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Introduction to Bicomplex Numbers

Bicomplex analysis is a recent powerful mathematical tool to develop the theory of
functions belonging to large class of frequency domain. The concept of bicomplex
numbers play a vital role in solving problems of electromagnetism. It has great
advantage of dealing both the vector fields (electric and magnetic) together as a
single vector field in bicomplex space. This approach is also advantageous than
quaternionic approach due to the commutative property of bicomplex numbers.

The present chapter deals with an introduction to the topic of the study as
well as a brief review of the contributions made by some of the earlier workers
on the subject matter presented in this thesis. Next a brief chapter by chapter

summary of the thesis has been given.

1.1 History and Literature Review of Bicom-

plex Numbers

Beginning from the end of the first half of the 19** century, particularly, in Great

Britain, developed the theory on geometrical interpretation of complex numbers
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that led to the birth of new systems of hypercomplex numbers. In particular,
the discovery in 1843 of quaternion numbers by well-known Irish mathematician
Hamilton (see, e.g. [63]) revealed the existence of an algebraic system that had
all the properties of real and complex numbers except commutativity of multipli-
cation. It was described as physical rotations in a four-dimensional space. Also,
it was as an extension of complex number concept into four dimensions [74], [76]
and [10§].

As a result, researches were carried out on new systems of hypercomplex
numbers, leading to the discovery of octonions, theory of pluriquaternions and
biquaternions. The idea of bicomplex numbers came to James Cockle begin-
ning from the observation made by Horner on the existence of irrational equa-
tions which has neither real nor complex solutions. Cockle [31] assumed a new
imaginary unit j s.t. j? = 1, and taking inspiration from the theory of quater-
nions which was defined by Hamilton, he defined the bicomplex number as p =
xo + 210 + x9] + ijxs, with j2 = 1.

In 1892, Segre [132], rediscovered the algebra of bicomplex numbers and pre-
sented as the analytical representation of the points of bicomplex geometry and
identified that Hamulton introduced the same quantities in the study of biquater-
nions and also described the geometrical interpretation of the algebra of bicom-
plex numbers. In 1928 and 1932, Futagawa originated the concept of holomorphic
functions of a bicomplex variable in a series of papers [49], [50].

In 1934, Dragoni [37] gave some basic results in the theory of bicomplex holo-

morphic functions while Price [119] and Rénn [126] have developed the bicomplex
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algebra and function theory. Price [119] discussed the field property of bicomplex
numbers and observed that the commutativity in the former is obtained if the
ring of these numbers contains zero-divisors and so can not form a field. How-
ever, the property of commutativity of bicomplex numbers is later on recognized
as the complex numbers with complex coefficients due to this effect there are deep
similarities between the bicomplex and complex numbers by Olariu [112].

In 2004, Rochon [122] generalized a holomorphic Riemann zeta function in
bicomplex form. In the same year, Rochon and Tremblay [124] generalized the
Schrodinger equation from complex form to bicomplex form and obtained Born’s
formula for the class of bicomplex wave functions having a null hyperbolic angle.
In 2006, Rochon and Tremblay [125] discussed hyperbolic and bicomplex Hilbert
spaces with their properties and Goyal and Goyal [57], introduced a holomorphic
bicomplex Hurwitz Zeta-function.

In recent developments efforts have been made and a number of results have
been obtained using bicomplex numbers. In 2007, Goyal et al. [56] extended
Polygamma function in bicomplex form. In 2008, Charak and Rochon [20] ex-
tended the factorization of meromorphic functions from complex variable to bi-
complex variable. In 2009, Charak et al. [29] obtained Julia and Fatou sets in
bicomplex form. In 2010, Lavoie et al. [90], [91] investigated bicomplex quantum
harmonic oscillator with eigenvalues and eigenkets and introduced the concept
of infinite dimensional bicomplex Hilbert spaces with their applications to quan-

tum harmonic oscillator. In 2011, Lavoie et al. [92] discussed finite dimensional
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bicomplex Hilbert spaces, linear operators, orthogonal bases and self adjoint op-
erators with their applications in quantum mechanics. In the same year, Kumar
and Kumar [88] extended the Laplace transform in the bicomplex variable from
their complex counterpart. In 2012, Luna-Elizarraras et al. [97] introduced about
the algebra of bicomplex numbers and their elementary functions.

In 2013, Charak et al. [27], [28] discussed the Riesz-Fischer theorem and
bicomplex Spectral decomposition theorem on infinite dimensional bicomplex
Hilbert spaces. In the same year, Mathein et al. [I01I] obtained the analyti-
cal solution of the quantum Coulomb potential problem formulated in terms of
bicomplex numbers and Singh and Srivastava [135] discussed the continuity and
compactness of the bicomplex spaces and its subsets. In 2014, Dubey et al. [3§]
studied the bicomplex Orlicz spaces. Further, discussed some applications of
Hahn-Banach theorem on bicomplex Banach modules. In the same year, Baner-
jee et al. [I0] generalized the inversion Laplace transform in bicomplex variable.
In 2015, Banerjee et al. [11]], [12] extended the Fourier transform and its inverse
to bicomplex variable. In the same year, Kumar and Singh [89] studied the basic
properties of bicomplex linear operators on bicomplex Hilbert spaces and proved

Littlewood’s subordination principle for bicomplex Hardy space.

1.2 Bicomplex Numbers

Ordered pairs of the real numbers forms the well known field of complex numbers

wherein the operations of addition and multiplication are defined as
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(a) (z1,91) + (22, 92) = (21 + 22, Y1 + 12),
(b) (xljyl)(ﬂfz,?h) = (2122 — Y1Y2, T1Y2 + Tay1),  T1, T, Y1, Yo € R

where R is the set of real numbers. The theory of analytic functions on domains
in C (set of complex numbers) has been extensively developed.

The question arises that, ‘what happens if the above definitions are applied to
pairs of complex numbers and the corresponding function theory is investigated?’
The new set of ordered pairs of complex numbers allow the same definition of
all fundamental operations except the division that is not possible by an ordered
pair (z1, 29) if 22 + 22 = 0.

Precisely, the set of complex numbers generated by the field of real numbers

1.e.

Ci={z+ny:z,y e R} ={(x,y) : z, y € R},

where i? = —1. Thus the set (| is the set of ordered pairs of real numbers. Now,
we apply this process to the ordered pair of complex numbers. Consequently,
we require two complex planes which are denoted by C(i;) and C(ig), where
A

17=—1= Z%, ilig = igil = j

We denote the set of all bicomplex numbers by Cs, defined by Segre [132] as
Cy = {1 & = mo + 0171 + @272 + jT3; T0, T1, T2, T3 € R}
or

02:{§Z€:Z1+i222; 21,22601}.
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to | 11 | 2 J
i | to | 11 | i2 J
iy |91 | —to | g | —l2
g |2 | J |~ | —u
JlJ | —t2| -] 1o

The Cayley table of the set of the set (5 is of the form:

where 7y := 1 acts as identity, and

2112 = 1211 = ]

il] = jil = —1

i2j = ji2 =—1
2.

J =

Such an approach says that we provided the real four-dimensional linear space

R* with a standard basis

io = (1,0,0,0), 4 = (0,1,0,0), i = (0,0,1,0), j = (0,0,0,1)

with the following arithmetic operations.
Let £ = xg+ 1121 + 1222+ jx3 and 1 = yo +11y1 + 12y2 + Jjys3, then the addition

and multiplication of two bicomplex numbers is defined as

E+n:=(xo+vo) +ir(z1 +uy1) +io(z2+y2) + j(xs + y3);
§-n = (Toyo — T1y1 — Tay2 + T3y3) + i1 (Toyr + T1Yo — T2Y3 — T3Yo)

+ia(woy2 — T1Y3 + TaYo — w3y1) + J(Toys + T1y2 + Tay1 + T3Yo),
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respectively. In Cy, multiplication is commutative, associative and distributive
over addition and C is a commutative algebra but not division algebra.

Three important subsets of Cy can be specified as
Clix) ={r+iuy:z,yeR}, k=12and D={z+jy:z, yeR}

Each of the sets C(i) is isomorphic to the field of complex numbers and D is
called set of hyperbolic numbers, also called duplex numbers (see, e.g. [121],

[123], [137]). C; has zero divisors, viz. the set of points
{z14i220 € Coi2i 4+ 25 =0} = {(i1 £ ix)z: 2 € Ch}. (1.1)

This set is called null-cone and denoted by NC or Oy [119].

Definition 1.1. Let ¢ € Oy, we denote by C, ' the set of all invertible elements
defined by

Cyt={¢ =241z 2] +23 #0}. (1.2)

An important property of the invertible elements follows from the following
result:

Theorem 1.1. Let &, n € Oy, if £ and n are invertible, then &n is also invertible
and (€)= = £y,

1.3 Idempotent Representation and Cartesian

Set in Bicomplex Space

Every bicomplex number can be uniquely expressed as a complex combination of

e; and ey, Viz.

5 = (2’1 + igZz) = (2’1 — 2'122)61 + (Z1 + ilzg)GQ, (13)
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(where e; = 11 ¢y = %j; e1 + ey =1 and ejes = ege; = 0).

This representation of a bicomplex number is known as idempotent represen-
tation of €. The coefficients (z; — i122) and (z1 + i122) are called the idempotent
components of the bicomplex number § = z; +is25 and {ey, €2} is called idempo-
tent basis.

The auxiliary complex spaces A; and A, are defined as follows:
Al = {w1 = 21 — 1129, i 21,%2 € Cl}, AQ = {U)Q = 21 + 1129, W 21,%2 € Cl}

A Cartesian set X; X, X5 determined by X; C A; and X, C A, and is defined

as:

X X, X9 = {21 + 929 € Cy 1 21 + 19290 = wieg + Waey, W1 € Xl,wg € Xg}
(1.4)

With the help of idempotent representation, we give the following definition:

Definition 1.2. The projection mappings P, : C5, — A; C C} and P, : Cy —
Ay C () are defined as

(Pl A + iQZQ) = P1<Zl + iQZQ) = Pl[(Zl — ilzz)el + (Zl + 7:122)62] = (21 — ile) S Al,
(P2 121+ iQZQ) = PQ(Zl + igZQ) = PQ[(Zl — ’i122)€1 + (21 + ile)eg] = (21 + ilzg) € AQ,
V 21 + 1929 € C5.

Remark 1.1. From equation (1.1)), & € Oy iff at least one of P;(§) and P()

vanishes.
Theorem 1.2. Fvery bicomplex number zy + iszo € Cy is uniquely expressed as

21 + ’iQZQ = Pl(Zl + i222)61 + PQ(Zl + i222)€2. (15)
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The representation of bicomplex numbers is useful because addition,
multiplication and division can be done term by term (Price [I19]) and it is
helpful to understand the structure of functions of a bicomplex variable.

Let § = §1e1 + &aea € Cy and ) = mreg + mpep € Cy, where &, 2, m1,1m2 € Ch.

Idempotent representation of some of the basic bicomplex functions are as follows:
1. €8 = ehrartteez = elie) 4 ef2¢y
2. cos& = cos(&re1 + Eaes) = (coséy)er + (cos&s)en
3. sin& = sin(&re1 + &en) = (sin&; ey + (sinéy)es
4§ = (Ger + &))" = er + Geo

5. (£ —n)" = (&er + &aea — e — 1pea)”

=[(§&1 —m)er + (S — ma)ea]” = (& — m)"er + (S — m2)"

£ _ Geatber _ & & .
0. n T meitmeez  mp Ol + e €20 71 ¢ 0,

7. Exn = (&re1 + &aea)(mer + meea) = Eimier + anpes
8. &+ 0" = Eler + Eea e +myes = (&7 + 11 )er + (63 + 3 )es

9. [p FOdE = [p, fer(&)drer + [, fer(€2)dSa €2;
Here P, : D — Dy, P»: D — D,

10. %f(f) = %fm (51)61 + d;.éfez (52)62'

In the following theorem, Price discussed the convergence of bicomplex func-
tion with respect to its idempotent complex component functions. This theorem

is useful in proving our results.



1. INTRODUCTION TO BICOMPLEX NUMBERS

Theorem 1.3 (Price [119)]). F(§) = F.,(&1)er+Fe,(&2)eq is convergent in domain
D C Cy iff F. (&) and F., (&) under projection mappings P, : D — Dy C C}
and Py : D — Dy C Cy are convergent in domains Dy and Do, respectively.

1.4 The Conjugations in Bicomplex Numbers

The complex conjugation plays an important role for both algebraic and geo-
metric properties of C; and for analysis of complex functions. Three types of

conjugations have been defined for bicomplex numbers:

Definition 1.3 (Bicomplex conjugation w.r.t. i; or 15 kind of conjugation). It

is defined as
(21 4 i220)1 = 21 +ioZs, V21,20 € Cy
where z;, Z» are the complex conjugations of complex numbers 27, 25 respectively.

