
by using . Now interchange the order of x and t-integrals (which is per-
missible under given conditions) and interpret the expression thus obtained in
term of J-operator with the help of , we arrive at the desired result by

(3.6.2)) after a little simplification.
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COMPOSITION FORMULAE FOR
FRACTIONAL INTEGRAL OPERATORS

The main findings of this chapter have been published as detailed below:

1. M. K. BANSAL and R. JAIN (2016).COMPOSITION FORMULAE
FOR UNIFIED FRACTIONAL INTEGRAL OPERATORS, Furopean Jour-

nal of Advances in Engineering and Technology. 3(4), 1-6.
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4. COMPOSITION FORMULAE FOR FRACTIONAL INTEGRAL
OPERATORS

In this chapter, we first derive three new and interesting expressions for the
composition of the two fractional integral operators, which are slight variants of
the operators defined in Chapter 3. The operators of our study are quite general
in nature and may be considered as extensions of a number of simpler fractional
integral operators studied from time to time by several authors. By suitably
specializing the coefficients and the parameters in these functions we can get a
large number of (new and known) interesting expressions for the composition
of fractional integral operators involving simpler special functions. Finally, we
obtain two interesting finite double integral formulae as an application of our first
composition formula known results which follow as special case of our findings

have also been mentioned.

4.1 INTRODUCTION

In line with chapter 3, A will denote the class of function f(t) for which

OfJt°}; max{|[t[} — 0
ft) = (4.1.1)
O{|t[vre—w2lt}, min{ ||} — oo
For the sake of completeness, we would like to give in this chapter also, the

definitions, notations and conditions of existence of operators of our study. The

unified fractional integral operators studied in the present chapter will be defined
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and represented in the following manner:

LM An, H, Fy f(8)} = 27 /t”(ﬂf —1)*A,

JONCEN

22| (95, Gip S
29 (1 — 5) Féa’ﬂ”’“) a,b; c; z3 (1 — E) f(t)dt
(hj, Hi)q

M,N
Hpg

where f(t) € A and

min R (l/-l— C+ 1A+ )\2% + 1) >0 and min{r, A\, A3} >0 (4.1.3)

1<j<M f

Where A,,, H%QN 2] and ES“%™) (a, b; ¢; z) occurring in (4.1.2) stands for the Ap-

pell Polynomial, Fox H-function and S-generalized gauss hypergeometric function

defined by (3.1.1), (3.1.2) and (3.1.6) respectively.
%) ) N
TN A H, Fy f(£)} = 2 / L - ) A, [21 (2)" (1-2) }

t t
x| (95, Gihp A
H]];/[(’QN 29 (1 — f) ’ FlaBimp) {a, b; c; z3 <1 — E) 3} f(t)dt
’ t p t
(hjs Hj)1,0
(4.1.4)
provided that
R(ws) >0 or R(wy) =0 and R(v—w;) >0
(4.1.5)

h;
min ‘R ()\ + /\QFJ + 1) > O,min{ul, )\1, )\3} >0

1<j<M ;

4.2 COMPOSITION FORMULAE FOR THE
FRACTIONAL INTEGRAL OPERATORS

RESULT 1

€2

LY (A, HY Fys I A, H By f(9)]] = i/G (i) F(t)dt (4.2.1)
0

T2 T2
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where
Gox) - L)
L(a)T'(a)T(a)D(a)B(b,c — b)B(l,c = V)
Ap—fQp/ — k! vt 1 N L
Z Z PN 121 "xvt k(l X)/\+A k4N 4+ K +1
k=0 k'=
B p/—l A* . C* T
p!
2h(1 — X)
0,5:1,2;1,2;M’ N';1,1;M,N;1,1:1,0
H5,4.3,1,3,1,P' Q'1,1:P,Q:1,1:0.1 —235(1 — X) (4.2.2)
—Z3(1 — X)
i —(1-X) B*: D |
where

A =(=AN= Mk —v—uvk+V +1k;0,0,0,0, 2, A3,1), (=N — NK;0,0, A5, 2\5,0,0,1),)
(=X — \k;0,0,0,0, A, Ag, 0), (1 — &7, 0,0,1,0,0,0), (1 — b:0,7,0,0,0,1,0)

B* = (=A— Mk —v—uvk+1V +11k;0,0,0,0, A, A3,0), (1 — ¢; 0, (T + 1),0,0,0,1,0),
(=1 = X=Xk =N = XNK;0,0,\5, A5, A2, A3, 1), (1 = (7 + 1),0,0,1,0,0,0)
C=(1,1), (1= +,4),(F,1);(1,1), (1 = c+ b, ), (8, 1); (g5, G))u.prs

(1—=d’,1); (g5, Gi)rpi (1 —a,1); =

(4.2.3)
and following conditions are satisfied
ft) e A
R (V 2 '%A’Ah, )\)\h 2 4.2.4
(y+u+()>—,1g}1§1}\4 —|—2H,—|— +2Hj > — (4.2.4)

min{vy, v, A, N, A3, A5 >0
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RESULT 2
v, v N / 1
TN [ Ay H Ey; J7 Ay, H', Fy: f(t)]] _ /;G (_) F(t)dt (4.2.5)

provided that
R(wz) >0 or R(we) =0 and R+ —wy) > 0;

. h'
min R (A+A2ﬁ SN+ N ﬂ) > —2, min{vy, A1, Az, 1, A, A3 >0

1<j<M H; ZH]/.

(4.2.6)

and G(X) is given by (4.2.2), f(t) € A, the composite operator defined by the

LHS of (4.2.5) exists.
RESULT 3

VN I A 1 13 1 ., /%
I:): ’ [ATLUH?FP/;Jm? [ATMH? thf(t)]] = K o f(t)dt+ _K <_

2 ! ) ) t t

0 T2
(4.2.7)
where
L(g)rp
(@) — (B ()
I'(a)(a") () () B(b,c — b)B(V,c = V)

n X an_kan/_k/P(V + V/ -+ I/lk -+ V/ k/ —+ 1) G 1 AN
Z Z P 1 zfz’lk TV +vik (1- T)A+A k4+M 4+ K +1
k=0 k’'=0

B p/fl A* . C* T
pfl
25(1 — T)’\/2
4:1,2;1,2;M7 ,N";1,1,M,N;1, 1,1, !
HEA:?},%;;,I%P’,Q’;1,11;1P,Q;1,11;01,11 ’ _Zé(l - T)AS (428)
22(1 — T)A2
—23(1 - ,_Zﬁ))\3
| T B*: D* |
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where

A =(-1—v—v —vk—vik = N = NE' — X = A\1k; 0,0, X5, A5, Mg, Ag, 1),

(=X — Mk; 0,0,0,0, A, Mg, 1), (1 — 837,0,0,1,0,0,0), (1 — b:0,7,0,0,0,1,0)
B*=(—=1=XA=XMk—=XN =Nk —v—0 — 1k —V[k;0,0,\}, A\, A2, A3,0),

(=1 ==Xk —v—V —uvk—1{k;0,0,0,0, o, A\3,1)(1 — ; (7' + ¢/),0,,0,1,0,0,0),
(1—¢0,(r + 1),0,0,0,1,0)

C* = (17 ]-)a (]- - C, + bl?//)a (6,7 1)a (]-7 1)7 (1 —c+ b) M)7 (67 1)7 (gg‘vG;)l,P’;

(1—d, 1); (g5, Gi)rp; (1 —a,1);—

D* = (d/,1); (o, 1); (h;, HJ/')I,Q’Q (0,1); (hj, Hj)1,0:(0,1);(0,1)
(4.2.9)

and K*(T') can be obtained from K(T) by interchanging the parameters with
dashes with those without dashes and following conditions are satisfied

flt) e A

R +v+¢) >-2 mn R A/+A/h_9+/\+)\ﬁ > —2 (4.2.10)

R(wg) >0 or R(wy) =0 and R(v—w;) >0
Proof

To prove Result 1, we first express both the I-operators involved in its left

hand side, in the integral form with the help of equation (4.1.2)). Next we inter-

change the order of t-and z1-integrals (which is permissible under the conditions

stated), we easily have after a little simplification.

Z2

Lo [Aw, H' Eys I A, H Fy f(1)]] = aﬁg‘”/‘*"l/t”A flOdt  (4.2.11)

y L pl fr

[e=]
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where
A =
P £\ + A1 ) vy ) A
v —v—X—1 N /
— —t)"A, — 1—— A,y — 1——
' (22 = 2)" (1 ) . (1‘1) ( 331) Zl <$2> ( 502)
t

(R, Hi)1qr

)\/
F(a BT ) [a',b’;c’;zé (1 _ ﬂ) ] dxq
T2

(4.2.12)

To evaluate A, we first express both the Fox’s H-Functions and S-Generalized

gauss hypergeometric functions in terms of their respective contour integral forms

with the help of (3.1.2)) and (3.1.10]) respectively, next both the Appell polyno-
mail are expressed in terms of the series with the help of (3.1.1). Further, we

interchange the order of summations and contour integral and get:

- INCINED) On—kn/ k! s k vk
A = TN @ @) B, e~ ) BH, o - ZZ S A

/ / 0(E2)0, (E)(E1, E)B(EL €5 (1) ()% (22)% ()% (— 2

l

27Tw

T2
(— 21y (APARHXE Nl / R N N
3 2 1

t

<x2 _ xl)(x\’+/\’1k’+>\’2€’2+/\’3€§,)(l.l _ t)(A+/\1k+)‘2§2+)‘3€3)d{£1d51, oL dEs (4.2.13)

Now, we substitute u = <%> in (4.2.13) and evaluate the u integral with

the help of known result[90, p. 47, Eq.(16)]. Finally, re-interpreting the result in
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terms of the Multivariable H-function and substituting the values of A in ({£.2.11)),
we get the right hand side of required result after some simplification.
The proof of (4.2.5) can be developed proceeding on lines similar to
those indicated in the proof of the Result 1.