Definition 1.4 (Bicomplex conjugation w.r.t. iy or 2% kind of conjugation). It
is defined by

(Zl + 2'222)T2 = 21 — 1929, i 21,22 € .

Definition 1.5 (3' kind of conjugation). It is the composition of the above two

conjugations and it is defined by

<21 + ?;222)* = ((21 + ’iQZg)Tl)h = ((Zl + i222)T2)T1 =21 — ’iQZQ, A 21, %2 € Cl.

We can easily verify that each of these conjugates can be expressed in terms
of two others, such that £* = (5“)T2 = (fh)h, etc. Precisely, the conjugates

form the following Klein group, under the composition:

10
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o | fo [Tt |Ta]| *
To | To | T1| T2 | *
To | T To| * | T2
Te [ T2 | * [ To| T2
* |k | T2 | T1 | To

where £ := ¢,V ¢ € Cy. All three types of conjugations have the standard

properties of conjugations,

(€+m)t =gl 4l (1.6)
()" =¢ (1.7)
(&-m)te =t ple (1.8)

for &, me Cy, k=1, 2 and {, = *. Anyway, let us illustrate the proof for the last
property in case of first kind conjugation. Let & = 1 + 19225 and n = 23 + 1224

with z1, 29, 23, 24 € Ci. Then

(&) = [(2123 — 2224) + da(2124 + 222’3)]Tl

= (2123 — 2224) + ?:2(2124 + 2223)

= Z1R3 — Z2%Z4 + iQ (2124 + 2223)
= Z1Z3 — ZoZ4 + 12(Z124 + Z2Z3)
= (21 +i222)(Z3 + i224)

— €T1 . nh.

Remark 1.2. Let & € Cy, € is invertible iff £2 is also invertible; besides (§T2)_1 =
(€)™

11
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1.5 Bicomplex Moduli

We know that the product of a standard complex number and its conjugate is the

square of the Euclidean metric in R x R. Following are the bicomplex analogue

of this fact. Let 21, 20 € C} and £ = 21 + is29 € Cy. Then we have following

results by Rochon and Shapiro [123, p. 80]

€7 =€ &7 =27+ 25 € Oy,
€7 =€ €M = (Ja1]* = |22f°) + 2Re(z122)i2 € C(ia),

€5 = €& = (|aa]* + |22]*) — 2Im(212,)5 € D.

The norm of £ € C5 can be defined as

€l = VIaP+ T2 = \/Re (162) = /a3 + 23 + 23 + 23

where z; = x1 + 1129 and 2z = 23 + 1124.
Theorem 1.4 (Rochon and Shapiro [123]). Let £, n € Cy, then

1€ - nll < V2[€lllIn]l-

(1.9)
(1.10)

(1.11)

(1.12)

(1.13)

Remark 1.3. Since |le; - e;|| = |le;|| = \/75 = V2leillle:ll, i = 1, 2, the constant v/2

is the best possibility in Theorem

The norm in bicomplex space Cy as defined as

Definition 1.6. Let the function || - || : Co — R is a norm on the real space

RY~(Cy ie. VENREC,anda € R

(i) [l =0,

12
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(i) [[€]] = 0 iff £ =0,
(iif) [lag]] = lalll<]],
(iv) [l€ +nll < lill + {lnll-

Bicomplex function spaces:

In 2014, Dubey et al. [38] discussed about the bicomplex function spaces, which
defined in the following way:

Let Q = (Q,%, 1) be a o- finite complete measure space. If f = fie; + faea,
where f; and f; are complex-valued measurable functions on £ = (2, %, ) , then
f is bicomplex-valued measurable function §2. Therefore, for any complex-valued
function space (F(€2),] - ||q) the bicomplex function space (F(Q2,Cy), || - ||c,) de-
fined for consisting of all functions of the type f = fie; + faes, where f; and f,
are in (F/(Q2), || - [|o) and

1

1 flle, = 7 (AP + 11£201%) - (1.14)
In particular, if £ = sye; + sgeq, then
1 2 2\ 3
1€l = —= (Is1]? + [s2]%) (1.15)

V2

The addition and scalar multiplication on (F(£2, Cs), || - ||c,) is defined as

[+g=(fier + fae2) + (g1e1 + g2e2)

= (fit+tg)er + (f2+ g2)ea

and

af = (are1 + agze2)(fre1 + fae)

= (arfi)er + (azfa)es,

13
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where f,g € F(2,C3) and a € Cy. Now, LP and L™ spaces in Cy defined as

Definition 1.7. Let LP(£2) denotes the linear space of all equivalence classes of
complex-valued Y- measurable essentially bounded functions of €2 and for any
two functions that are equal p- almost everywhere on (2 are identified. Then
the corresponding bicomplex measurable function space LP(Cy) consists of all
functions of the type f = fie1 + faea, where fi, fo € LP(2). Also,

| fllp.ce = [lfrer + faeallp.cy

1 1
=7 (A5 + 1 fall5) 2 - (1.16)

Definition 1.8. Let L>*(2) denotes the linear space of all equivalence classes
of complex-valued Y- measurable essentially bounded functions of €2 and for any
two functions that are equal p- almost everywhere on (2 are identified. Then
the corresponding bicomplex measurable function space L*(Cy) consists of all
functions of the type f = fieq + faea, where f1, fo € L>(Q2). Also,

1f loc,c = [If1€1 + faealloo,cn

1 1
G (fFulZ + 11 fall2) ® - (1.17)

1.6 Differentiation of Bicomplex Functions

The derivative of a bicomplex function definition is isomorphic to the correspond-
ing definition in C'; because bicomplex operations are isomorphic to the complex
ones. But bicomplex numbers do not form a field due to the lack of inverses
of singular numbers. Thus, the definition of the bicomplex derivative (see, e.g.

Rénn [1206], Definition 4.1]) as

Definition 1.9. Let f be a bicomplex function whose domain of definitions con-

tains a neighborhood of the point £&. The derivative of f at the point £ is defined

14



1.7 Bicomplex Integration

as
NE) —
o) = i KEHA0 =116 s
AN VP

provided the limit exists.

A bicomplex function which has a derivative at the point £ is said to be
differentiable of holomorphic at £. If the function is holomorphic at all points of
a domain D C (5 it is said to be holomorphic in D.

Normal techniques for computing derivatives of sums, production, quotients

and composition of functions as follows:

(1) (f+9)'(&) = f'(€) + ()

(i) (f-9)"(€) = f"(€)-9(&) + f(&) - 4'(&)

(iv) (feg)'(§) = f'(9(§)) - g'(&)-

1.7 Bicomplex Integration

Consider the bicomplex function of the form

f(f) = (f1(217z2)7f2(zl>z2))

= (¢1(x1,y1,x2,y2) + Z'1<Z52(91317191,$27y2)7¢3($1,y1,$2,yz) + i1¢4(:1:1,y1,:c2,y2))
(1.19)

where £ = (21,22),21 = 1 + 41y1 and z5 = x9 + i1y2. We assume that f; and

fo are analytic function in z; and zo, thereby ensuring that ¢;, ¢ = 1,2, 3,4 are

15



1. INTRODUCTION TO BICOMPLEX NUMBERS

continuous. The basic bicomplex integral is necessarily isomorphic to the complex

integral. The line integral w.r.t. some four dimensional curve I' in Cy defined as

/F F(6) - de,  de = (d=, dzo)

Henceforth, we shall choose the curve I', so that it is piecewise continuously

differentiable in C5 and has the parametric equation
LC:e=£(t), &)= (21(t),22(t)) fora <t <b (1.20)
where t € R. T" is a curve made up of two curves I'y and I's in (' i.e.
['=(T,T9) (1.21)
whose parametric equations are

[y:zr=20(t), z1(t) =21(t) + iy (t) fora <t <b

otz = 29(t), 22(t) = wo(t) + i1ya(t) for a <t <b.
Then the line integral of f(£) over the curve I is
b
[ €r-de= [ ey (1.2
r a

Since f is continuous, f(£(t)) at the right-hand side is also continuous. If £'(t)
is discontinuous at some points the integration has to be taken in subintervals of
la, b].

The Cauchy’s theorem of a bicomplex function in bicomplex space as follows:

16



1.8 Summary of the Thesis

Theorem 1.5. Let the bicomplex function f(§) = (fi(z1,22), fo(21,22)), & =
(21, 22), be holomorphic in domain D C Cy. Then

/Ff(é)-déz()

for any closed curve I' that is the boundary of an orientable surface S(I') in D.

Further details of bicomplex differentiation and integration can be seen in

Ronn [126].

1.8 Summary of the Thesis

Now, we present a brief summary of the work carried out in Chapter 2 to 7.

In Chapter—2, we prove the inversion formula for bicomplex Laplace transform,
some of its properties and convolution theorem for complexified Laplace trans-
form to bicomplex variables that is capable of transferring signals from real-valued
(t) domain to bicomplex frequency (§) domain. The bicomplex inverse Laplace
transform of a convolution function has been illustrated with the help of an ex-
ample. Physical applications of bicomplex Laplace transform in finding solution
of bicomplex Maxwell’s equation and bicomplex Schrodinger equation for free
particle are given.

Motivated by the work of Eltayeb and Killicman in this chapter we also, gen-
eralize complex double Laplace transform to bicomplex double Laplace transform.
Also, we derive some of its basic properties and inversion theorem in bicomplex
space. Applications of bicomplex double Laplace transform have been discussed

in finding the solution of two-dimensional time-dependent bicomplex Schrodinger

17



1. INTRODUCTION TO BICOMPLEX NUMBERS

equation for free particle by using two different approaches.

In Chapter—3, we define Sumudu transform with convergence conditions in bi-
complex space. Also, we derive some of its basic properties and its inverse. Appli-
cations of bicomplex Sumudu transform have been illustrated to find the solution
of differential equation of bicomplex-valued functions and find the solution for
Cartesian transverse electric magnetic (TEM) waves in homogeneous space.

In Chapter—4, we define the formula for bicomplex version of Stieltjes transform,
its inverse and relationship with bicomplex Laplace transform. We have discussed
some of its basic operational properties and convolution theorem. Applications of
bicomplex Stieltjes transform in finding the solution of singular integral equation,
probability distribution theory and spectral analysis of random matrices in signal
processing are given.

Further, we also define the bicomplex version of Laplace-Stieltjes transform.
Also, we derive some useful properties and Tauberian theorem for Laplace-Stieltjes
transform in the bicomplex variable. Applications of bicomplex Laplace-Stieltjes
transform in exponential decay of tail probability and bicomplex Dirichlet series
are given.

In Chapter—5, we define bicomplex Fourier-Stieltjes transform which is more
generalized form of bicomplex Fourier transform. Also, we define some basic
properties of class of bicomplex Bochner functions and generalize the classical
Bochner theorem in the framework of bicomplex analysis. Applications of bicom-

plex Fourier transform in finding the solution of initial value heat equation in

18



1.8 Summary of the Thesis

bicomplex algebra and algebraic reduction of complicated bicomplex linear time-
invariant systems in easy form have been discussed. Illustrations have been given
to find the solution of bicomplex heat equation and check the unboundedness
condition of non-homogeneous bicomplex-valued wave equation.

The concept of bicomplex numbers is introduced in Electro-magnetics, with
direct applications to the solution of Maxwell’s equations. Here, we discuss the
technique to find the analytic solution of the electromagnetic wave equation in
vacuum with the help of bicomplex analysis as tool. Also, we find the solution of
Gaussian pulse wave using bicomplex vector field.

In Chapter—6, motivated by the work of Zemanian we generalize the complex
Hankel transform to bicomplex Hankel transform and derive some of its basic
properties. A table of bicomplex Hankel transform is given for some functions of
importance. It has found applications in solving partial differential equation of
bicomplex-valued functions, signal processing, optics, electromagnetic field the-
ory and other related problems. The application of Hankel transform has been
illustrated by solving bicomplex Cauchy problem.

In Chapter—7, motivated by the recent applications of bicomplex theory to
the study of functions of large class, we define bicomplex Mellin transform of
bicomplex-valued functions. Also, we derive some of its basic properties and in-
version theorem in bicomplex space.

Further, we also obtain the bicomplex Mellin transform of Riemann-Liouville

fractional integral and Caputo fractional derivative of order a(> 0) of certain
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1. INTRODUCTION TO BICOMPLEX NUMBERS

functions and some of their properties. Applications of bicomplex Mellin trans-
form in networks with time-varying parameters problem and solution of differen-
tial equation involving fractional derivatives of bicomplex-valued functions have

been illustrated.
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Laplace Transform in Bicomplex Space and

Applications

The main findings of this chapter have been published as:

1. Agarwal R., Goswami M.P. and Agarwal R.P. (2014), Convolution theorem
and applications of bicomplex Laplace transform, Advances in Mathematical

Sciences and Applications, 24(1), 113-127.

2. Agarwal R., Goswami M.P. and Agarwal R.P. (2016), Double Laplace trans-
form in bicomplex space with applications, CUBO: A Mathematical Journal,

18(2), (In press).
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2. LAPLACE TRANSFORM IN BICOMPLEX SPACE AND
APPLICATIONS

In this chapter, one of our concern is to extend the convolution theorem for
complexified Laplace transform to bicomplex variables. Also, we extend the com-
plex double Laplace transform to bicomplex double Laplace transform in two
bicomplex variables. Applications have been discussed in finding the solution of

bicomplex Schrodinger equations and bicomplex Maxwell’s equation.

2.1 Introduction

The Laplace transform is widely used in physics and engineering. It is named
after a mathematician and astronomer Pierre-Simon Laplace (1749-1827), who
introduced a similar transform (now known as z transform), in his work on prob-
ability theory. The use of transforms came after second world war although in
19" century it had been used by Abel, Lerch, Heaviside and Bromwich. Laplace
transform is a transformation, where inputs and outputs are functions of time,
to the frequency domain, in which the same inputs and outputs are functions of
complex angular frequency, which measures in radians per unit time.

The Laplace transform ( see, e.g. Davies [33, Chapter 2]) of complex-valued
function f(t) of exponential order K € R as

L@ = [ et =F(o), seC 2.1)

0

where F(s) exists and convergent for Re(s) > K.
The inversion formula for Laplace transform (see, e.g. Davies [33, Chapter 3])

is given by the following theorem
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2.1 Introduction

Theorem 2.1. Let F(s) be the Laplace transform of f(t), analytic in the half
plane Re(s) > K then,

£(t) = lim —— / e F(s)ds (2.2)

r—oo 271

where v is the contour taken in left of Re(s) > K along the vertical line joining

two points a — 117 and a + 117 with a > K in the complex plane.

In 1936, Van der Pol [143] introduced about the double Laplace transform.
This has been used by Humbert [68] in the study of hypergeometric functions; by
Jaeger [72] to solve boundary value problems in heat conduction. In 1951, Estrin
et al. [45] extended the complex double Laplace transform to multiple Laplace
transform in n independent complex variables. In 2008, Elatayeb and Kilicman
[40] used double Laplace transform for solving a second-order partial differential
equations. In 2010, Kilicman and Gaddin [81] discussed relationship between
double Laplace transform and double Sumudu transform. In 2013, Kashuri et al.
[75] used double Laplace transform in solving partial differential equation.

In two recent developments Kumar and Kumar [88] and Banerjee et al. [10]
have studied bicomplexified version of the Laplace transform and its inverse from
its complexified form. In this procedure idempotent representation of bicomplex
numbers play a vital role. Bicomplex Laplace transform is a powerful mathemat-
ical tool applied in physics, electric circuit theory, power system load frequency
control, control engineering, communication, signal analysis and design, system

analysis and solving differential equations.
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2. LAPLACE TRANSFORM IN BICOMPLEX SPACE AND
APPLICATIONS

2.2 Bicomplex Laplace Transform

The bicomplex Laplace transform and its properties are discussed by Kumar and
Kumar [88] and is defined as

Definition 2.1. Let f(¢) be a bicomplex-valued piecewise continuous function
of exponential order K € R. Then the bicomplex Laplace Transform of f(t) for
t > 0 can be defined as

MAwmhzﬁmﬂwe%ﬁzF@» (2.3)

Here F(€) exists and is convergent for all £ € D = D; U Dy U D3

where

D = {{: H,(&) represent a Right half plane ag > K + |as|},
—{Ee 0y Re(€) > K + [y (©)]}.
= {€ = s1e1 + s9e9 € Cy : Re(s1) > K and Re(sy) > K}
={{ =s161 + 8269 € Cy: Re(P;: &) > K and Re(Py: &) > K}. (24)
Dy = {& = ap + a1y + agis + agiyis : ag > K, az = 0},
Dy = {£ = ap + ayiy + asgiy + agiyis : ag > K + ag, ag > 0},
and D3 = {{ = ag + a1i1 + agis + agiyis : ag > K — a3, az < 0}.

The domain D contains infinite number of points £ which have same H, hyperbolic

projection because a; and ay are free from restriction.

Some of the results given by Kumar and Kumar [88] have been mentioned
here for the ready reference.

Theorem 2.2 (Linearity Property). Let F/(§) and G(§) be the bicomplex Laplace

transforms of continuous functions f(t) and g(t), respectively. Then
Llaf(t) + bg(t); §] = aF'(§) +bG(E), €D (2.5)

where a, b are constants in the region of convergence D given by .
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2.2 Bicomplex Laplace Transform

Theorem 2.3. Let f(t) and f'(t) be continuous functions of exponential order
K fort >0, then

LIf'(t);€] = SF(§) — f(0), €D (2.6)
where F(§) = L{f(t);€] and D defined in (2.4)).

Theorem 2.4. Let F(§) be the bicomplex Laplace transform of a continuous

function f(t) of exponential order K. Then
L {/ f(u)du;{} = E, €D and ¢ Oy (2.7)
0 3
where D defined in .

Theorem 2.5. Let F(§) be the bicomplex Laplace transform of a continuous
function f(t) of exponential order K. Then

Litf(t):€) = —LF(), ¢eD (2.8)

d¢
where D defined in .
Theorem 2.6. Let F(§) be the bicomplex Laplace transform of a continuous

f®

function f(t) of exponential order K. If lim,_o =~ ewists, then

L {f (”;s} _ /§ TPy, ¢eD (2.9)

Tt
where D defined in .
Theorem 2.7 (First Shifting Theorem). Let F'(§) be the bicomplex Laplace trans-

form of a continuous function f(t) of exponential order K. Then
Lle"f(t);€] =F(~a), ((-a)€D (2.10)

where D defined in .
Theorem 2.8 (Second Shifting Theorem). Let F(&) be the bicomplex Laplace

transform of a continuous function f(t) of exponential order K. Then
L{U(O)f(t —a);€] = e ™F(E), £€D (2.11)

where D defined in and U,(t) is the unit step function.
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Further, detailed proof of the above theorems can be found in Kumar and Kumar
[88]. For solving the large class of bicomplex partial differential equations, we need
integral transforms defined for large class. The bicomplex integral transforms are
capable of transferring the signals from real-valued time domain to bicomplexified

frequency domain.

2.3 Inverse Bicomplex Laplace Transform

Motivated by the work of Kumar and Kumar [88] and Theorem[2.1] we derive here
the formula for inverse Laplace transform for bicomplex functions. An alternative

proof for the same can be seen in Banerjee et al. [10].

Theorem 2.9. Let F'(§) be the Bicomplex Laplace transform of f(t), analytic in
Re(Py : &) > K and Re(Py : §) > K then,

f6) = tim —— [ &R, ceDcC (2.12)

r1,ra—00 270 T

where I' = (', ') is piecewise continuous differentiable closed contour in Bicom-
plex space and 'y, T'y are closed contours in left of Re(s1) > K and Re(sg) > K,
along the wvertical lines joining two points ar — 117, and ax + 11rx, k = 1,2,

respectively in complex plane.

Proof. The Bicomplex Laplace Transform of f(t) is defined as:
F(e) = /0 T e f(a)dn, £€ 0, (2.13)
Multiplying by €&, we obtain
SE(E) = e /OO e % f(z)dx (2.14)

0
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2.3 Inverse Bicomplex Laplace Transform

Let £ = s1e1 + s9eq, where £ € Cy and s1, 59 € C1. Then (2.14]) becomes

e Fi(s1)er + e Fy(sg)eq = eslt/ e f(x)dx eq + e”t/ e f(x)dx ey

0 0 (2.15)

Integrating coefficient of e; w.r.t. ‘s;” and coefficient of ‘e;” w.r.t. so between the

limits ay + 4171 and ay + 175 respectively, we have

a1+iiry az+1i172
{/ €SltF1(81)d81} el + {/ GSQtFQ(SQ)dSQ} €9
a1—117r1 az2—1172
a1+i1ry [e’e] az+i1T2 [e’e]
= {/ esltdsl/ esl‘”f(x)dx} er + {/ €S2td$2/ emf(x)dx} e
al1—1i171 0 as2—1i17T2 0
Puttmg S1 = a1 — ilpla dSl = —ildpl and S9 = Q9 — ilpg, dSQ = —ildpg
a1+i17r1 az+1i172
{/ esltFl(sl)dsl} e + {/ €S2tF2(82)d82} €9
a1—iri ag—1i1T2
= {21/ t(a1—i1p1) / flx —(a1—i1p1)z 1. dpl}
_|_ {7/1/ a2 %1;02 / f a2 le2 Idx dp2}
— {ilealt /T _leltdp / f —alt “plmdl’}
— 1T2 | |
+ {ile‘m/ e‘“mtdpg/ f(:v)e‘“zte“p”da:} e (2.16)
—7r2 0

Let us define ¢;(t) and ¢o(t) as
e f(t) whent >0
0 when ¢ <0

and
e ' f(t) whent >0

0 when ¢t < 0

The Fourier complex integral of ¢;(t) and ¢(t) are

1
¢1(t> 2 / lelt/ ¢ ’Llplxdx dpl
™
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1 o0 , o0 )
e M f(t) = 2—/ e_“plt/ le™ 1% f(x)]e*P*®dx dp, (2.17)
T J - 0
and . .
oat) =5 [ e [ st dndp,
T J - —00
1 b . o0 .
e f(t) = 2—/ e_”mt/ (€7 f(x)]e"*P** dx dps (2.18)
T J - 0

In the limiting case when 71,y — o0, (2.16) becomes

ai1+iioo as+1100
{/ esltFl(sl)dsl} e) + {/ 632tF2(82)d82} €9
a1—1%100 a2—1100
00 00 ‘
— {ile‘“t/ e_“pltdpl/ f(x)e_a””e“p””dx} ey
—0o0 0

+ {ileaz’t/ e‘ilpztdpg/ f(a:)e_“”eilp”dx} e (2.19)
0

—00

Substituting the values of the integrals from (2.17) and (2.18)) in (2.19), we have

a1+1100 as+1i100
{/ esltFl (sl)dsl} e + {/ €SQtFQ(82)d82} €9
a1—1100 a2 —1100

= i1 2me” " f(t) }ey + i1e™ {2me " f(t) }eo
= 27T21f(t)

1 ai+i100 as+1100
f(t) = 5 {/ €SltF1(31)d81 €1 "‘/ GSQtFQ(Sg)dSQ 62} (220)

27y | —i100 as—i100
Equation is the inversion formula for the Bicomplex Laplace transform.
Further, let I'; and 'y be closed contours taken in left of Re(P; : §) > K and
Re(P, : €) > K joining two points ay — i17 and ay + 417y, k = 1,2, respectively.
From ([2.20))

- . 1 s1t sat
fO)= i o Upl e Fi(s)ds et /FQ e B )ds, 621

1
= lim / 6(3161+3262)tF(81€1 + s9e5)(dsye1 + dsqes)
(F11F2)

71,7200 27Ti1

1
— lim —— [ SF(€)de,
m - [ e

71,7200 27Ti1

where I' = (I'y, I'9) is piecewise continuous differentiable closed contour in bicom-

plex space as discussed in section 1.7. O
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2.4 Properties of Bicomplex Laplace Transform

2.4 Properties of Bicomplex Laplace Transform

In this section, we are discussing some properties of bicomplex Laplace transform
viz. bicomplex Laplace transform of periodic function, change of scale property,
initial value theorem, final value theorem and relationship between bilateral bi-

complex Laplace transform and bicomplex Fourier Transform.

Theorem 2.10. Let f(t) be a periodic function with period T and bicomplex
Laplace transform is F(), then
[ e €t f(t)dt

F() = T e £ = s1e1 + 263 € Cy and Re(sy) > 0, Re(sy) > 0.

Proof. Let f(t) be a periodic function of exponential order K with period 7', then
for s; € Cy and Re(sy) > 0, (see, e.g. Schiff [130]).