To prove Result 3 we first express both the I- and J- operators involved on the
left hand side of (4.2.7)) in the integral form with the help of equation (4 and

(4.1.4]), we have

p’ xr1

IV (A, H' Fyy J2 A H Fy f)]] = 23 /xll’,(xQ—xl)/\

A
Féaﬁ”’“) {a,b; c; 23 (1 — %) 3} f(t)dtdx,
(4.2.14)
Next, we change the order of t- and x;- integrals, (which is permissible under the

conditions stated) and get :

[;;/;’/V [An'aHl7Fp’;J:1/\ [AmH f / /g Ty, %2, dfCldt—i‘/f /9 x1,%2,1 dﬂhdt

0 T2
T2

:/f(t)]ldt+/f(t)l2dt (4.2.15)
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where

g(IL‘l,ZEQ,t) _ I;V,_A,_IZL‘T+V/(172 . xl)/\/t_y_)\_l(t . xl))\

Vi )‘/1 v A1
wo(@) -2 e o-2]
) To t t
AN 7 Ay (g§7G;)1,Pl N 1 Ao (gj,Gj)Lp
HP/Q/ Zé 1——> HP’Q 29 (1_7)
x 9
? (R Hiqr (hj, Hj)1.q

A
Fleofmi) {a,b; ¢ 23 <1 — %) 3} (4.2.16)

! /! / Ag
FIE,O"B’T’“) [a b 23 (1——)
o)

To evaluate the I; involved in the first integral on the right hand side of (4.2.15)),

we first express the Appell polynomials involved in series form with the help of
(3.1.1) . The Fox H-functions and S-generalized gauss hypergeometric functions in
terms of their respective well known Mellin-Barnes contour integrals with the help
of equations and . Now, interchanging the order of summations,
the contour integral &; (i = 1,---,6) and z- integrals (which is permissible under

the conditions stated), we get:

t

_ F(6>F(ﬁ,) Ay A/ k! /k’
/g($1,$2,t)d$1 _F(&)F( NL(a)D(a')B(b,c — b)B({U,d — V) ZZ LV 1 21

0 kOk’

(2ri)® / / / P18, €0)92 55’€6>H (€6 (25)% (22)% ()0 p¢4 (29)op 0

£, L

I'Q_V = (V1+>‘,)k, (V2+/\/2)£1 (V3+>‘3)E3 lt—ll—>\—(l/1+>\1)k—(l/2+>\2)§2—(I/3+)\3)§5—1

t

! ! 1. ! !
/1’11/+V +U K v k+vgé +reéa+r€s+rsés (5(32 . $1)X+)\’1k’+>\'2§1+)\’3§3

0
(t — ay ) VTR FA28 X ) e dEs ... dEg (4.2.17)

Next we substitute 1 = tu in the right hand side of (4.2.17]) and integrate it with

the help of known result [90, p. 47, Eq.(16)]. We get the following integral after
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a little simplification:

t

L(B)L() Gk 0y
t)day = LN
ﬁm”MIMWMWW%m U%g e
0

" v'4ul k' ¢ AN FA kXN E Ao€a+A385+A581+A583+1

—_ 1 — —

() (=)

el R /@@&@%@HIGN>Wa%@%@@ﬁ

£ £,
cL(L+v+1/ + ik + k)DL + X+ Mk + A& + As3és)

P T T v v+ R+ ik A+ Mkt o + M)
=N = NKE = MNo& — No&s, L+ v+ v + VK + ik y
o1 e
24+ v+ F ik vk X+ Ak 4 A + Asés;
(4.2.18)

Then we transform the expression on the right hand side of with the help
of [90, p. 60, Eq.(5)]. Further, we express oF} in terms of contour integral and
reinterpret the result, thus obtained in terms of multivariable H-function we get
1.

Again to calculate I, = 72 g(x1,z9,t)dzy , we proceed on similar lines to

0

those mentioned above I; with the difference that we substitute z; = zsu in the
corresponding appropriate expression to . On substituting the values of

I; and I, in (4.2.15)), we get the required result (4.2.7)).

4.3 APPLICATIONS AND SPECIAL CASES

As our composition formulae involve the Appell Polynomial, Fox H-function and
S-Generalized Gauss’s Hypergeometric Function, a large number of other com-

position formulae involving simpler functions and polynomials, can be obtained
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by specializing the functions involved in our composition formulae.

We mention below two such composition formulae cum double integrals.

wt

(i) If in the Result 1, we reduce Appell polynomial to unity and f(t) = e“*, we

get the following double integral which is believed to be new.

. . / ! / f
MN t A2 (gj7 G])LP MN , T A (g]7 G])LP
H 2:2 1 - HP/ Q/ 22 ]_ - T
T ’ X
' (hj, Hj)1o ? (R}, Hj)1qr

A3 %
) t o Bl ! T 3
Fletimr) [a,b; c; 23 (1 - —) FLPsT0) [a’,b’;c’;zé (1 — —1> ] e dtdx,
a1

P

%)
(4.3.1)
_ L(B)I'(5)
I'(a)l(a")(a)I' (/) B(b,c — b)B(V, ¢ = V)
B p/—l A* . C* 7
p!
2
0,6:1,2;1,2;M' ,N’;1,1;M,N;1,1;1,0;1,1 _Z/
H6,5:3,1;3,1;P’,Q’;1,1;P,Q;1,1;0,1;1,1 223 (432)
—23
—1
| —(2w) | B*: D* |
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where

A" = (=X = v +1/:0,0,0,0, Ay, As, 1,0), (=X 0,0, Xy, A5, 0,0,1,0), (1 — ;7,0,0,1,0,0,0,0),
(—2;0,0,0,0, Ag, A3, 0,0), (1 — b;0,7,0,0,0,1,0,0), (=1 — A — N;0,0,1,1,1,1,1,0)

B* = (=A—v+10,0,0,0, A, A3,0,0), (1 — ¢ 0, (T + p),0,0,0,1,0,0),

(=1 = A= X;0,0, Xy, Ay, Ao, A, 1,0), (1 = ¢ (7' + 4/),0,0,1,0,0,0,0)
(—2—v—A—=X;0,0,1,1,1,1,1,1)

C*=(L1),1 - +V,p),(8,1); (1,1), (1 — e+ b,p), (8, 1); (g}, G)r,p;

(1—d',1); (g5, Gj)rp; (1 —a, 1); = (=v,1)

D* = (a/,1); (o, 1); (h;, HJ’-)LQ/; (0,1); (hj, Hj)1,0:(0,1);(0,1);(0,1)

provided that the conditions easily obtainable from those mentioned in (4.2.4))
are satisfied.
(ii) If we take f(t) = 1 and reduce Appell polynomial to unity in the Result 2,

we obtain the following integral valid under the conditions derivable from the

conditions stated with (4.2.6):

0o ©o
x;//t—u’—)\/—lle/—u—)\—l(xl o 1,2))\@ o xl))\’

T2 T1

. G , /'7G/- ,
HMN 22<1_ﬁ>>\2 (9]7 j)l,P M ,<1_£>)\2 (93 ]>1,P

PQ | *2
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4.3 APPLICATIONS AND SPECIAL CASES

Z
_ L(B)r(s)r(v) FO61.21,2M' N 1L,LLM,N;1, 11,0 _2,
F(a)F(a’)F(a)F(a’)B(b, c— b)B(b’, o — b’) 6,5:3,1;3,1;P7,Q";1,1;P,Q;1,1;0,1 3

where

A" =(=A—=v+1/50,0,0,0, 2, A3,1),(=X;0,0, X5, \5,0,0,1),(=A;0,0,0,0, A, A3, 0),

(1-4;7,0,0,1,0,0,0), (1 — b;0,7,0,0,0,1,0), (=1 — A — X;0,0,1,1,1,1,1)
B* = (=X —v+150,0,0,0, A2, A3,0), (1 — ¢;0, (7 + 1),0,0,0,1,0),

(=1 = A= N:0,0, X, Ay, A2, A3, 1), (1= ¢ (7 + /),0,0,1,0,0,0)
(—1—v—A—=X;0,0,1,1,1,1,1)

C*=(L1), (1= +0,p),(8,1);(1,1), (1 = c+ b, p), (B,1); (g}, G, prs
(1—a',1); (g5, Grpi (1 —a, 1); -

Our results also unify and extend the findings of several authors, we give below
exact reference to two such results. Thus, if in these composition formulae, If we
take Ay = Xy = 0 in (4.2.1)), and H-Functions reduce to exponen-
tial function. Further, reducing exponential function to unity, reducing all the
Appell Polynomials to unity and S-Generalized Gauss’s Hypergeometric Func-
tion reducing to Gauss Hypergeometric Function by putting p = 0 thus obtained
Gauss Hypergeometric Function reducing to unity, we get the corresponding ex-

pressions which are in essence the same as those given by Erdélyi [24, p. 166, Eq.
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4. COMPOSITION FORMULAE FOR FRACTIONAL INTEGRAL
OPERATORS

(6.1) and (6.2); p. 167, Eq. (6.3)].