Jy e @t

1 — et

F(s1) =
Taking another s, € Cy and Re(sg) > 0, we have

T —sat d
(o) = B O

Since F(sy)and F'(s2) are analytic for Re(s;) > 0, Re(s2) > 0 respectively, then

Joemtfydt [ et f(t)dt

L —et ! 1 —e—s2t
By application of Theorem [I.3] (Price [119]), we get

fOT e—(81€1+8262)tf(t)dt

1 _ e—(8161+8262)t

S eetp(t)dt
1—e$t

F(s1)e1 + F(sa)es = €2

F(81€1 + 52€2> =
= F(§) = where £ = s1e1 + soe9 € O,

[]
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Theorem 2.11 (Change of Scale Property). Let the function f(t) of exponential
order K € R has bicomplex Laplace transform F (&), then for a > 0

Lif(at);&] = ! (ﬁ) : € = si1e1 + saea € Cy and Re(s1) > K, Re(sy) > K.

a \a

Proof. The bicomplex Laplace transform of f(at) is given by

L[f(at);¢] = /0 et flat)dt

d
Putat:u:>dt:—u

]

Theorem 2.12 (Initial Value Theorem). Let f(t) is differentiable on [0,00) and
exponential order K € R such that Re(Py : §) > K and Re(Py : §) > K, then
lim §F(E) = f(0), &€

Re(§)—o0

Proof. We have seen that
d ., d
r©) - 10) = {10} = [T Lo

Taking the limit Re(§) — oo on both sides, we have

. . >~ —&t d _
pin (R = J(0) = Im -] e “f(t)dt =0
.Re(lg)rgooéF(é*) = f(0).

]

Theorem 2.13 (Final Value Theorem). Let F'(§) be the bicomplex Laplace trans-

form of f(t) defined for every & € Cy in a region around zero, then

lim EF(€) = f(o0).

£—0
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2.4 Properties of Bicomplex Laplace Transform

Proof. We have seen that

d o d
F(6) - 10 = L] rene] = [Tt L poar
Taking the limit £ — 0, we have
o d
lim (€F(6) = fO) = lim | e p(0)de
o d < d
= /0 (%1_1)1(1) e_§t> af(t)dt = /o af(t)dt
= f(o0) — £(0)

S lmEF(E) = f(0).

£—0

In the following theorem we discuss relationship between the bilateral bicom-
plex Laplace transform and bicomplex Fourier transform. This relationship is
often used to determine the bicomplex frequency spectrum of a signal or dynam-

ical system.

Theorem 2.14. Let f(t) be a real-valued continuous function with bilateral bi-
complex Laplace transform F(§) and bicomplex Fourier transform f(w) and sat-

1sfies the following estimates
|f(t)] < Cre™™, t>0, a>0

IfB < Ce®, >0, >0

Then bilateral bicomplexr Laplace transform is equivalent to bicomplexr Fourier

transform with w = 1€, € € D, where

D ={¢ € Cy: &= 5161+ S2e9, —ax < Re(s1), Re(sz) < 5}
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Proof. Since we know that,

F(¢) = / " ()it = / et (i

-/ et () dt e + / e (f)dt e

= /OO e sV ()t ey + /00 e s £ (1)t ey
_ /OO ghlin(rertsaealt £(4) gy

- /Oo et MO f(Ydt (€ = s1eq + saen € O)

= f(w)‘wﬂ'lﬁ? w € Cs.

2.5 Convolution

The way of combining two signals is known as convolution. It is such a widespread
and useful formula that it has its own shorthand notation ‘x’. For any two signals

x and y, there will be another signal z obtained by convolving x with vy,

2(t) =xxy = /0 z(s)y(t —s)ds, teR. (2.21)

We derive here the convolution theorem for bicomplex Laplace transform as fol-

lows:

Theorem 2.15. If L[f(t);&] = F(£) and L[g(t);¢] = G(§), & € Cy with Re(P; :
€) > K and Re(Py : §) > K, where K = Max(K,, Ky) and f(t) and g(t) are of

exponential orders K1 and Ky respectively. Then

L{f x g} = F(§)G(&)-
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2.5 Convolution

Proof. By the definition of bicomplex Laplace transform
L{fxg) = [ e S(F )t
0

_ /Ooo ot (/Ot Flt— x)g(x)da:) dt
_ /0 h ( /0 - x)g(g;)e—ﬁtda;> dat

On changing the order of integration, we have

_ /OOO (/Oo Flt— x)g(@e—ﬁtdt) do

— /00 (/"O f(Z)e—E(z+:v)dz) g(x)dx, [On putting t — x = z]
0 0

= [ et [ e
— FG(E).
]

Following is the illustration to find inverse Laplace transform of a bicomplex-

valued function using convolution theorem.
Ezample 2.1. Let bicomplex Laplace transform F'(§) = m, where £ = e+
5262 S Cg, W = Wwi€e1 + Waey € CQ with Re<€1 +w1) > (0 and Re(£2 +’LU2) > 0, then

find f(¢).

Solution. " Re(Py : { +w) > 0and Re(P : {+w) >0

L {52 :i)wz} = sinwt = h(t) and L™! {52 f w2} = coswt = ¢g(t)

Using convolution theorem, we have

-1 § _ 1 —1
ft)=1L {—(£2+w2)2}—al} {g*h}
1 t
= — [ 2sinwscos(wt — ws)ds
2w 0
I tsinwt
= 50 i (sinwt 4 sin(2ws — wt)) ds = s;r;}w .
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2.6 Applications of Bicomplex Laplace Trans-

form

(a) Here we find bicomplex solution for Cartesian transverse electric magnetic
(TEM) waves in homogeneous space using bicomplex Laplace transform tech-
nique. To apply this purely mathematical concept in electromagnetic theory,
Maxwell’s equations (in a source-free domain) are first written in a form in-
volving the wave number £ and the medium intrinsic impedance 7, rather than
the medium permittivity and permeability. Bicomplex Maxwell’s equation is de-

scribed in Anastassiu et al. [5]. i.e.

V x E = —iknH (2.22)
k

VxH=i-E (2.23)
Ui

for the time convention %!, Vector fields E and H are electric and magnetic

field respectively. The bicomplex vector field F is defined:

1
F= E+iy/jH 2.24)
N 23/1] (

with the implication that each directional component of F is a scalar bicomplex

function, combining the corresponding field directional components. Multiply-
ing (2.23) with i and adding the result to (2.22)), after some manipulation, the

bicomplex Maxwell’s equation is derived, i.e.
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Assuming a TEM to z wave, i.e., a vanishing z-component, and after introducing

Qy = 12F,, in (2.25) is reduced to the following system of bicomplex differential

equations

d

C%’ 1kF, (2.26)
dF, .

dz = Z1k’Qy (227)
0F, OF,
—_— — =0 2.28
ox dy ( )

with F,(0) = A and F(0) = B, where A and B are bicomplex constants due to

- After solving ([2.26]) and -, we have

d’F,

Tt KF, =0 (2.29)
d2

df;’ +k°Q, =0 (2.30)

For the solution, taking the bicomplex Laplace transform of ([2.29)), we have

§12(0) + F1(0)

- O = §2 + k2 (2.31)
Taking the bicomplex inverse Laplace transform of (2.31]), we get
R = o [ e
_ T}iinooﬁlil 8 m#d& e +T213100F1i1 i €2z%d§2 .
- %21%21 ngmzl (&1 +irk)et? 5;5? + lim (& —irk) fﬁ@iié;}
i ﬁQW’h |:f2grni1k<£2 T ilk)e&zﬁ + 521311 (& — i1k)e®* £2++i522] e

= [Re—ilkz _i_Keilkz} el + [Re—ilkz +K6i1kz] e

= [Re™"** + Kev] (2.32)
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Similarly,

Qu(e) = [Le % + 56 2359
= %E +igy/TH = [Re™% 4 K] & — iy [Le™™ 4 5e"™] g (2.34)

where R = A_%iﬁk = Ri+isRy, K = A;f—llkBk = K;+iyK5, L and S are bicomplex
constants and Z and g are the fundamental position unit vectors in the direction
of X- axis and Y- axis respectively. Since is the solution of bicomplex
Maxwell’s equation , therefore it satisfies the Maxwell’s equation if L = —R

and S = K. Hence (2.34)) becomes

P = Bt fH = [Re Ko iy 2R K] (235)

Extracting the bi-real and bi-imaginary parts of the solutions (2.35)) yields the
electric and magnetic field components

E = [Rie " + K€" & + [~ Roe "% 4 Kpe""] § (2.36)

1

H— % [Rge_ilkz + K2€i1kz} 4 — ; [_Rle—hkz + Kleilkz} @ (237)

where Ry, Ry, K1 and K, are complex constants and ([2.36) and (2.37)) are the

solution of Maxwell’s equations (2.2212.23)).

(b) Here we find the solution of the bicomplex time-dependent Schridinger Equa-
tion for free particle in one-dimension. For the solution of the time-dependent
Schrodinger Equation by Laplace transform method, (refer, Lin and Eyring [95]).
The one-dimensional standard Schrodinger’s equation over the bicomplex space

functions is given by Rochon and Tremblay [124, Eq. (4.1)] as

i1hoy(x,t) + %aiib(x, t) —V(z,t)(x,t) =0 (2.38)
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where

Y :R* = Cyand V : R* = R.

The imaginary unit 7; has been chosen as it is more appropriate for the decompo-

sition of the bicomplex Schrodinger equation into idempotent components. For

free particle V' (z,t) = 0. Therefore (2.38) becomes
h2

For solution, taking the bicomplex Laplace transform of (2.39) we have

2 2
HA(EW (2, €) — Uz, 0)) = — TS dfj; &) where Uz, &) = L{v(x, 1)}
20 (2, €)  2mi 2
B8 | Mo ) = 2y, 0)

\If(x,f) A€<C057+ZISIH*)‘/2LJ"—|—B@ (cos +Zmn7)\/ﬁ n N O)

DQ + 2m11§7’/}(

Taking the inverse bicomplex Laplace transform we have

)= g1 (4 [t

21
1 cos —+21 sin 37 )4/ 2me o &t 1
+ — <B /F e ( 4 ) h df —+ - e @¢(I, O)dg)

27y

where I' is the closed contour in bicomplex space. Using the Cauchy’s theorem

in bicomplex space, (see, e.g. Rinn [126, Theorem 5.5]).

/egt (cos ’T—&—zlsm?’—)\/ :pdg _ O and / (cos——l—zlsmS—)w :Edg _ 0
r

r

1

) 1 £t
S(xt) = o Fe D s %f@b(x,O)dS (2.40)

(2.40) is the solution of the bicomplex Schrédinger equation (2.39)) in one dimen-

sion.
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Generally, 1(x,0) have one of the forms cos %2, sin 5% and e=1 %5 For illus-
tration, let us consider one of the form as 1 (x,0) = sin(¥*z). Then
1 / 1 2m
r,t) = —— i ( ) d.
w( ) 27_”1 _4)\_2 + 2ml1€ )\ 5
(27T ) 1 1 ¢
= —zl— sin | —xz | ——
A 271 2”}\521
1
= —zl—sm (—W ) —— | 2wy lim e
A 2me -
h s 2m°h
= —u% sin ( 3 x) e " b (2.41)

(2.41)) is the solution of bicomplex Schrodinger equation (2.39)) for ¢(x,0) =

sin(3x).

2.7 Bicomplex Double Laplace Transform

Let f(z,t) be a bicomplex-valued function of two variables x,¢ > 0, which is
piecewise continuous and has exponential orders K; and K, w.r.t. x and t re-
spectively. The bicomplex Laplace transform ( see, Kumar and Kumar [88]) w.r.t.

z is
Lo[f(z,t)] = /000 e f(x, t)de = f(&,1), £€Q CCy (2.42)
where
={€=5161+ 8269 € Cy: Re(P,:€)> K, and Re(Py: &) > K;}  (2.43)
or equivalently,

= {f eCy : Re(f) > K+ |Imj(§)|} (244)
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where Im;(§) denotes the imaginary part of £ w.r.t. j and (2.42) is convergent

and analytic in €. Similarly, bicomplex Laplace transform of f(x,t) w.r.t. ¢ is
L[ f(xz,t)] = /000 e " f(x,t)dt = f(z,n), n € Qy C Cy (2.45)
where
Qo ={n=pire1 + paes € Cy: Re(P:n) > Ky and Re(Py : ) > Ky} (2.46)
or equivalently,
O ={n ey : Re(n) > Ky + [Im;(n)[} (2.47)

where ([2.45)) is convergent and analytic in €25. Now, taking the bicomplex Laplace

transform of (2.42)) w.r.t. ¢ and using (2.45)), we have

Lutlf(x,8)] = Lif(6,0)] = / T e e e

= /OO e M /OO e f(x, t)dadt = f(€,m), (&,n) € (2.48)
0 0

where the integral on right hand side is convergent and analytic in
Q={(n)eCi: cQ andne}. (2.49)

Now, we define the bicomplex double Laplace transform as follows:

Definition 2.2. Let f(x,t) be a bicomplex-valued function of two variables z, ¢ >
0, which is piecewise continuous and has exponential orders K; and Ky w.r.t. x

and t respectively. Then bicomplex double Laplace transform is defined as

Ll f (.06, 7) = /O N /0 T (e tydadt = F(& ), (Em) €9
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which exists and is convergent for all (£,7) € 2 as defined as

Q={(neC; : £€cQandneQ}, (2.50)

where
0 ={£eCy : Re(§) > Ky + [Im;(&)]} (2.51)
={neCy : Re(n) > Ky + |Im;(n)|}. (2.52)

2.8 Properties of Bicomplex Double Laplace Trans-

form

In this section, we discuss some properties of bicomplex double Laplace transform

viz. linearity property, change of scale property, shifting property etc.