Also, if we take p = 0 in , and S-Generalized Gauss’s Hyper-
geometric Function reduce to Gauss Hypergeometric Function. Further reducing
these Gauss Hypergeometric function to unity, reducing all the Appell Polyno-
mials to unity and reducing all the H-functions to generalized hypergeometric
functions, we get the corresponding expressions which are in essence the same as
those given by Goyal and Jain [32, p. 253, Eq.(2.4); p. 254, Eq. (2.7); p. 255,

Eq. (2.12)].
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A STUDY OF UNIFIED FINITE INTEGRALS
INVOLVING ASSOCIATED I35 FUNCTION,
GENERALIZED MITTAG LEFFLER
FUNCTION, H FUNCTION AND APPELL
POLYNOMIAL

The main findings of this chapter have been published as detailed below:

1. M. K. BANSAL and R. JAIN (2015). A STUDY OF FINITE IN-
TEGRAL INVOLVING GENERALIZED FORM OF THE ASTROPHYS-
ICAL THERMONUCLEAR FUNCTION, Journal of Rajasthan Academy

of Physical Sciences, 14(1), 51-55.

2. M. K. BANSAL and R. JAIN (2014). ON UNIFIED FINITE INTE-
GRALS INVOLVING I3 FUNCTION, GENERALIZED MITTAG-LEFFLER
FUNCTION AND APPELL POLYNOMIALS, The Journal of the Indian

Academy of Mathematics, 36(2), 211-219.
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5. A STUDY OF UNIFIED FINITE INTEGRALS INVOLVING
ASSOCIATED /3 FUNCTION, GENERALIZED MITTAG LEFFLER
FUNCTION, H FUNCTION AND APPELL POLYNOMIAL

In this chapter, we first define the various polynomial and functions and the
results required to establish our main integrals. Next, we evaluate two unified
and general finite integrals. The first integral involves the product of the
Appell Polynomial A, (z), the Generalized form of the Astrophysical Thermonu-
clear function /3 and Generalized Mittag - Leffler Function E;’ZT B p,p(ZQ s,r). The
arguments of the functions occurring in the integral involve the product of factors

AHa —2)77 (1 —uz')™”. On account of the most general nature of

of the form z
the functions occurring in the integrand of our main integral, a large number of
new integrals can easily be obtained from it merely by specializing the functions
and parameters. Next, we give the five special cases of our main integral involving
several polynomials and functions notably Cesaro Polynomial, Laguerre
Polynomial, Shively Polynomial, Bateman’s Polynomial, Bessel Polynomial,
Generalized Hypergeometric Function, Bessel Maitland Function, Mittag-Leffler
Function, Struve Function, Generalized Bessel Maitland Function, Steady State
Function which are new, sufficiently general, and of interest in themselves.

The second integral involves the Generalized form of the Astrophysical
Thermonuclear function I3 and H— function. The arguments of the function
occurring in the integral involve the product of factors of the form
A=) (1 —ut®) (1 +vt™)~P. On account of the most general nature of the
functions occurring in the integrand of our main integral, a large number of new
integrals can easily be obtained from it merely by specializing the function and

parameters. Next, we give the five special cases of our main integral involving

several functions notably Generalized Wright Bessel Function, Generalized
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Riemann Zeta Function, Generalized Hurwitz-Lerch Zeta Function,
Polylogarithm of order p, Generalized Hypergeometric Function which are new,

sufficiently general, and of interest in themselves.

5.1 INTRODUCTION

We shall first give a brief description of the polynomial and functions occurring

as integrand in our main integral.

THE APPELL POLYNOMIALS

A class of polynomials over the field of complex numbers which contains many
classical polynomial systems. The Appell Polynomials were introduced by Appell

[6]. The series of Appell Polynomials is defined by :

Ap(2) = a:;kzk, n=0,1,2, (5.1.1)
k=0 )

where a,,_j is the complex coefficients and ag # 0

THE MULTIVARIABLE H-FUNCTION

The Multivariable H-Function is defined and represented in the following manner

[109, pp. 251-252, Egs. (C.1-C.3)]:

) (T))LC (. ORNIeY) )

1
Zl (a],ag ,"'7aj cj 3 ] )].,Cl;”.;(] ) j )]-,Cr

H07BZA1,BU'“ A7, By
C,D:C1,D1;-;Cr, Dy

| 087 B (@5 s s (d 8 o, |
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ASSOCIATED /3 FUNCTION, GENERALIZED MITTAG LEFFLER
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1 r
= - T (I)(gla SZa T 7€t) H @Z(SZ)Z& dgldgza o adgw (512)
(27w) // 2[

& & i=1
where w = /—1,
3 L)
Hlf(l —a; + Zlaj &)
Jj= i=
@(617 &y e ,gt) =D o c " (513)
[ITA=b+ 3876 II Tla;— > a;7&)
Jj=1 i=1 j=B+1 i=1
Ay . . B; ) )
LT = 676) [T - o +476)
0i(&) = —; ' ‘ oy ' —(i=1,2,---,7), (5.1.4)
[ T’ =~78) 11 ra-d’+67%)
j=Bi+1 J=Ai+1

All the Greek letters occurring on the left and side of are assumed to be
positive real numbers for standardization purposes. The definition of the
multivariable H-function will however be meaningful even if some of these
quantities are zero. The details about the nature of contour £,, - - - , £;, conditions
of convergence of the integral given by . Throughout the work it is assumed
that this function always satisfied its appropriate conditions of convergence

[109, p. 252-253, Eqs. (C.4-C.6)].

THE H-FUNCTION

The following series representation of the H-function is defined and represented

in the following manner [50]:
(€, Eji €)uns (€5, Ejlns1y

Hyl' |2 => ) O(sen)z  (5.15)
(fj7P1j)1,mv (fj7Fjj;§j)m+l,q t=0 h=1
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where,

ﬁ F(f] — Fjst,h) ﬁl {F(]_ — € + Ejst,h)}Ej

— i=1,j#h —1) +1
@<5t,h) = ’ q i ~ P (t'F})L ) t,h — thh
II (T —f+ Fisen)}™ I1 Tlej — Ejsen)
j=mtl j=n+1
(5.1.6)

In the Sequel, we shall also make use of the following behavior of the H;’?(’]n[z]

function for small and large value of z as recorded by Saxena et al.

[102], p. 112, Egs.(2.3) and (2.4)].

—-—m,n o a o . fj

H, . [2] = O]|z|*],for small z, where o = 1I§r;1§nmm (F] (5.1.7)
——m,n - 8 . . €j —1
H, . [2] = O]|z|"], for large z, where 8 = 11;1%}%9% (EJ ( E, )) (5.1.8)

GENERALIZED FORM OF THE ASTROPHYSICAL
THERMONUCLEAR FUNCTION

The generalized form of the astrophysical thermonuclear function is given by
Saxena [100] in the following form :

[e.e]

Lz tvna) = [y e 0 L (o - 1y 1y
W

0

where R(v) > 0,R(z) >0,a>1 and p>0.
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We give the following representation of I3 in terms of H-function of

two variable:

o0

L(z,t, v, p,0) = /y”‘le‘z(y”)“[l + (o — )y "= 1dy
0

Z <1+V;M71):_; (171>
t¥ 1.0 t#
= F(—%I)H%égf% X (5.1.9)
(a=1)t - (071)7(17M)7 (ﬁ,l%(lj,l)

Proof. :To evaluate the integral , we first express the terms

[1+ (o — 1)y =7 and e=*@+™" occurring in it’s integrand in terms of well
known Mellin-Barnes contour integral [109, p. 18, Egs.(2.6.2) and (2.6.4)] and
then change the order of ¢ - integral with y-integral (which is permissible under
the conditions stated). Thus the left hand side of takes the following form
(say A).

1 D(=&)D (&) (S + &) (a— 1)
CLE // (L)

£1 £2

[e.9]

/ YTy + 1) M dy | dédés (5.1.10)
0
Now we evaluate the y-integral occurring in (5.1.10) with the help of well known

Beta function, Thus we get the following equation

1

v 1 F(—&)F(fz)F(E — &)V — &)
A= D(75) (271w)? // T(us)

£1 £2

F(—V + ,Ufl + 52)25%—/151—52
(v —1)&

finally reinterpret the result thus obtained in terms of H-function of two variable.
We easily arrive at the right hand side of (5.1.9) after a little simplification. [

dé dés (5.1.11)
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GENERALIZED MITTAG LEFFLER FUNCTION

The Generalized Mittag-Leffler function is defined and represented in the

following form [88, p. 127, Eq.(1.2)]:

oo (pn+p—1)
B N
af,rppp( 238 T) ZI‘ pn+p—1)+ﬂ)[( )un]" (P)pn

n=0

provided that (o, 8,7, 7,p) € C, R(a, B,7,7,p) >0, (0,1, p) > 0 and

H-Function is defined in (5.1.5)).

Next, We give the five special cases and representation of Generalized Mittag-

Leffler function in terms of H-function:

7,0 (z;8,7) 3 (an]" A
Bl nanlei57) = Yo Koty g AT
_ LT =" e |, ©.1), o)
(I'y)s o 0,1), (1—p,p),(1—alp—1)—=B,ap), (1 —7,pu;7)

(5.1.12)

SPECIAL CASES OF GENERALIZED MITTAG LEFFLER
FUNCTION

1. Generalized Hypergeometric Function :If we take d =p=pu=a=1

in (5.1.12)), we get
1 Zp_l _ 1 ’7?
Elgipn(2:8,7) = =g 2| (5.1.13)

Lp=1+5) pp+B—1Nr

where ,F, is defined by Gupta et al.[41]
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2. Bessel-Maitland Function : Again, If we take s=r=0,p=p=1,
B =14 v and z is replaced by (-z) in (5.1.12)), we get

S (=2)"

B} 10,0) = Jg(2) =
ol +vr1,1(2:0,0) 5 (2) T(an + v+ 1)n!

(5.1.14)

n=0

where J¢ is defined in [73].

3. Generalization of the Mittag- Leffler Function : Further, If we take

s=1,r=0,p=p=11in (5.1.12)), we get

96 . 6
B 1a(21,0) = EX9( Z

n=

where Egg is defined in [105].

4. Generalized Bessel-Maitland function : If we take s =r =p =p =
,u:’yzézl,a:u,A:A—i—l,ﬁ:V—l—)\—kl,z:—% in ((5.1.12)), we get

1,1 )
Ep,1+)\+u,1+)\,1,1,1(27 1,1) = JfA( )

00 (_1)71 2\ V+H2A+2n
() u+2A ,;F (un+v+ A+ DA+ 1+n) (5)
(5.1.16)

where J//,(Z) is defined in [8§].

5. Struve function : If wetake s=r=p=p=a=p=7y=90=1,0=

%77 = g N —% in ((5.1.12]), we get

1 2
11 , -
E1,g,g+u,1,1,1<z’ L) =15 (T)
3/2,3/2 + v

i 5/2). 3/2+1/)nn‘ (_f)n (5.1.17)

n=0
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5.2 FIRST INTEGRAL

5.2 FIRST INTEGRAL

/ x’\’l(a — :c)"’l(l — uxe)’pAn[zgsc’\Q(a — x)%?]13]z, ™M (a —x)" %Y vy, i, o]
0

,0 _
Egz,ﬂi,fs,us,ns,p[%x)\?’ (a—x)7(1 - ng) s, T]d$

n [e.9]

3 n—k [C(73)]"T ()T (75 + 951)]°
kU T(5)[E(93))°T (05 + pt) [D(7s + pst)]”

k=0 t=0

ZlVl Z§Zg3+pt_1CL/\+U_(/\1+01)Vl+()\2+02)k+(03+)\3)(n3+pt_l)_l

I'(osns — az + B3 + aszpt)[(p + ps(ns + pt — 1))

[ za*1(A1te1) .
—szi = A (1L, 1); (1= p— pa(ns +pt — 1),1)
HyToziain | o0y (5.2.1)
I —ua B*:(0,1)(1, py); (ﬁ, 1)(v4,1);(0,1) |

where

A* = (14 v;01,1,0), (1 — 0 + o111 — 09k — 03(n3 + pt — 1); 01449, 01, 0),

(I =X+ XMy — Aok — As3(ns +pt — 1); Mg, Mg, 0)

B*=(1—A\+0)+ (A +0o)vy — (At 09)k— (A3 +03)(ns +pt — 1); (A + 01),
(M +01),0)

The above result is valid under the following conditions :

(i) 9%()\—1—/\1 min{ﬁ,l/}) >0 (ii) 9%(0—1—01 min{ﬁ,ﬂ) >0

(iii) min R{v1, 0, 03, M3, P, A, A3, p, p3} > 0

(iv) min(¢, o1, 11, A1) > 0 not all zero simultaneously.
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Proof. To prove the main integral, we first express A,[z], I5(z, z, 1, 1, 1) and

E;g%z 773,u3,n3,p(z5 s,r) function in the left hand side of (5.2.1]) in their respective
series form and contour integral form with the help of equations ,
and respectively. Next we change the order of summation and &, &-
integrals with the x-integral (which is permissible under the conditions stated).

Thus left hand side of (5.2.1]) takes the following form (say A):

an K [D(73)]" T (1) [T (75 + 03t)] 2 24t 22 P
8= Z Z (57=7) (Ty3)T (03 + pt)T (s — a + B3 + azpt)[(73 + pat)]"

k=0 t=0

><—1 // F(—&)F(@)F(ﬁ — &) (v — &)U (=1 + s + )25 % A
2mw D(p161)(an — 1)

£, L

a
{/ w>x->\1V1+>\1u1§1+>\1£2+/\2k+>\3(n3+pt—1)—1(a . x)cf—mm+U1u1£1+01£2+02k+03(n3+pt—1)—1
0
(1-— uxf)—(p+p3(n3+pt—1))dx] dédé,
(5.2.2)

Now we evaluate the x-integral occurring in with the help of
[52, p. 47, Eq. (1.3.3)]. Next we express the Fox H-function involved in above
result in terms of contour integral, and finally reinterpret the result thus obtained

in terms of multi variable H-function, we easily arrive at the right hand side of
(5.2.1]) after a little simplification. O

5.3 SPECIAL CASES OF THE FIRST
INTEGRAL

(I) In the main integral, if we reduce Appell polynomials A,[z] to the Cesaro
polynomial [112, p. 449, Eq. (20)] by taking a,_ = =™ *C, k!, Ay =
29 = 1,09 = 0, I3 function to the steady state function [, p. 53, Eq.(2.6)]

by taking oy — 1,4y = % and Generalized Mittag Leffler function to
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5.3 SPECIAL CASES OF THE FIRST
INTEGRAL

the generalized hypergeometric function defined in (5.1.13)) by replacing
03 =p=as3=pu3 =03 = 1,3 = p3 =0, we can easily get the following

interesting integral after a little simplification.
/x’\_l(a —2)7 Y1 = uzt) Pl (1) I3[z, 212N (@ — )7, 1y
0
5—1 1,738
[23(a — )"

oF'3 z3(a — )| dx
L+ 85 = 1) n3,1M3 + B — 1, 7357

_ i (F(Tg))TF(’I’]g)[F<’73 -+ t)]sF(TQ +n—k+ ]_)2;;’1 2g3+t_1a)\+07()\1+01)l/1+k+773+t72
[T(3)]* T (3 + )T (5 + B3 — 1+ O)[T(75 + )] T(p)T(n — k + DI(r, + 1)

k=0 t=0
i za%()‘l"'al) _
z A = (1,1):  (1—p1)
21
Hygogmait | aouen
z1
—uat B : (071)7(17%)7 (0,1),(1/1,1); (()’1)
(5.3.1)
where

A* = (14—1/1;%,1,0),(1—o—l—alyl—(773—1—25—1);%,01,0),(1—)\+)\1u1—
k2L AL 0)

AW

B*=(1-\+0)+ N +o)v—k—(nz+t—1);35(M +01), (M +01),0)

provided that the conditions that are easily obtainable from the existing

conditions of ([5.2.1)) are satisfied.

(IT) Next, if we reduce the Appell polynomials A, [x] to the Laguerre Polynomial
21, p. 101, Eq. (5.1.6)] by taking a,_x = (—1)F @10, 4 Ay = 25 =

1,09 = 0 and Generalized Mittag Leffler function to the Bessel Maitland
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Function defined in (5.1.14) by replacing 3 = 1 + v3,a3 = u3,p = 03 =
N3 =1, 3=p3=s5=1r=0,23=—1, we can easily get the following new

integral after a little simplification.

a

/1"\1((1 — x)"’l(l — uxg)’pofm)(x)[g [z, zlx’Al(a — ) 7 vy, e, al]Jlﬁ?(a —z)dz
0

n

B i (—1)t(—1)kf(a2+n+1) 1 a/)\+0'7()\1+0'1)l/1+k+t*1

v

KT(n —k+ 1)D(as + k + 1) T(——) " tI0 (st + v3 + DI(p)

a1—1

- sqH1(M1to1)

2 A* —; (1,1); (1—p,1)

0,3:1,0;2,1;1,1 (A1+01)
H 777777 a1 1
3,1:0,2;1,2;1,1 (1)

—udt | BT (0,0, (Lm); (D (1) (0,1)
(5.3.2)

where

A* = (141511, 1,0), (1—o401v1—t; o101, 01, 0), (L=A+Xyv1—k; Mg, A, £)
B*=(1—-A+0)+ A +o)vn —k—t;u (M +01), (A +01),0)
provided that the conditions that are easily obtainable from the existing

conditions of ([5.2.1]) are satisfied.