Theorem 2.16 (Linearity Property). Let f(x,t) and g(z,t) be two bicomplex-
valued functions of x,t > 0 such that

Lulf(z.t)] = f(€&n), (&) €0
where Q = {(&,n) € C5 : Re(&) > K + [Im;(€)| and Re(n) > K» + |Im;(n)|}

and Lylg(e,t)] = g(&n), — (§1) €Q
where Q = {(¢,n) € C3 : Re(€) > Kz + [Im;(€)| and Re(n) > Ky + [Im;(n)|} .

Then,

th[clf(x, t) + ng(ZE, t)] = Clet[f(ZL’, t)] + C2th[g(xv t)]v (5, 77) €
where Q ={(&,n) € C3 : Re(€) > max(Ky, K3) + | Im;(€)]

and Re(n) > max(Ky, Ky) + [Im;(n)|} and c1,co are constants.

Proof. Applying the definition of bicomplex double Laplace transform,

Lautlerf(z,t) + cog(z, t)] = /o /0 e S M ey f(w,t) + cog(w, t)]dadt

:cl/ / e&”tf(x,t)dxdt—i-@/ / e M g(x, t)dadt
o Jo o Jo

= le:(£77]> + CQg(§7 77)

40



2.8 Properties of Bicomplex Double Laplace Transform

Thus,

Lytlerf(z,t) + cag(w,t)] = 1Ly [f (2, 1)) 4 caLat[g(z, 1))
L]

Theorem 2.17 (Change of Scale Property). Let f(f, n) be the bicomplex double

Laplace transform of bicomplez-valued function f(x,t). Then

§n

Lotlf (o, BO)(E,m) = %f( ¥

where § defined in .

Proof. From the definition of bicomplex double Laplace transform,

), (€.n) €Q and 0, > 0

Lalfe p0li&cn) = [ [ e plaw. poytua

_ 0o ot oo e p p
/0 e (/0 e~ f(ax, ft) a:) t
:é/o e (/0 e~ & "f(r, 5t)d7“> dt [Taking ax =7

LT (€

:% /OO e B f (2, s) ds [Taking St = s
0

_ L =(&n

~an (57 5)
Thus,

Lalf e, 80)&.1) = =7 (—, g)

[]

Theorem 2.18 (First Shifting Property). Let f(f,n) be the bicomplex double

Laplace transform of bicomplez-valued function f(x,t). Then
Lwt |:6az+btf(x7t)} (57 T’) - f(g —a,n— b)v (g —a,n— b) €
where Q2 defined in .
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Proof. Applying the definition of bicomplex double Laplace transform,

th axr+bt 7 ’ — > ~ —&x—nt ax+bt 7 dxd
)] € = [ [ et o e

_ [T e (7 e 0 pya ) g
/0 e (/0 e f(z, t)dx ) dt
/0 e~ F(E —a,t)dt

Thus,

Ly [ f (2, )] (&,m) = f(€ —a,n —b).
O

Theorem 2.19 (Double Laplace Transform of Derivatives). Let f(£,1) be the

bicomplex double Laplace transform of bicomplex-valued function f(x,t). Then
Lot [far (2, )] (€m) = Enf(&,m) — €F(€,0) =nf(0,m) + [(0,0), (&) €Q
where Q defined in and fu(z,t) = 82—;f(x,t).

Proof. Applying the definition of bicomplex double Laplace transform,

Lt (e, )] = /O e ( /0 T et p t)dx) dt

= /Oo e [(egmft(x,t));io +§/Oo €£zft(l’,t)d$€:| dt
0 0
:_/0 e ft(O,t)dt—l—f/O e"/o fe(z, t)dxdt
= s0.0) -0 [Tergonae [T ([T o) a
= 10,0 = +€ [ e [ S, v [ e
0 0
— o f _ —&x —&x—nt
£(0,0) = nf(0,m) — € / e a0+ / / e f (0, )t
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Thus,

O

Theorem 2.20 (Multiplication by xt). Let f(g, n) be the bicomplex double Laplace
transform of bicomplex-valued function f(x,t). Then

2

0 ,
Laafet (. 0)(6m) = g 6, [(Em) €9 as defined in (250)

Proof. Applying the definition of bicomplex double Laplace transform,

2

0% - 0? 0
o anf(gvn) = (861 f61(€17771)) er + (06 a f62(€27772))
—5196 1t
(8518771 / / ntfe (x t)dxdt) e1
—5296 ot
(8528772/ / "2t (z t)da:dt) €

[Where F&m) = fo(&m)er + feo(Ea,ma)en, € = Erer + &aes and 1) = 1€ + Tea |
Applying Leibniz’s rule for complex functions [100, p. 243], we have

st € =Cor{ ([ [ eemntang, . asar) e,
/0 /0 e e ”thtf@(x,t)dxdt> 62}

_|_
:/ / e~ (Ere1téoea)z—(meitnaes)t (for(z,t)er + foo (2, 1)ey) dudt
o Jo

:/ / e Myt f (x, t)dadt.
o Jo

Thus,
L[t f(2,8)](§,n) = 58 f(£ n).
In general,
m+n  _
Lo (0] () = (<1 5o FlEm).
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Theorem 2.21 (Division by zt). Let f(é,n) be the bicomplex double Laplace

transform of bicomplex-valued function f(x,t). Then

th[f } //ffndsdn, (&,n) €0

provided the integral on right hand exists.

Proof. Applying the definition of bicomplex double Laplace transform,

fl&n) = /0 h /O " ot flx, t)dadt (2.53)

Integrating (2.53) w.r.t. £ from £ to co and 7 from 7 to oo, we have

/ / ffndé“dn—/ / / / Soemn f () t)dadtdEdn
=/ / / (_ ) e f(x, t)dadtdn
/ / ( ) (6 nt) :nf(x,t)dwdt

/ / e& —”tfx t)d dt

= Lqt { ’t)] (& n)-

xt

Thus,

(&, m)d&dn.

~
8
| — |
=
8|8
=
| I
~
=
I
JN
8
3\
3
Bl

O

Theorem 2.22 (Double Laplace Transform of Integrals). Let f(€,n) be the bi-

complex double Laplace transform of bicomplex-valued function f(x,t). Then

Loy [/Ox /Otf(u,v)dudv] = ﬂg]n), Re(€) > [Im;(€)[, Re(n) > [Im;(n)].

g(x,t) = /Ow /Otf(u,v)dudv.

Proof. Let
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Hence, we have

gut(z,t) = f(z,t) and ¢(0,0) =0
Lat[gae (2, 1)) = LIf (z,1)] = f(E,n).

Now from the Theorem 2.19 we have

Lat [gze(2,1)] = Eng(&,m) — £9(£,0) —ng(0,m) + g(0,0)
= f2(&,n) = Enga(&.m) — £g1(€,0) — 031 (0, n)
f&.n) | g(€.0) . g(0,n)
&n * n * §

But g(&,0) = 0 and g(0,n) = 0, therefore

9(&,n) =

Hence,

Lt { /0 ’ /0 t f(u, v)dudv] _f (g?").

]

Theorem 2.23. Let f(x,t) be a periodic function of period K and T w.r.t. x
and t respectively. Then the bicomplex double Laplace transform is given by

B fOK fOT e ST f (z, t)dxdt

th[f(ilﬁ,t)] - (1 . e*Kﬁ) (1 o 67T7]> ’ Re(ﬁ) > ’[m](€)| and Re(n) > |[m](77)| :

Proof. Let f(z,t) be a periodic function with period K w.r.t. . Then for £ € Cy
and Re(§) > |Im;(&)]| (see, Theorem [2.10)

K=t (g T _
Llfa ) = DA ey (2.54)
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Similarly, for n € Cy and Re(n) > |Im;(n)| taking the bicomplex Laplace trans-
form of (2.54) w.r.t. ¢, we have

Lf(&1)] = f(g’n) _ o el_ij;l(g;t)dt

K _¢x
1 r - Jy e s f(x, t)dxdt
K fOT e f () dxdt

(1 —e K& (1 —eTn)

Thus,

K T e_gm—nt x "
th[f(w? t)] - fo(lfi e*KS) (if(_ ,et);ln)dt

2.9 Inversion of Bicomplex Double Laplace Trans-

form

In this section, we derive the inversion theorem for bicomplex double Laplace

transform.

Theorem 2.24. Let f({', n) be the bicomplex double Laplace transform of bicomplex-

valued function f(x,t). Then
fen =gz [ [ e fendm cnee @)

where ) defined in and I'y and I’y are Bromwich closed contours in bicom-

plex space.

Proof. Taking the inverse bicomplex Laplace transform [10] of f (&,m) wrt. &,

we have

LT )] = Flam) = —— [ e f(e e, (2.56)

27T’i1 Ty
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Similarly, taking inverse bicomplex Laplace transform of (2.56) w.r.t. 7, we have

L)) = ) = 5 [ e
1J1,
1

nt Ex g
it L e T mdean

Hence,

1 _
fet) =g [ [ =i mdean

2.10 Applications of Bicomplex Double Laplace

Transform

In this section, we discuss applications of bicomplex double Laplace transform
in finding the solution of two-dimensional time-dependent bicomplex Schrodinger
equation for free particle by two different approaches. In first approach, we find
the solution of above equation by taking the bicomplex double Laplace transform
under suitable initial and boundary conditions w.r.t. spaces variables x and y
and in second approach, w.r.t. space variable z and time variable t.

Rochon and Tremblay [124] discussed the extension of time dependent time-
dependent complex Schrodinger equation in bicomplex form. In section 2.6, we
discussed the solution of one-dimensional time-dependent bicomplex Schrédinger
equation for free particle using by bicomplex Laplace transform. In [6], Arnold
discussed the solution of two-dimensional time-dependent complex Schrédinger
equation using by Fourier-Laplace transform. In [35], Dehghan et al. discussed

the numerical solution of two-dimensional time-dependent Schrédinger equation.
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Here, we discuss the solution of two-dimensional time-dependent bicomplex
Schrodinger equation for free particle. We extend the one-dimensional time-
dependent bicomplex Schrodinger equation (2.38)) in two dimensions as

2

W hop(x,y,t) + 5— (020 (2, y, 1) + Dovo(x, y, 1)) — V(z,y, )¢ (x, y,t) = 0,

o2m
(2.57)
where
Y :R¥ = Cyand V: R = R.

with initial and boundary conditions

Q/)("L‘7y’0) = h(l‘7y)a ¢(anat) = f1<y7t)7 w(x707t) = gl(xat)a

wx(()?yvt) - f2(y7t)7 ZZJy(ZU,O,t) - 92(x7t)7 T > 07 Yy > 07 t>0. (258)
For free particle V(z,y,t) = 0, - ) becomes

h2

(a) Firstly, we have solved equation (2.59) by using bicomplex double Laplace
transform w.r.t. z and y. Taking bicomplex double Laplace transform of ({2.59))

w.r.t. x and y, we have

/ / eiéxinyil ﬁﬁtw(% Y, t)d.’l?dy
/ / et "y2 (02 (2,y,t) + Oiip(x,y,t)) dedy = 0
2
om

= Zlhaﬁ(€7 7, t) ((5 + 772) IZ(& m, t) - 51/_)(0, 1, t) - 7777;(57 07 t)

_&x(ovnvt) - ¢y(§ )) = 07
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where 12(5, n,t) = Ly [¢(z, y,t)] is bicomplex double Laplace transform of ¢(x, y, t).