(III) Again in the main integral, if we reduce Appell polynomial A,[z] to the

: : : _ gn)a(=n)i(a))e-(ah)
Shively Polynomial [112, p. 187, Eq. (49)] by taking a,,_x = i!(A’2+n)k(21);.f(gg)§ e
Ay = 1,09 = 0 and Generalized Mittag Leffler function to the gener-
alization of the Mittag-Lefller Function defined in (5.1.15) by replacing

Ny =p=o03=5=1,p3 =r = A3 =0, we can easily get the following
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interesting result after a little simplification.

/ x’\_l(a — :L‘)U_l(l — uxe)_pST(l’\é)(ZQm)]g[z, zlx_h(a — )77 vy, g, o
0

EP3% [za(a — x)|dx

as,fB3

(A 4 1) (=1) k() - (0 )i T (743 + O3t) 271 2K 2L a?Fo—(utomthtt=1
e nl(Ny + n)k(B)k--(Bek! T(y)L(55)T (85 + ast)T(p)I(1 + 1)

I
M8

N - (1,1); (1=p,1)
HyYozialn | 20
| e | BT 0D.(m) (GED.Ln) (0.1)
(5.3.3)
where

A* = (14v15 11, 1,0), (1—o40o1v1—t; 01411, 01, 0), (L=A+Xvn—Fk; A, Mg, )

B* = (1 — ()\ + 0’) + (/\1 + 0'1)1/1 — k- t;ul()\l + 01), ()\1 + 0'1),6)

provided that the conditions that are easily obtainable from the existing

conditions of ([5.2.1)) are satisfied.

(IV) Next, if we reduce the Appell polynomials A,[z] to the Bateman’s Poly-
nomial [[12, p. 183, Eq. (42)] by taking a, 4 = “HE0UE Ny = 6 = 0

and Generalized Mittag Leffler function to the Struve function defined in

(5.1.17) by replacing s =r=p=o03=n3=a3 =g =73 =03 = 1,33 =

2
%, T3 = % +v3, A3 =p3 =0,23 = —%3 , we can easily get the following new
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integral after a little simplification.

/ 27 Ha = 2)"7 N (1 —ua’) P Zy ] Iz, 1™ (0 — 1) 7, i, o
0
1F3 —3(a—x)| dv

(—n)r(n+ 1), T3 + V3)21”1z§(‘T%)taA+0—(A1+al)V1+t—1
ekl TEEITE +O0G + v+ OT(0)

a;—1

WE

k=0 t=0

M sqH1(M1to1)

e LY (1=p)
M | s
Lt | B 0D Lm0 0
(5.3.4)
where

A" = (1+uv1;1,1,0),(1—o+0o10n —t; 0101, 01,0), (L= A+ Mg Ayper, A, £)

B*=(1—-A+0)+ M +o)vi —t; (M +01), (A +01),0)

provided that the conditions that are easily obtainable from the existing

conditions of (5.2.1)) are satisfied.

Again in the main integral, if we reduce Appell polynomial A,[z] to the

Bessel Polynomial [60, p. 108, Eq. (34)] by taking a,,_y = (*")’“(O‘ngl)’“(*l)k,
2

Ay = 09 = 0 and Generalized Mittag Leffler function to the Generalized
Bessel Maitland function defined in (5.1.16]) by replacing A3 = p3 = 0,5 =

r=p =03 ="Mn3 =3 =73 =03 = laz = p3, 73 = 13+ 1,0 =
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5.4 SECOND INTEGRAL

vs+T13+ 1,23 = —% we can easily get the following interesting result after

a little simplification.

/ x’\_l(a — :L‘)U_l(l — ume)_pyn[zy, ag, Po] I3[z, zlx_h(a — )77 1y, g, o
0

©3 Z§
b —(a—x)z dx

N (—n)i(ag F A (=18 T(rs+ 1)(—1) 2y 25 (2)2 e o~ tonnti-l
= Fak! T(E)T () (vs + 75+ 1+ pgt) Dy + 1+ 1)

k=0t a;—1

B za“l()‘1+01)

=l [ L LY (-p)
RGN | v
e | B0 G0 o)
(5.3.5)
where

A* = (1—1—1/1;,ul, 1,0), (1—U—|—011/1—t; alul,al,()), (1—)\+)\1V1;)\1M1,>\1,€)

B =(1-A+0)+ M +o)v —t; (M + o), (M +01),£)

provided that the conditions that are easily obtainable from the existing

conditions of (|5.2.1]) are satisfied.

5.4 SECOND INTEGRAL

1
/x)‘_l(l — :v)"_l(l —uzx®) (1 + vxb)_ﬁfg(z, :v_)‘l(l — ) 7 v, 1, i, 0)
0

—m,n (€, B €)1ns (€5, Ejnirp
H (2?2 (1 — 2)72(1 — ua®) 772 (1 + va?) = dz

p,q
(fj’Fj)l,mv (fj?ij;%j)m—&-l,q
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e A
1
1 o m - L
= O(s b H0,3.,1,O‘,271.,1717171
F('V+725t,h)r(5+525t,h)r(ﬁ> ;; (56,0) H3 7021 21111 B
L v B*
(5.4.1)

where the remaining parameters of ﬁ:&n [z] occurring in are given by left
hand side of and

A= (1= X+ Mvn — XS ps A, A1, a,0), (1 — 0 + o114 — 09855 01441, 01, 0, b),
(14 11;0,0, 9, 1).

B* = (1= (0 +A) + (o1 + AM)v1 — (02 + A2)se; (01 + M), (01 + M), @, b)

C* = = (L1); (1 = — 728un, 1); (1 = B — Basen, 1)

D* = (07 1)7 (1>N1>; (ﬁ? 1)7 (Vla 1); (07 1); (07 1)

— Jntt

and Sip i

The above result is valid under the following :
. . : fi
(i) B <)\ + A mln{ﬁ, vt + Ao nin <F]>> > 0.
(i) ;R <0’ + o1 mm{ﬁ, v} + oy nin (ﬁ)) > 0.
(111) min %{77 Y25 ﬁ? ﬁ27 >\7 )‘27 0,02, Vl} > 07 min(ula 01, >\17 a, b) >0

not all zero simultaneously.

Proof. : To evaluate the above integral we first express H— function in series
form and astrophysical thermonuclear function I3(z, 2= (1 —2) =%, vy, p1, ji1, 1)
in terms of Mellin-Barnes contour integral with help of (5.1.5) and (5.1.9) re-

spectively. Then we change the order of summations and &, &>-integral with
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5.5 SPECIAL CASES OF THE SECOND
INTEGRAL

x-integral (which is permissible under the conditions stated). Thus the left hand
side of (5.4.1)) takes the following form (say A):

S Blsg) P(—0n + 1 + &) (&) (€T (1 — )T (1 — péo)
A=22 i)(zww)z// i

(1&1) (o — 1)

1
a1 —

£1 L2

1
XZ-M& /x)\—)\lVl+)\1H1§1+)\1£2+)\25t,h_1(1 _ x)a'—o'lV1+UlH1§1+0'1§2+0'25t,h_1
0
(1 — ug®) 7777250k (1 4 pa®)"P=P2oundpdg dey  (5.4.2)

Finally, we evaluate the x-integral occurring in with the help of result [33]
p. 287, Eq.(3.211)] and reinterpreting the result thus obtained in terms of the
multivariable H-function, we easily arrive at the right hand side of , after
a little simplification. O

5.5 SPECIAL CASES OF THE SECOND
INTEGRAL

(I) In the main integral (5.4.1)) , if we reduce the H—function to Generalized
Wright Bessel Function 41l p. 271, Eq.(8)] and take v2 = f = 0, we

easily get the following integral after a little simplification:

1
/xAl(l —2)7 N1 —uz®) (1 +va”) P I3z, 27 (1 = 2) ™7 v, o, i, @)
0

T2 (222 (1 — x)72)da

T2
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(IL.)

o)

_ 1 (=1
- TMLBOT () 2 tHT(1 + 72 + vot) }2

a1—1 t=0

where

- *
zH A
1
1
0310211111 | @D
3,1;0,2;1,2;1,1;1,1
—u
v B*:
(5.5.1)

A* = (1= X+ vy — Xt Mpin, A, a,0), (1 — 0 4 oy — 09t 01411, 01, 0, D),

(1 + Vl;oaoalula 1)

B*=(1—(o+A)+ (o1 +M)vi — (A2 + 02)t; (01 + A1), (01 + M), a,b)

Cr=—(L1);(1-71);(1-51)

D =(0,1), (1, pu); (ﬁ? 1), (11,1)(0,1); (0, 1).

provided that the conditions easily obtainable from those mentioned with

conditions (5.4.1]) are satisfied.

On taking in 1) A = Xy = 0y = 0 and reducing H—function to the

generalized Riemann Zeta Function

23, p. 27, §1.11, Eq.(1)], we easily

get the following integral after a little simplification:

1

/xA_l(l — x)a_l(l —uz®) (1 + vxb)_ﬁlg(z, (1 =)~ vy, p1, i1, 1)

0
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5.5 SPECIAL CASES OF THE SECOND

(I11.)

INTEGRAL
[ Z% A*
. 1
_ 1 Z 02:1.020,21,1 | (7Y
Dy +70)D(8 + Bt T () g (n +typ 20kl
L v B*
(5.5.2)
where
A* = (1 — 0 + 011,011,071, 07 b)a (1 + v O? Ovlula 1)
B*=(1—= (04 \) +o1vi;010,01,a,b)
C* = -, (17 1)7 (1 -7 '72757 1)7 (1 - )‘7 a); (1 - B - ﬁ2t7 1)

D = (07 1)? (17,“1)3 (ﬁ? 1)7 (1/1, 1)3 (07 1); (07 1)'

provided that the conditions that are easily obtainable from the existing

conditions (5.4.1)) are satisfied.

Further in the main integral , if wetake \{ = 01 =Xy =09 =0
and reduce H—function to the generalized Hurwitz-Lerch Zeta Function
[51, pp. 147 & 151, Eqs.(6.2.5) and (6.4.2)], we arrive at the following
interesting integral after a little simplification which is believed to be new:

1

/x/\_l(]‘ - x)a_l(l - uxa)_"/(l + Uxb)_ﬁ-[3(z7 17 v, pla ,ula Oél)
0
¢V27M2,T2((1 - U’ma)_’m(l + vxb)_ﬁ27p7 n)dw
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FUNCTION, H FUNCTION AND APPELL POLYNOMIAL

- L
2h
00 L
) 1 Z 0,1;1,0;2,1;1,2;1,2 (a1—-1)
F(’7 + 72t) (5 + BQt — 7_2 tt' 7} + t 1,1;0,2;1,2;2,1;2,1 »
v
(5.5.3)
where

A* = (14 11;0,0, 19, 1) B*=(1— (04 X);0,0,a,b)
Cr = - (17 1)7 (1 it 72t7 1)7 (1 - )\,CL); (1 - ﬁ - B2t7 1)7 (1 — 0, b)

D* = (0,1), (1,n1); (5755, 1), (11, 15 (0, 1); (0, 1).

(IV.) Again if we take in (5.4.1), \; = 75 = 82 = 0 and reduce H—function to
Polylogarithm of order p [23, p. 31 §1.11.1, Eq.(22) and (6.4.2)], we get
an interesting integral after a little simplification which is believed to be

new:

1
/33/\1(1 — x)”’l(l —uz®) (1 + Uxb)’ﬁfg(z, (1 —2) % v, p1, 1, Q1)
0

F(2™(1 — )72, p)da

[ 4 | A e
X 1
1 OO (=)™ oa0210200 | @Y
— H 777777777
PTG o b atasiil |
v | B D
(5.5.4)

where

A*=(1 -0+ o0y —oa(l+1);0111,01,0,0), (1 +14;0,0, pg, 1).
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5.5 SPECIAL CASES OF THE SECOND
INTEGRAL

B* = (1 — (O’ -+ )\) + o] — ()\2 + 0'2)(1 +t);01u1,017a,b)
Cr = ) (1? 1)1 (1 -7 1)7 (1 — A= )\2(1 _'_t)aa); (1 - 67 1)

D = (07 1)7 (Lﬂl); (ﬁ? 1)7 (Vla 1)3 (07 1); (Oa 1)'

Finally, if we reduce the H—function to generalized hypergeometric func-
tion ,F, [41l p. 271, Eq.(9)] and take A\; = 01 = 75 = f» = 0 in the main

integral (5.4.1)), we obtain the following integral after a little simplification:

1
/:E’\_l(l - a:)”_l(l —uz®) (1 + vxb)_ﬁlg(z, 1,01, p1, 1, 00)

0
(€j7 1;pj)1,p
pFy 2*2(1 — 1) de
(fja L 77j)17q
[ = A C* ]
p
) H {(Qj)t}pj (a 1_1)
- ! Z =1 H0,1;1,0;2,1;1,2;1,2 1
- F( )F(ﬁ)r( . ) a 1,1;0,2;1,2;2,1;2,1
7y a1—1/ t=0 H{(fj)t}njt! u
j=1
L v B*: D* |

(5.5.5)
where
A* = (14 11;0,0, pq, 1) B*=(1—= (64X — (A4 02)t;0,0,a,b)
C*=—;(1,1); (1 —7,1),(1 =X = Xot,a); (1 = 5,1),(1 — 0 — 09t b)
D" = (0,1), (L, m); (5. 1), (11, 1); (0, 1); (0, ).
provided that the conditions that are easily obtainable from the existing

conditions (5.4.1)) are satisfied.
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SOLUTION OF FRACTIONAL
DIFFERENTIAL EQUATION BY
GENERALIZED DIFFERENTIAL

TRANSFORM METHOD (GDTM)

The main findings of this chapter have been published as detailed below:

1. M. K. BANSAL and R. JAIN (2015). APPLICATION OF
GENERALIZED DIFFERENTIAL TRANSFORM METHOD TO FRACTIONAL
RELAXATION OSCILLATION EQUATION, Antarctica J. Math., 12(1), 85-95.
2. M. K. BANSAL and R. JAIN (2015). ANALYTICAL SOLUTION OF
BAGLEY TORVIK EQUATION BY GENERALIZED DIFFERENTIAL TRANS-
FORM, International Journal of Pure and Applied Mathematics, 110(2), 265
273.

3. M. K. BANSAL and R. JAIN (2015). APPLICATION OF GENERAL-
IZED DIFFERENTIAL TRANSFORM METHOD TO FRACTIONAL ORDER

RICCATI DIFFERENTIAL EQUATION AND NUMERICAL RESULT, Inter-
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national Journal of Pure and Applied Mathematics, 99(3), 355-366.
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The object of this chapter is to find solutions of the Bagley Torvik Equa-
tion, Fractional Relaxation Oscillation Equation and Fractional Order Riccati
Differential Equation. We make use of generalized differential transform method
(GDTM) to solve the equations. First of all we give definition of a Caputo frac-
tional derivative of order v which was introduced and investigated by Caputo
[12]. Then, we give the generalized differential transform method and inverse
generalized differential transform which was introduce and investigated by Ertuk
et al. [22] and some basic properties of GDTM. Next, we find solutions to three
different fractional differential equations using GDTM technique.

In section 6.2 we find the solution of Bagley Torvik Equation using GDTM.
Since all constant coefficients and function f(t) are general in nature, by special-
izing the constant coefficients and function f(t) we can obtain a large number of
special cases of Bagley Torvik Equation. Here we give two numerical examples.

In section 6.3 we find the solution of Fractional Relaxation Oscillation Equa-
tion using GDTM. Since order of Fractional Relaxation Oscillation Equation is
B, A is constant coefficient and function f(x) are general in nature, by specializing
parameters and function f(x), we can obtain a large number of special cases of
Fractional Relaxation Oscillation Equation. Here we give eight numerical exam-
ples. Furthermore these examples are also represented graphically by using the
MATHEMATICA SOFTWARE.

In section 6.4, Again we find the solution of Fractional Order Riccati Dif-
ferential Equation using GDTM. Since order of Fractional Riccati Differential

equation is § and all function are general in nature, by specializing parameters
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and functions, we can obtain a large number of special cases of Fractional Relax-
ation Oscillation Equation. Here we give eight numerical examples. Furthermore
these examples are also represented graphically by using the MATHEMATICA

SOFTWARE.

6.1 INTRODUCTION

6.1.1 CAPUTO FRACTIONAL DERIVATIVE OF
ORDER «

The Caputo fractional derivative of order a was introduced and investigate by

Caputo [I1] in the following manner

L pm) ,
o F(ml_a) La[ (x‘_fé')agér)z#»l dg if (m —l<a< m),m eN
o Dy f(x) =
fm) () if a=m
(6.1.1)

6.1.2 KNOWN BASIC THEOREMS

The following theorems will be required to obtain our main findings :

Theorem 6.1.1 ([22] Generalized Taylor Formula). Suppose that (S D) f(x) €
C(a,b] fork =0, 1, 2,....n + 1, where 0 < a < 1, then we have

(G D)™ £)(E)
I'(n+1a+1)

) =30 (D) + (e (612)

with a <& <x,V x € (a,bl.

Theorem 6.1.2. [26] Suppose that f(x) = (x—x0) g(x), where z9, A > 0 and g(z)

has the generalized power series expansion g(x) = > a,(x — x9)™™ with radius of
n=0
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convergence R >0, 0 < a < 1. Then
CDy ID]f(x) =Dy f(x) (6.1.3)

for all (x — zo) € (0, R), the coefficients a,, = 0 for n given by nac + A — =0
and either

(a) X > p, p=mazx(B+ [v],[8+7])

(b)) AN<upu, ap =0 for k = 0,1,2,...,[%]

where [x] denotes the greatest integer less than or equal to x.