Applying the boundary conditions (2.58)), we get

Codp R

- % - h% (&% +n%) = —@'1% (E1n.8) + g1 &,0) + L0 1) + 2(61))

Rearranging the terms and simplifying, we get

B = =ingomw (15 (€)1 [ow (<iig (€421 (€itn)

+0g1(&: 1) + f2(,1) + 92(&:1)) dt + cexp (u% (& +n) t) :
(2.60)

Letting 1(&,7,0) = h(¢,n) in (2.60) we have

J'H

= h(&,n)
+Zl% /exp <_i1% (52 + 772) t) (gfl(nv t) + 7791(5: t) + fQ(na t) + g?(f’ t)) dt
=p&mn)  (say). (2.61)

t=0

Therefore, (2.60) becomes

= h h h _
Y, n,t) = _il% exp (21% &+ t) /exp (—21 (& +n?) ) (Efr(n,t)+

77!71(57 t) + J?2(777 t) + 92(57 t)) dt +ﬁ(§7 77) exXp (21% (52 + 772) t) :
(2.62)

Taking the inverse bicomplex Laplace transform of ([2.62)), we have

Wiy t) = =15 /m /FQ et { (& m) exp (21— (& +n) ) +A(€,77,t)] dédn
(2.63)
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where,

h h h _
A, n,t) = —i1% exp (21% (& +7) t) /exp (—Zﬁ% (& +n?) t) (&fi(n,t)

+nG1(&,t) + fo(n,1) + G2(6, 1)) dt

and I'; and I's are closed contours in bicomplex space w.r.t. & and 7 respectively.
(2.63) is the solution of two-dimensional time-dependent bicomplex Schrodinger
equation for free particle.

Illustrative Example:

Let us consider the initial and boundary conditions for equation ([2.59)) as

. (2w 2m 2m C4hm? \ . (27
¢(l‘7ya O) = s <7J7> COS (Ty) ) ¢I(07y’ t) = T eXp <_21 mA2 t) S (79) )

2 _ 4hm? . 2
P(0,y,t) =0, ¥(x,0,t) =0, P, (x,0,t) = Tﬂexp (—zlm—;t) sin (%x) )

(2.64)
Then becomes
ba.. §I+ny27r nexp(d (&2 +nH)t) dcd
=g ] ] @) (e )

= — 1 / e&v 2 211 ( lim enyneXp (21% (§2 + 772) t)
&+ (5))

27\ + (2 . (n+i %)

© o w1 (g (€)Y dé
n——1i1 2; (7’] — 2127%)

i (o)) ()
_ —— _— 1 — —2 _
AJr, <£2+ (277r)2> 2m A A
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+ lim Lexp (zli ( 2 4—7T2) t)>
E——1i1 2; (f — i12;r) 2m A2
. 4hr? . (27 2m
= exp <—zl e t) sin <7x) COoS (7?;) .

Therefore,

 4hr? . 21 2
o= () (3). o

Expression in (2.65)) is the solution of two-dimensional time-dependent bicomplex

Schrodinger equation ([2.59) for initial and boundary conditions ([2.64)).

(b) In this alternative approach, we shall make use of bicomplex double Laplace
transform w.r.t. x and t. Consider the two-dimensional time-dependent bicom-

plex Schrodinger equation (2.59)) for free particle with the condition
Y(z,y,t) is bounded as |y| — oo and = > 0, t > 0. (2.66)

Taking the bicomplex double Laplace transform of (2.59)) w.r.t. z and ¢, we get

/ / S ntllhatw(x y’ dxdy+/ / _E:C 17t 82@Z)($,y7t)

+ 8§¢(x, y,t)) dzdy =0
_ _ B2 - _ _
= iah (296 10) = FE 0)) + 5 (€20 ym) — €60, 9,m) = a(0,,m))

& y,m) =

2 d 21/}
( 2m77

;»—+

)@/7 szz(g y,0) + &0(0, 4, 1) + 1¥.(0,y,7).
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Rearranging the terms and solving, we get

= o2 . 2m

1
e+

v sy (155 0E 10+ 600.0.0) + 5a0.51) ).
in=5)

(2.67)
2mn

2
[Where Re <P1 /=& —14 N ) > 0 and Re <P2 /=& — iy Tg”) > 0] )

zZ(f,y, n) is bounded as |y| = 0o = ¢; = ¢ = 0. Then l} becomes

= 1 2m - . _
G (@) b
(2.68)
Taking the inverse bicomplex Laplace transform of (2.68]), we get
1 _
@ZJ([E, Y, t) = _ﬁ / / e§w+nt¢<€7 Y, n)dfdn (269)
T Jry Jr,

where I['; and I'y are closed contours in bicomplex space w.r.t. £ and 7 respectively.
(2.69)) is the solution of two-dimensional time-dependent bicomplex Schrodinger
equation ([2.59)).

Illustrative Example:

Let us consider the initial and boundary conditions for equation ([2.59)) as

(z,y,0) = sin (?w) sin <277Ty> , ¥(0,y,t) =0

2 4 2
V. (0,y,t) = Tﬂ exp (—z’l m;\TQ t> sin (;y) . (2.70)
Then (2.69) becomes
Ul y,t)
ebrtnt 2m 1 1
—sin > | i1— = + —— | déd
47T2\/F1 Iy ( )€2+Z2m_n_4)\%(1h£2+4)\% 77—11[,%7;2) !
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2.10 Applications of Bicomplex Double Laplace Transform

m 2 ) / / esztnt
= —zl— sin d&dn
( Iy JT 6 + 1 hﬂ - ﬁ) (52 + 4)\L22)

)\2

2m / / efzmt
— ——sin déd
2 )\ ( > Iy (€2 40220 — A2 (n — 4y 222 s

A2
= Il + [2. (Say) (271)

Now,

I T efx—‘rnt P
L= _Zlﬁsm <T >/ /F2 €2+i 21 47r2) (€ + 47r2) ddr

s 1
—i— — 2 lim
217?71)\ sin ( A ) lemzl . 21(42 B > n ( €2 4 47r2> dg

. h [4n?
:——sm( ) F1€2+4;22 Xp(—l% —2— >) d§

+ lim e ( h (47T 2> t)
X —
E—— Z‘1 BN - /L.I b P /\2
_ 4dhm? . 21 2
= exp (_Z1Wt> sin (TIL’) sin (Ty) . (2.72)

Similarly,

27 efzmt
Iy = ———sin ( ) / / - - d&dn
? 2m >\ Iy Fz 2m77 47T2) (T’ -1 %)

2 1,02

W G ( ) e (122)
= —i;Asin (—y) / dé
A I 22 — 1272

omiy | i ~
T im —— exp
E—ir ZF &+ 21—

=0, [by using contor integrall. (2.73)
Using (2.72) and (| - in -, we get
4h? 2 2
w<x>yat> = eXp (_7/1 m;\TZ t) sin ( ;\T$) sin <7ﬂ-y) . (274)

Expression in ([2.74)) is the solution of two-dimensional time-dependent bicomplex
Schrodinger equation ([2 under the conditions given in and -
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2.11 Conclusion

In this chapter, we derived inversion formula, convolution theorem and some
properties of bicomplex Laplace transform. Also, we defined double Laplace
transform and its inverse in bicomplex space. Applications have been illustrated
for the solution of bicomplex Maxwell’s equation and bicomplex time-dependent
Schrodinger equation for free particle using bicomplex Laplace transform. Also,
the solution of two-dimensional time-dependent bicomplex Schrodinger equation
has been obtained by using bicomplex double Laplace transform.

Moreover, similar to work of Rochon and Tremblay [124], under some dis-
crete symmetries time-dependent bicomplex Schrodinger equation can be decom-
posed into two standard Schrodinger equations. Therefore, solution of two stan-
dard Schrodinger equations can be obtained by separating the solution of time-
dependent bicomplex Schrodinger equation. The bicomplex analysis has found
a great advantage that it separates the electric and magnetic field as complex
components. This theory can further be developed to find the solution of the

problems in electromagnetic field theory and quantum mechanics also.
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Sumudu Transform in Bicomplex Space and

Applications

The main finding of this chapter has been published as:

1. Agarwal R., Goswami M.P. and Agarwal R.P. (2017), Sumudu transform in
bicomplex space and its applications, Annals of Applied Mathematics, (In

press).
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3. SUMUDU TRANSFORM IN BICOMPLEX SPACE AND
APPLICATIONS

In this chapter, we obtain bicomplex Sumudu transform, its inverse and some of
their properties. As applications we find the solution of differential equation of
bicomplex-valued function and solution of Cartesian transverse electric magnetic

(TEM) waves in homogeneous media.

3.1 Introduction

In literature, various integral transforms are widely used in physics and engineer-
ing mathematics. In the sequence of these integral transforms, Watugala [146]
defined Sumudu transform and applied it for finding the solution of ordinary dif-
ferential equations in control engineering problems.

Over the set of functions
jid] .
A= {f(t) c3AM, 7, >0, |f(t)| < Me™, ift € (=1)’[0,00), j =1, 2} (3.1)

the Sumudu transform is defined by the formula

S[f(t);s] = 1/Ooo e f(t)dt, s € (11, 7). (3.2)

S

Sumudu transform have scale and unit preserving properties. In [I7], Bel-
gacem et al. discussed fundamental properties of Sumudu transform and shown
that Sumudu transform is a theoretical dual of Laplace transform. Also, it used
in solving an integral production-depreciation problem. In [16], Belgacem et al.
have generalized Sumudu differentiations, integrations and convolution theorems
existing in literature. Also they have generalized Sumudu shifting theorems and

introduced recurrence formulas of the transform.
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3.1 Introduction

In [157], Zhang developed an algorithm based on Sumudu transform which
can be implemented in computer algebra systems like Maple and used in solving
differential equations. In [70], Hussian et al. obtained the solution of Maxwell’s
differential equations for transient excitation functions propagating in a lossy con-
ducting medium by using Sumudu transform in time domain.

In [I5], Belgacem find the electric field solutions of Maxwell’s equations, per-
taining to transient electromagnetic planner, (TEMP), waves propagating in lossy
media, through Sumudu transform. In [42], Eltayeb et al. have discussed the
Sumudu transform on a space of distributions. In ([80], [81]), Kilicman and
Gadain produced some properties and relationship between double Laplace and
double Sumudu transform and also, used the double Sumudu transform for solv-
ing wave equation in one dimension having singularity at initial conditions.

In [79], Kilicman et al. discussed the existence of double Sumudu transform
with convergence conditions and applied it for finding the solution of linear or-
dinary differential equations with constant coefficients. In [I], Al-Omari and
Belgacem investigated certain class of quaternions and Sumudu transform. Moti-
vated by the work of Al-Omari et al., we have made efforts to extend the Sumudu

transform to bicomplex variable.
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3. SUMUDU TRANSFORM IN BICOMPLEX SPACE AND
APPLICATIONS

3.2 Bicomplex Sumudu Transform

Let f(t) be bicomplex-valued piecewise continuous function of exponential order

K. Then bicomplex Laplace transform (Kumar and Kumar [88]) of f(t) is

Ll = [ s ¢ep (3.3)
0
where
D = {£ = s1e1 + s9e5 € Cy : Re(s1) > K and Re(sy) > K} (3.4)
or, equivalently
D ={¢ € Cy: Re(§) > K + [Im;(&)[} (3.5)

Im;(&) denotes the imaginary part w.r.t. j. In 1' if we replace £ by % and

multiply the integral obtained by %, we get

1 1 1~ i B o
EL[f@),g}:E [ e twa=sisoa-io. een @0

where 8[-] denote the Sumudu transform of f and

Q= {§: s1e1 + s9ey € Oy : Re (i> > K, Re (l) > K and £ & (92} (3.7)

S1 59

or equivalently,

Q:{ﬁngzRe(%)>K+‘Imj(%)

and & ¢ 02} (3.8)
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3.2 Bicomplex Sumudu Transform

Further, we show that Hf(ﬁ)“ < 00. Now, for £ = sjeq + sgeq, S = o1 + 11y; and

So = X2 + 11Y2,

7=z [ me-%tﬂt)dtH
ST/ () dt, [€#0ie € ¢ 0y
< %/ ¢~ Greitae?t ‘Memdt
%/ ¢ il + e 3ley He“dt, [using (L.15)]
%/ (e oy 2+‘6_Sl2t 2)56tht

/ ( _ 2::71 212 t>§ I
zl+y1 + e 132+y2 e dt
\/_||€||

o0 _ z o _ z9 t
oKt 22t Kt
< e dt—l—/ e *2tv: e dt}
fngn / 0

1
[ by Minkowski’s inequality (|z|* + |y[*)? < |z|+|y|, Vaz,y€ ]R]

M /Oo )y /Oo )y
0 0

~V2el |

M 1 1
ﬁ”i” :vl-l—yl - K ac2+y2 - K

Then the requirement ||f(£)H < oo only if =tz > K ie. Re (i) > K and

- +y —2- > K i.e. Re ( 12> > K. Therefore, f(£) is analytic and convergent in the

strip €2, defined by ({3.7)).
Thus, we can summarize the above discussion to define the bicomplex Sumudu

transform as follows:

Definition 3.1. Let f(t) bicomplex-valued piecewise continuous function of ex-
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ponential order K. Then bicomplex Sumudu transform of f(¢) is defined as

1 [ _1, -
(1:6] = ¢ / ()t = F(6), £eQ (3.9)

where () is defined as
1 1

3.3 Properties of Bicomplex Sumudu Transform

and ¢ ¢ 02} . (3.10)

In this section, we discuss some properties of bicomplex Sumudu transform viz.

linearity property, change of scale property and etc. as follows:

Theorem 3.1 (Linearity Property). Let f(&) = 8[f(t);€] and g(¢) = 8[g(t); €]
be bicomplex Sumudu transforms of bicomplez-valued functions f(t) and

exponential orders Ki and Ky, respectively. Then
S[erf(t) + cag(t)] = 1 f(€) + c2g(€), €€9Q (3.11)
where ) is defined in and K = max{K;, Ky}.