6.1.3 GENERALIZED DIFFERENTIAL TRANSFORM
METHOD (GDTM)

The generalized differential transform of the K derivative of function f(x) in
one variable was introduced and investigated by Ertuk et al. [22, p. 1646] in the

following manner:

Fa) = s D0 @l (614

where 0 < o < 1,(YD2) = CD>CDe. DYk — times), D2 is defined by
(6.1.1) and F, (k) is the transformed function.
The Inverse Generalized Differential Transform of F,, (k) is defined in the fol-

lowing manner [22], p. 1647]

fla) = Fu(k) (@ — ao)™ (6.1.5)

k=0
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6.1.4 SOME BASIC PROPERTIES OF THE
GENERALIZED DIFFERENTIAL TRANSFORM

If F,,(k),Ga(k) and H,(k) are the generalized differential transforms of the

functions f(x), g(x) and h(x) respectively, then

S
S~—
—
)
—

(x) = g(x) £ h(x), then F,(k) = G,(k) = Hu(k)
b) If f(x) = ag(x), then F, (k) = aG,(k), where a is a constant.
(x) = g(x)h(x), then F, (k) = lz:Ga(l)Ha(k —1)

d) Tf f(x) = ¢ Dgg(x), then Fy(k) = HEol @, (k + 1)

N /N /N /N
&
=
—

@

N~—
[
—
=

—~
"

N—
I

(z — 20)",v = na,n € Z, then Fo(k) = 6(k — v/a),

5(k) = 1 ?f k=0
0 if E#0

(f) If f(x) = §DPg(z),m —1 < B < m and the function g(x) satisfies the

condition in Theorem [6.1.2] then

_ T(ak+B+1) I5;
Falk) = T(ak+1) Ga <k+5)

6.2 APPLICATION OF GDTM TO BAGLEY
TORVIK EQUATION

In this section we consider Bagley Torvik Equation in the following form:
AD*y(t) + BD2y(t) + Cy(t) = f(t)  where >0 (6.2.1)
Subject to initial conditions

y(0) =0 and y'(0)=0 (6.2.2)
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where A # 0, B and C are constant coefficients.
SOLUTION: Applying generalized differential transform (6.1.4) on the both
sides of (6.2.1) by using the property of GDTM (f) with a = b = 0, we easily

arrive at the following result

allok+3), (k: 4 %) L pllekts ), (k 4 3) + CYa(k) = Fa(k)

['(ak+1) ['(ak+1) 2
(6.2.3)
or
ak+32
y (s 2) _ Falh) = CYa) - BrotBYa(k+ £) 62,0
“ a) Alak +2)(ak + 1) o

Where Y, (k) be the Generalized Differential Transform Function of y(t).
The generalized differential transform of the initial conditions in Eq. (6.2.2)) takes

the following form
[CD¥y(t) o =0  fork=0,1,2,3,... (6.2.5)

Utilizing the recurrence relation (6.2.4)) and the transformed initial conditions
(6.2.5) we calculated the value of Y, (k: + %) for k =1, 2, 3, ---. Then taking
the inverse generalized differential transform ((6.1.5)), we obtain the desire solution
after a little simplification.

EXAMPLE 1: Consider the following special case of Bagley-Torvik equation

given by (/6.2.1)) as investigated earlier [29] 92]
t
D?y(t) 4+ D2y(t) +y(t) = 2+ 4\ﬁ +t° (6.2.6)
m

Subject to initial conditions

y(0)=0 and  (0)=0 (6.2.7)
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SOLUTION: Applying generalized differential transform (6.1.4) on the both
sides of (6.2.6)) by using the property of GDTM (f) with a = b = 0 and setting

to = 0,a = 1/2, we easily arrive at the following result

5

26(k) + Z=0(k — 1) + 6(k — 4) = Yy (k) = SE2Y1 (k + 3)
Vi(k+4) = - P — 2 (6.2.8)
2 (5 + 2)(5 + 1)
and initial conditions ((6.2.7]) takes the following form
Vi(0)=0;  Yi(1)=0; Yi(2)=0;  Yi(3)=0 (6.2.9)

Utilizing the recurrence relation (6.2.8) and the transformed initial conditions
(6.2.9) we calculated the value of Y%(k:), for k = 1, 2,---. Then we can easily

obtain the following result after a little simplification

1 it k=4
Y1 (k) = {0 " oy (6.2.10)

Now, from (6.1.5)), and f(x) replaced by y(t) then it takes the following form

[e.9]

y(t) =

k=

IMES

(k)t (6.2.11)

=)
o

Next, using the values of Y3 (k) from (6.2.10) in (6.2.11) then we get the exact

solution of Bagley-Torvik equation (6.2.6)) is
y(t) =t* (6.2.12)

which is same as obtained by Ghorbani and Alavi [29] by using He’s Variational
Iteration Method.

We can obtain same solution for all values of « such that 0 < o« < 1.
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Example 2: We consider the following special case of Bagley-Torvik equation

given by as investigated earlier [20), 21]

Dy(t) + Dry(t) + y(t) = t + 1 (6.2.13)
subject to initial condition

y(0) =1 and  y'(0)=1 (6.2.14)

SOLUTION: Applying generalized differential transform (6.1.4) on the both
sides of (6.2.13)) by using the property of GDTM (f) with a = b = 0 and setting

to = 0,a = 1/2, we easily arrive at the following result

(k2
(k) +0(k—2)— Y% (k) — ﬁi@(k‘ +3)
Yi(k+4) = 2 (6.2.15)
2 (2 +2)(k+1)
and initial conditions ([6.2.14)) takes the following form
Y1(0)=1; Yi(1)=0; Yi(2)=1; Yi(3)=0 (6.2.16)

Utilizing the recurrence relation (6.2.15) and the transformed initial conditions
(6.2.16)) we calculated the value of Y%(k), for k = 1, 2,---. Then we can easily

obtain the following result after a little simplification

1 if k=02
2 0 if k#0,2

Now, from (6.1.5)), and f(x) replaced by y(t) then it takes the following form

(6.2.17)

[e.e]

y(r)=>

k=0

[NIE

o

(k)x (6.2.18)
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Using the values of Y1 (k) from (6.2.17) in (6.2.18), the exact solution of Bagley-

Torvik equation (6.2.13]) is obtained as
y(t) =1+t (6.2.19)

which is same as obtained by El-Sayed at el. [20] by using Adomian decomposition
method (ADM) and proposed numerical method (PNM).

We can obtain same solution for all values of «a such that 0 < o« < 1.

6.3 APPLICATION OF GDTM TO FRACTIONAL
RELAXATION OSCILLATION EQUATION

In this section, we shall apply GDTM for solving Fractional Relaxation Oscillation
Equation:

Consider the Fractional Relaxation Oscillation Equation in the following form:
DPy(x) + Ay(z) = f(z), x>0 (6.3.1)
Subject to initial conditions
y(0)=X and  ¢Y'(0)=p (6.3.2)

where A is positive constant and 0 < § < 2.
SOLUTION: Applying generalized differential transform (6.1.4) on the both
sides of (6.3.1) by using the property of GDTM (f) with a = b = 0, we easily

arrive at the following result

k+ g) + AY, (k) = Fu(k) (6.3.3)

I'(ak+ 8 +1)
F(ak+1) Ya (
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or

B\  T'(ak+1)
Y, (k + a) = Tkt 5+ D) [Fo (k) — AY, (k)] (6.3.4)

Where Y, (k) be the Generalized Differential Transform function of y(t).
The generalized differential transform of the initial conditions in Eq. (6.3.2)) takes

the following form

Y, (k) = m[(ng)ky(m)}x:o for  k=0,1,2,.. (6.3.5)

Utilizing the recurrence relation and the transformed initial conditions
(6.3.5) we calculated the value of Y, (k + g) for k =1, 2, 3, ---. Then taking
the inverse generalized differential transform , we obtain the desire solution
after a little simplification.

Example 3: If we take g = }l , A =1 and f(x) = 0 in (6.3.1)), it reduces to

Relaxation-Oscillation Equation [44]
Diy(x) + y(z) =0 (6.3.6)
with initial condition
y(0)=1 (6.3.7)

SOLUTION: Applying generalized differential transform (6.1.4) on the both
sides of (6.3.6) by using the property of GDTM (f) with a = b = 0 and setting

zro = 0, = 1/4, we easily arrive at the following result

~—
N:<
—~
o
SN—

(6.3.8)

1

EEILS)

INESFNES
+ |+
NPT pe—
S~—
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and initial conditions ([6.3.7]) takes the following form

Y1 (0) =1 (6.3.9)

4

Utilizing the recurrence relation (6.3.8]) and the transformed initial conditions
1} we calculated the value of Y% (k+1), for k =1, 2,---. Then we can easily
obtain the following result after a little simplification

Yi(l) = —1.1033; Yi@) = 1.1284; Y%(S) = —1.0881;

4

Yi(4)=1;  Yi(5)=-08826;  Yi(6)=0.7523; (6.3.10)
Yi(7) = ~0.62175;  Y1(8) =05
Similarly we can find the value of Yi(k:) fork=789---.