Proof. By applying the definition of bicomplex Sumudu transform, we get
S[erf(t) + cag(t 5/ “eenf(t) + cag(t))dt

Eo e_ff dt—l—g/ eﬁg t)dt
= a1 f(€) + 25(8)-
[

Theorem 3.2 (Change of scale property). Let f(&) = 8[f(t); €] be the bicomplex

Sumudu transform of bicomplez-valued function f(t), then
8[f(at); €] = f(a), a>0,£€Q (3.12)
where §2 is defined in .
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3.3 Properties of Bicomplex Sumudu Transform

Proof. By applying the definition of bicomplex Sumudu transform, we get

1 o
= g/ efét (at)dt, [put at = u]

)

= f(a&).
O

Theorem 3.3. Let f(£) = 8[f(t);€] be the bicomplex Sumudu transform of

bicomplez-valued function f(t), then

where 2 is defined in .

Proof. (i) By applying the definition of bicomplex Sumudu transform, we get

p=g [ e
0o 77t 1 oo 1y,
(/ A0 )+(—/ ‘ 2f2(t)dt) ,

Integrating by parts, we get

S105 €)= (~ 570+ Ao ) ert (20 + 2 ulon) ) e

— rj_sm [fl(sl)el + f2(82)62 - f1(0)61 — fz(())ez}
= %[f(f) — £(0)]. (3.13)
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(17) If we replace f’(t) = g(t), then

S[f"(t); €] = 8[g'(t): €]
=§[g<£>—g<o>], jusing (3.13)]
111, )
= g(f(f)—f(o))—f(o)
zggv@»aﬂm—ffmﬂ-

(737) By (3.13)) the result (ii7) is true for n = 1. Now, let us assume the result is

true for n = m, i.e.

SIFO (8):€] = - [f(é) - f(0) - Z_S’“f(k’(o)] (3.14)

m
g k=1

Now, forn =m +1

S[FI();€] = < [8LF™(): €] — £ (0)]

m|>—n

ZJHMQJ@—ZﬁW@r[W%aﬂ]

k=1

Hence, by the principle of mathematical induction, the result is true for all n €
N. [

Theorem 3.4. Let f(&) = 8[f(t);€] be the bicomplex Sumudu transform of

bicomplez-valued function f(t), then

S[tf(t);¢] =€ 5f(5> Ef(6),  €€Q (3.15)

where Q) is defined in .

Proof. Since,

55 h %efff(t)dt

1 _x *1 _x
<d$1/0 —e 1f1 dt>61+(d82/0 —e 2f2 )

f(S)
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3.3 Properties of Bicomplex Sumudu Transform

Using Leibniz rule for integration for complex functions, we get

* 901 _¢ © 01 _¢
d{f(g) (/0 951 5,C Slfl( )d )61 + (/0 D55 52" S2f2( )d )62
<1 e >~ 1 L
— </0 S—:{)e sutfy(t)dt —/0 ?e fl(t)dt) e1
* 1 1
-+ </0 —%e Qtfg( )dt—/ — 2f2( ) >

= <—% [tfi(t); 1] — —5 [f1(t) Seﬁ— ( S[tfo(t); s2] — 8—125[f2(t);32]) €2
Je

1
N mg[ (fi(t)er + fa(t)ez) s s1er + saes]
B mswl(t)el + fa(t)ea) ; sier + sze9]
S[EF(t):€] — 28[/(1): €]

52 §

S[tf(t):€] = ¢ —ff(é“) £f(6).

O

Theorem 3.5. Let f(&) = 8[f(t);&] be the bicomplex Sumudu transform of

bicomplez-valued function f(t), then
s [ / f<u>du;4 —£(e), ceo (3.16)
where Q) is defined in .

Proof. From the definition of bicomplex Sumudu transform, we have

8 [/Otf(u)du;ﬁ} - %/ﬂm et /Otf(u)dudt

by changing the order of integration, we get

8 [/Otf(u)du; g} = %/Oo f(u)du/oo e Edt

/ g™ ¢ flu)du
=£f(€
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Theorem 3.6. Let f(t) be the bicomplez-valued function of period T' > 0, then

> §€8l (3.17)
13

where Q) is defined in .

Proof. By definition, we have
); & et f(t)dt
&),
1 n+1

_1 Z/ e f(b)dt (3.18)

3
Taking t = 7 + nT in the n'* integral, (3.18) becomes
1 > nT T
S[f(t);&l=;) e ¢ [ e cf(r+nD)dr
£~ 0
1 > _nT T _T
— et [t [ S = £(0)
n=0 0

3.3.1 Convolution

The convolution of two signals is defined in equation (2.21)). We derive here the

convolution theorem for bicomplex Sumudu transform as follows:

Theorem 3.7. Let f(&) = 8[f(t);€] and g(&) = 8lg(t);€] be the bicomplex
Sumudu transforms of bicomplex-valued functions f(t) and g(t) of exponential

orders Ky and Ky respectively, then

S[(f*9)(t);€] = ££(©)a(§), £€Q (3.19)

where K = max{Ky, K>} and Q is defined in (5.10).
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3.4 Inverse Bicomplex Sumudu Transform

Proof.
S((f < )t)i€] = ¢ / Tt e gt

:%/0 é/f g(t — u)dudt

Changing the order of integration, we get

S[(f = g)(t) £/ f(u du/ e Eg(t —u)dt

Putt—u==%
5/ /o e Eg(2)dz
=¢f(€

3.4 Inverse Bicomplex Sumudu Transform

In this section, we discuss the inversion theorem for Sumudu transform in bicom-

plex space as follows:

Theorem 3.8. Let f(§) be the bicomplex Sumudu transform of bicomplex-valued

function f(t) of exponentml order K, analytic in ), then

= _— / €)dé = " Res [eéf f(g)] (3.20)
where I' = (I'1, ['y) is piecewise continuous differentiable closed contour in Bicom-

plex space and € is defined in .

Proof. Since we know that bicomplex Laplace transform [88] of bicomplex-valued

function f(t) is

L f(t);ﬂ —F (1) - | etrwa gen

1
§
) — eF(©) (3.21)
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Inverse bicomplex Laplace transform [I0, Definition 3.1] of (3.21)) is

1 t 1
£ = 5o /FeéF (E) e
_ ! / cteF(€)de, [Using
N

2#@1

Hence the result (3.20)). O

[98)

21))]

3.5 Applications

In this section, we find the solution of an application of differential equation of
bicomplex-valued functions. Also, we find the solution for Cartesian transverse
electric magnetic (TEM) waves in homogeneous space using bicomplex Sumudu

transform.

(a) Consider the general linear differential equation of order n of bicomplex-valued

function y(t)

dny dn—ly
. el = f(t 3.22
n e+ ey 4o a0y = f(2) (3.22)
with initial conditions y(0), ¥/(0),-- -,y 1(0) are given and finite, ag, a1, - ,a,

are bicomplex constants and f(¢) be bicomplex-valued function. Taking the bi-

complex Sumudu transform of (3.22)), we get

g [16) = 4(0) = S €490 | +anos s [ﬂ(&) ~y(0) —i&ky<k><o>]
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3.5 Applications

Therefore,

y(0) [an + an 1€ + Y alfn_l]
Ay + Qp1& + Qp_oE2 + -+ + apém
Y (0)E [an + an1€ + apof2 + - + asf™ 2]
Un + Q1€ + Qp_oE2 + - - + o™
y" D (0)angm !
Uy + Qp1& + Qp_oE2 + -+ + apén
£ f(€)
Ay + Ap_1€ + ap_2&% + - - - + ag€™

y(§) =

_|_

(3.23)

Taking the inverse bicomplex Sumudu transform of (3.23)), we get the solution of

differential equation (3.22)) as

1

27'('?,1

y(t) = eﬁfy(f) 3 (3.24)

where I' = (I'1, T') is piecewise continuous differentiable closed contour in Bicom-
plex space and  and y(§) are defined in (3.10) and (3.23)), respectively.

In particular, consider the differential equation

d
d—ery—e a € Cy (3.25)

with initial condition y(0) = 0 and y(¢) is bicomplex-valued function.

Taking the bicomplex Sumudu transform of (3.25)), we get

5 n=0
i) = 5 N
6= ;
g =E(1-¢+¢ - Zansn

67
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Taking the inverse bicomplex Sumudu transform and making use of theorem

we get

¢
y(t) :/ e et gy =
0

which is the required solution of the given differential equation (|3.25|).

(b) Here, we shall solve the bicomplex Maxwell’s equation using bicomplex Sumudu
transform. For details about bicomplex Maxwell’s equation see, Anastassiu [5]

and section 2.6 of the thesis. Recall, the equation ([2.25))

Assuming a TEM to z wave, i.e., a vanishing z-component, and after introducing

Qy = i2F,, in (3.26) is reduced to the following system of bicomplex differential

equations

d .

% = i1kF, (3.27)
dF, .

dz = Zley (328)
0F, OF,

—_— — = 3.29
ox oy ( )

Differentiating (3.27)) and (3.28)) and using respectively(3.28) and (3.27]) therein,

we get
d*F, 9
2 +k°F, =0 (3.30)
d2
dgy +kQ, =0 (3.31)
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3.5 Applications

For the solution, taking the bicomplex Sumudu transform of (3.30)), we get

?12 [F,(€) — Fu(0) — EFL(0)] + K Fy(€) = 0
L E(0) +€F(0)

F.(§) = 3.32
= Fu(g) = g A (3.32)
Taking the inverse bicomplex Sumudu transform of (3.32)), we get
Fue) = o [ ce(e)de
A
1 : F, F!
1L [ B0 RO,
271'21 Q £2k2 + 1
: i1 . = FL(0) 4+ EFL(0) . ( 2'1) = F(0) + €F(0)
= lim — — ) Eet —— 4+ lim + — ) &es N
R0+ F0) e BE0) ~ 0EL0)
k3 k3
= Re k= - Kelth= (3.33)
Similarly
Fy(2) = —ixQy(z) = —ip [Le "% + Se"*?] (3.34)
Therefore,

F = %E‘i‘ iz\/ﬁH _ [Refilkz + Keilkz} 4 — ig [Lefilkz + Seilkz} Q (335)

2 and g are the fundamental position unit vectors in the direction of X- axis and

Y- axis respectively and

kE,(0) + i1 F'(0) kE,(0) — i, F'(0)

R = ,IC?’ = Rl + 7;2R2, K == ]{j3 = Kl + 7:2K2
k 0) +141Q’,(0 kQ,(0) —;Q (0
L= e )k:')Zle( ) =Ly +1i3Ly, S= Al >k3“Qy( ) =51 +125.
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Equation (3.29)) implies that L, R, S and K are bicomplex constants. Since (3.35)

satisfy bicomplex Maxwell’s equation ((3.26])

L=—Rand S = K.

Hence (3.35)) becomes,

1 . . . .
F=—E-+ 7,2\/ﬁH = [Re—ukz + Keukz] & — iy [_Re—ukz + Kenkz] g (336)
n

\/_
Extracting the bi-real and bi-imaginary parts of the solutions (3.36)) yields the

electric and magnetic fields components

E = /7 [Rie™™ 4+ K€% & + /7 [~ Roe % + Kye™™] g (3.37)

H = L [RZinlkz + K2€i1kz} B i [_Rlefhkz + Kleilkz] g (338)

v v
where Ry, Ry, Ki,& K5 are arbitrary complex constants and (3.37) and (3.38])

are the solution of Maxwell’s equations ([2.22/{2.23)).

3.6 Conclusion

In this chapter, we derived bicomplex Sumudu transform with convergence con-
ditions and some of its basic properties which are useful in finding the solution

of differential equations involving bicomplex-valued functions.
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Stieltjes and Laplace-Stieltjes Transforms in

Bicomplex Space and Applications

The main findings of this chapter have been published as:

1. Agarwal R., Goswami M.P. and Agarwal R.P. (2014), Bicomplex version of
Stieltjes transform and applications, Dynamics of Continuous, Discrete and

Impulsive Systems Series B: Applications € Algorithms, 21(4-5), 229-246.