Now, from (6.1.5)), and f(x) replaced by y(x) then it takes the following form

[e.e]

y(@) =

k=0

ISES

oy

(k)z (6.3.11)

Using the values of Y1 (k) from (|6.3.10|) in (]6.3.11[), the exact solution of Fractional

Relaxation Oscillation equation ([6.3.6)) is obtained as

3
2

y(z) =1 — 1.1033z7 + 1.1284z% — 1.0881z% + z — 0.88262'5 + 0.7523z

— 0.6217527 + 0.522 - - - (6.3.12)

Example 4: If we take § = % , A =1 and f(x) = 0 in (6.3.1) and follow the

method given in Example 3, we easily arrive at the following result

y(z) =1 —1.128422 + z — 0.752322 + 0.52% - - - (6.3.13)
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Example 5: If we take § = 2 | A =1 and f(x) = 0 in (6.3.1) and follow the

method given in Example 3, we easily arrive at the following result
y(z) =1 —1.088127 + 0.7523z2 — 0.3923z1 + 0.16672° - - - (6.3.14)

Example 6: If we take 5 =1, A =1 and f(x) = 0 in (6.3.1) and follow the

method given in Example 3, we easily arrive at the following result
y(x) = exp(—x) (6.3.15)

Example 7: If we take § = % ,A=1and f(x) =0 in 1D and follow the

method given in Example 3, we easily arrive at the following result
5 5 15 5
y(r) =1 —0.8826z1 4+ 0.3009x2 — 0.0603x 4 + 0.0083z” - - - (6.3.16)

Example 8: If we take § = 2 | A = 1 and f(x) = 0 in (6.3.1) and follow the

method given in Example 3, we easily arrive at the following result
ylx)=1- 0.752322 + 0.16672° — 0.019122 + 0.00142° - - - (6.3.17)

Example 9: If we take # = £ | A = 1 and f(x) = 0 in (6.3.1) and follow the

method given in Example 3, we easily arrive at the following result
y(z) =142z — 0.62175z7 — 0.22609z % + 0.08597227 - - - (6.3.18)

Example 10: If we take f =2, A = 1 and f(x) = 0 in (6.3.1) and follow the

method given in Example 3, we easily arrive at the following result

y(x) = cosw (6.3.19)
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The graph given below demonstrates have been represented Eq.(6.3.12]
to Eq. ((6.3.19)) graphically by making use of "M ATHEMATICA SOFT-

WARE” as given below

x value

2L

Figure : 1. Approxiamte solution of example 3 to 10
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6.4 APPLICATION OF GDTM TO FRACTIONAL
ORDER RICCATI DIFFERENTIAL
EQUATION AND NUMERICAL RESULT

In this section we consider the Fractional Order Riccati Differential Equation in

the following form :
DPy(t) = P()y*(t) + Q(t)y(t) + R(t), t >0, 0<p<1 (6.4.1)
Subject to initial condition
y(0) =B (6.4.2)

where P(t), Q(t) and R(t) are known functions.
SOLUTION: Applying generalized differential transform (6.1.4) on the both
sides of (6.4.1]) by using the property of GDTM (f) with a = b = 0, we easily

arrive at the following result

where Y, (k) is the Generalized Differential Transform function of y(t).

The generalized differential transform of the initial conditions in Eq. (6.4.2]) takes
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the following form

1
m[(gD%)ky(t)]tzo fOI‘ k= 0, 1, 2, e (645)

Ya(k) =
Utilizing the recurrence relation ((6.4.4)) and the transformed initial conditions
(6.4.5) we calculated the value of Y, (k’ + g) for k =1, 2, 3, ---. Then taking
the inverse generalized differential transform ((6.1.5)), we obtain the desire solution
after a little simplification.

Example 11: If we take § =1 , P(t) = 1, Q(t)= 2 and R(t) = ¢* in (6.4.1)), it

reduces to
Diy(t) = 2+ 2y(t) + (1) (6.4.6)
Subject to initial condition
y(0)=0 (6.4.7)

SOLUTION : Applying generalized differential transform (6.1.4) on the both
sides of (6.4.6)) by using the property of GDTM (f) with a = b = 0 and setting

to = 0,a = 1/4, we easily arrive at the following result

Yi(k+1) = ?—i) O(k —8) + 2V (k Z —1) (6.4.8)

l
1

—
INESIIEN
TS, p—
N—

and initial conditions ((6.4.7]) takes the following form

Y1(0) =0 (6.4.9)

4

Utilizing the recurrence relation (6.4.8) and the transformed initial conditions

(6.4.9) we calculated the value of Vi (k+1), for k =1, 2,---. Then we can easily
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obtain the following result after a little simplification

Y1(9) = 06018 Yi(10)=1.204;  Yi(11)=1.809;  Yi(12) = 2.667;

1

Yi(13) = 3862 Yi(14)=5502  Yi(15) =7.717;  Ya(16) = 10.67
(6.4.10)

Similarly we can find the value of Yi(k) for k =17, 18,19 --- .

Now, from (6.1.5)), and f(t) replaced by y(t) then it takes the following form

[e.9]

y(t) =

k=0

[

(k)t (6.4.11)

o

Using the values of Y1 (k) from (I6.4.10|) in (]6.4.11P, the exact solution of Fractional

Order Reccati Differential Equation (6.4.6]) is obtained as

y(t) =0.6018t7 + 1.204t % + 1.809t 1 + 2.667¢> + 3.862t % + 5.502¢ 1

+TTITET 4 10678 - (6.4.12)

Example 12: If we take § = 1 , P(t) = 1, Q(t)= 2 and R(t) = ¢? in (6.4.1)) and

follow the method given in Example 11, we easily arrive at the following result

y(t) =0.6018t3 + 0.6667t> + 0.6878t2 + 0.6667t* + 0.6114¢2 + 0.53341>

+0.6599t > + 0.8485¢5 - .- (6.4.13)

Example 13:If we take = 2 | P(t) = 1, Q(t)= 2 and R(t) = ¢* in (6.4.1) and

follow the method given in Example 11, we easily arrive at the following result

y(t) = 0.4522t + 0.343917 +0.2272¢ 7 + 0.133t° - -- (6.4.14)
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Example 14: If we take 8 =1, P(t) = 1, Q(t)= 2 and R(t) = ¢* in (6.4.1)) and
follow the method given in Example 11, we easily arrive at the following result

A A I N 4
p=p it 6.4.15
v =g+t5+t 55 n ( )

The graph given below demonstrates have been represented eq.(6.4.12]
to eq. (6.4.15)) graphically by making use of "M ATHEMATICA SOFT-

WARE” as given below.

y(t)
6

1 1 I 1 1 1 1 1 1 1 1 | t value
4

Figure : 2. Approxiamte solution of example 11 to 14
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Example 15: If we take § = 1 , P(t) = -1, Q(t)= 3 and R(t) = t in equation

, it reduces to
Diy(t) =t + 3y(t) — y2(¢) (6.4.16)
Subject to initial condition
y(0) =1 (6.4.17)

SOLUTION : Applying generalized differential transform (6.1.4) on the both
sides of (6.4.16)) by using the property of GDTM (f) with a = b = 0 and setting

to = 0,a = 1/4, we easily arrive at the following result

INCE| b
Yi(k+1) = % 3(k —4) + 3V (k -5 :Yl (6.4.18)
4

LG+ =

and initial conditions (|6.4.17)) takes the following form

Yi(0) =1 (6.4.19)

4

Utilizing the recurrence relation (6.4.18|) and the transformed initial conditions
(6.4.19|) we calculated the value of Yi (k+1),fork=1,2--. Then we can easily

obtain the following result after a little simplification
Yi(1) =2.207;  Yi(2) =2.2578;  Yi(3) = —2.519;
(6.4.20)
Yi(4) = —114756;  Yi(5) = —3.9283;  Y1(6) = 49.5215
Similarly we can find the value of Yi(k) fork=17,8,9---
Now, from (6.1.5), and f(t) replaced by y(t) then it takes the following form

k=0

MS
.Mx-

(6.4.21)
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Using the values of Y1 (k) from (6.4.20) in (6.4.21), the exact solution of Fractional

Order Reccati Differential Equation (6.4.16)) is obtained as

y(t) =1+ 2.207t2 + 2.2578¢ — 2.5198t% — 11.4756t> — 3.9283¢% + 49.5215¢> - -
(6.4.22)

Example 16: If we take 3 = 1 , P(t) = -1, Q(t)= 3 and R(t) = t in (6.4.16)) and

follow the method given in Example 15, we easily arrive at the following result

y(t) =1+ 2.257t2 + 2t — 1.5753t2 — 7.048(% — 2.3694¢2 + 19.7999¢% - - -
(6.4.23)

Example 17:If we take # =2 | P(t) = -1, Q(t)= 3 and R(t) = t in (6.4.16) and

follow the method given in Example 15, we easily arrive at the following result

y(t) =1+ 2.176t% + 1.5045¢1 — 1.6847¢4 + 0.3009¢4 - - (6.4.24)

Example 18: If we take § =1, P(t) = -1, Q(t)= 3 and R(t) = t in (6.4.16) and

follow the method given in Example 15, we easily arrive at the following result

y(t) = 14 2t + 1.5t — 0.8333t> — 0.2083t* + 0.1749¢° - - - (6.4.25)

The graph given below demonstrates have been represented eq.(|6.4.22))
to eq. (6.4.25)) graphically by making use of "M ATHEMATICA SOFT-

WARE” as given below
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1 1 1 L I L 1 1 1 I L 1 1 1 I 1 1 1 ‘ t value
0.5 1.0 1.5 2.0

Figure : 3. Approxiamte solution of example 15 to 18
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