2. Agarwal R., Goswami M.P. and Agarwal R.P. (2015), Tauberian theo-
rem and applications of bicomplex Laplace-Stieltjes transform, Dynamics
of Continuous, Discrete and Impulsive Systems, Series B: Applications &

Algorithms, 22, 141-153.
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4. STIELTJES AND LAPLACE-STIELTJES TRANSFORMS IN
BICOMPLEX SPACE AND APPLICATIONS

In this chapter, motivated by work of Galue et al. [51] we investigate bicomplex
Stieltjes transform which is generalization of complex Stieltjes transform and
also, investigate bicomplex Laplace-Stieltjes transform which is generalization of
complex Laplace-Stieltjes transform and its Tauberian theorem. Both transforms
are powerful mathematical tool applied in the theory of moments, probability
distribution theory, tail probability, Dirichlet series, orthogonal polynomial, signal

processing and mathematical physics.

4.1 Introduction

The Stieltjes transform introduced by Stieltjes (1856-1894) in his studies on con-
tinued fractions. In 1938, Widder [147] discussed the Stieltjes transform and
its inverse with convergence conditions and relate to probability moments. In
1985, Sinha [136] developed two new characterization of the Stieltjes transform
for distribution and proved standard theorem as analyticity, uniqueness and in-
vertibility of the Stieltjes transform. In 1987, Pathak and Debnath [113] discussed
recent developments on the Stieltjes transform of generalized functions. In 1989,
Tekale [141] discussed generalized Stieltjes transform and its inversion in Banach
space-valued distributions. In 1995, Srivastava and Tuan [I38] proved a new con-
volution theorem of the Stieltjes transform and solving a certain class of singular
integral equations by using convolution theorem.

In 2003, Geronimo and Hill [54] discussed the necessary and sufficient condi-
tion that point-wise limit of a sequence of Stieltjes transforms of real Borel prob-

ability measures is a Stieltjes transform of a Borel probability measure. Also,

72



4.1 Introduction

applications in mathematical physics are studied. In 2005, Schwarz [I31] for-
mulated generalized Stieltjes transform for all p > 0, which is iterated Laplace
transform and therefore, its inverse can be expressed in the form of iterated in-
verse Laplace transform. In 2009, Choi [30] discussed the inversion formula for
the Stieltjes transform of spectral distribution. In 2014, Yakubivich and Mar-
tins [I53] established relationship between iterated Stieltjes transform to iterated
Hilbert transform on the half axis and proved corresponding convolution and

Titchmarsh’s theorem.

4.1.1 Complex Stieltjes Transform

Definition 4.1. A real-valued function F'(t) of real variable ¢ which satisfies the
following three conditions:

(i) non-decreasing,

(ii) right-continuous,

(iii) limyee F(t) = 1, limy_,_oo FI(£) =0

is called a probability distribution function.
Note. If F(t) be probability distribution function of probability density function

f(t). Then F(t) = ffoo f(z)dx, V't € R. Support of f written supp(f) is the set

of points where f is non-zero, i.e.

supp(f) = {x € X | f(z) # 0}.
Definition 4.2 (Yyh-Shin Huang [67]). Let F'(¢) be a probability distribution
function for ¢ € R. Its Stieltjes transform Sg(s) is defined as

Si(s) = / dE) (4.1)

Y
ot — S

where s = x + i1y € C}, Sp(s) is exist and convergent for Im(s) =y > 0 and C}

is the complex plane.
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Since

'/Z iF—(i) = /OO ldF(t) o,

the existence of the integral is trivial.

We require the following complex inversion formula for Stieltjes transform to

define its bicomplex form.

Theorem 4.1 (Choi [30]). For any Ay < Ay

A2

FOw) = FOu) = Tim~ | Im(Sp(x + iry))da, (4.2)

y—0 7T A

where Ay and Xy are continuity points of distribution function F.

On the other hand , the Laplace-Stieltjes transform is similar to Laplace transform
which named for Pierre-Simon Laplace and Thomas Joannes Stieltjes, it is the

Laplace transform of Stieltjes measure, which is defined as
F(s) = / e da(t), s=z+iyeCy (4.3)
0

where a(t) is function of bounded variation on any interval [0, X], (0 < X < o).

In 1960, Saltz [128] discussed the inversion theorem for Laplace-Stieltjes trans-
form. In 1966, Ditzian and Jakimouvski [36] proved a general inversion theorem for
Laplace-Stieltjes transform which improved the result obtained by Saltz [128]. In
1990, Batty [14] discussed the Tauberian theorem for Laplace-Stieltjes transform,
power series and Dirichlet series. In 1994, Lin extended the uniqueness theorem
for the moment generating function and for the Laplace-Stieltjes transform.

In 2007, Nakagawa [110] discussed that if the abscissa of convergence of the

Laplace-Stieltjes transform is negative finite and the real point on the axis of
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4.2 Bicomplex Stieltjes Transform

convergence is a pole of the Laplace-Stieltjes transform, then the tail probabil-
ity decays exponentially. In 2012, Xu et al. [152] discussed the convergence
of Laplace-Stieltjes transform which represents the proximate order and type
function for analytic functions of finite order and investigated growthn of such
functions. In [I58], Ziolkowski discussed methods connected with applications of
Laplace-Stieltjes transform and generating functions.

In 2013, Xu and Xuan [I51] discussed the growth and value distribution of
Laplace-Stieltjes transformations with infinite order in the right half-plane. In
[51], Galue et al. established two theorems on Laplace-Stieltjes transform and
applications of these theorems to evaluate some integrals. In 2014, Kong and
Yang [87] investigated a type function of Laplace-Stieltjes transforms convergent

in the complex plane, which extends some results of Dirichlet series.

4.2 Bicomplex Stieltjes Transform

In the following theorem we find the bicomplex Stieltjes transform with the help
of bicomplex Laplace transform already discussed in the chapter 2.

Theorem 4.2. Let f(t) be any bicomplez-valued function of real variable t > 0
and F(§), & € Cy be bicomplex Laplace transform of f(t). Then the Stieltjes
transform of f(t) is

1
E+1t

provided that the integral is absolutely convergent.

S5(6) = L{L{f (1))} = / T, (4.4)

Proof. The bicomplex Laplace transform (see, section 2.2) is given by

F&)=L{f(t)} = /000 e S f(t)dt, where & = s1e; + syep € D C Cq
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*. Bicomplex Stieltjes transform

S5(6) = L{L{f (1))} = / e / e F(O)dtdp; p = pres + paes € C

{where p; and ps varies from 0 to oo}

/ / ~E0P (1) dt dp

/ / 81e1+5262+t)(1?1e1+p262)f( )dt d(P1€1 + p262)

(L[ ([ o)
I
[

dt) er + (/O $2+tf( )dt)

o

ft)dt =

3161 + 8262) +1 0 f + tf( ) (45)

]

Remark 4.1. The integral is analytic in Cy\supp(f), where

supp(f) = {€ : € = s1e1 + s2e9; Im(P; : §) = 0 and Im(P, : §) = 0}, where
Im(P; : §) = Im(sy) and Im(P, : §) = Im(sz). For convenience and particular
applications in probability theory, the bicomplex Stieltjes transform of a proba-
bility distribution is defined on the upper bicomplex space excluding support of
f(t) and is integrated over (—oo, c0) i.e. Im(s;) > 0 and Im(sy) > 0.

Let F(t) be probability distribution function defined on (—oo, o) for ¢t € R.

Its Stieltjes transform Sp(sp) is defined as

Sr(s1) = /OO 4F () :

—oot_sl

where s; = 7 + 11y1 € C1, Sp(s1) exists and is convergent and analytic for

Im(s;) = y; > 0 and take another Stieltjes transform for sy € C such that

Sr(s2) = /_OO 0 )

oot—SQ
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4.2 Bicomplex Stieltjes Transform

where sy = x5 + i1y2 € C1, Sp(s2) exists and is convergent and analytic for
Im(sg) = yo > 0. Now we have linear combination of Sg(s;) and Sg(sy) with e;

and ey such as:

&@M+&@m:/

—00

< JdF(t) wwm@:/w dF(t)

o b — (5161 + S2€2)

Il
|\
3
&‘ ~~
\z
= o
Il
2
~

Sp(€) exist for Im(s;) > 0 and Im(se) > 0 that is, Im(P; : §) > 0 and Im(P, :
£) > 0.

Since Sp(s1) and Sp(sy) are complex valued functions which are convergent
and analytic for Im(s;) > 0 and Im(sy) > 0 respectively, so a bicomplex valued

function Sg(£)=Sr(s1)e; + Sp(s2)es will be convergent and analytic in the region

D defined as:

D ={¢: &= s1e1 + s9eq; Im(P; : &) > 0 and Im(P; : §) > 0}. (4.6)

* Im(sy) =y > 0 and Im(sg) = yo > 0, then

2 2
:“;w?+<%;”)h+<”;m)@+(“;xﬁh@

Now there are three possible cases:

: . . 1+12 . 14210
= (z1+tyr)er + (x2 +i1y2)es = (1 + i131) ( - 2) + (22 + i1y2) ( - 2)

1. Ifylzychen%:Oand%:y1:y2>0. Hence if £ = ag + aqi1 +

aoly + asiils, then a; > 0 and ay, = 0.

2. If y; > yo then 5% < 0 and yl;” > Ozyl > #2% Thus a; > —ag and ay < 0.
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3. If y1 < yo then 5% > 0 and ylng > 04;/2 > 220 Thus a; > ap and ap > 0.
From these three conditions following three sets can be defined:

D, = {§ = qg + a1t + asis + asiiis : a3 >0 and ag = 0}

Dy, = {f = ag + a1t + agls + astyts : a; > —as and as < O}

D3 = {£ = ap + a4y + agiz + aziyis : a3 > ag and ag > 0}, respectively.
Thus, Im(P; : &) > 0 and Im(P, : ) > 0 implies £ € D = D; U Dy U Ds.
Conditions in the set Dy, Dy and D3 can be combined and written as a; > |as|
and D defined as:

D = {5 = Qo + alil + a2i2 + agilig € CQ rap > |a2]}
={¢§ € Gy : Im;, (§) > |Im,, (§)[} (4.7)
where Im;, () and Im;, (£) denote the imaginary part of a bicomplex number w.r.t.
11 and 49, respectively.

Conversely, the existence condition of bicomplex Stieltjes transform F'(§) can

be obtained in the following way:
If é = ag + a1t1 + agly + astyig € Q, a; > |CL2|. (48)
Now, in terms of idempotent components, £ can be expressed as

f = ag + alil + agig + agiliQ
= [(CLO —+ CL3> -+ il(al — 0/2)] €1 + [(CLQ — ag) -+ il(al -+ CLQ)] €9

= 811 + S969.

Depending on the value of as, there arises three cases:
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4.2 Bicomplex Stieltjes Transform

1. When as = 0, from the inequality (4.8)) a; > 0 which trivially leads a1 —ay >

0 and a; + as > 0.

2. When ay > 0, from the inequality (4.8) a; — ay > 0. This result can be

interpreted as a; + as > a3 — as > 0.

3. When ay < 0, from the inequality (4.8)) a; + az > 0. This result can be

interpreted as a; — as > a; + as > 0.

Hence the result.
As a consequence of the Theorem[4.2)and above discussion, bicomplex Stieltjes
transform can be defined as

Definition 4.3. Let F'(t) be probability distribution function defined on (—o0, o)

for t € R. Its bicomplex Stieltjes transform is defined as

Sp(f):/oo CiFT(?, e D cC(Cs. (4.9)
It is well-defined in D and defined as
D = Cy\supp(F) = {¢ € Cy : Im;, (€) > [Imy, (§)]} (4.10)
where supp(F') = {£ : £ = s1e1 + s2e2; Im(s1) = 0 and Im(s,) = 0}.
In terms of expected value, the bicomplex-valued Stieltjes transform can be

expressed as

_ oy [T )R
-2/
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t"d P (t =, E[t"
- _Z/ §n+1 _; erl]
Z §n+1 (4.11)

[where E represent the expected value.]

If instead of probability distribution of real variable, we consider the probability
distribution of complex variable, the Stieltjes transform for such distribution can
be defined as

Definition 4.4. Let F(z) be probability distribution function of complex vari-

able. Then bicomplex Stieltjes transform is given by

Sr(§) z/SiF_(? ¢ €0 (4.12)

where S is the support of F(z).

The Stieltjes transform inversion formula for bicomplex function is given in
the following theorem:

Theorem 4.3. For any A\ < A

1 [
F(/\Q) — F()\l) = lim —//\ ]mzl(SF(f))d(Re(g)), 5 = 5161 + S9e9 € (Y

y1,Y2—0 T
(4.13)
where A1 and \y are continuity points of distribution function F, Im;, (§) denotes
imaginary part bicomplex number & w.r.t. iy component and s; = x1 4+ i1y1, S2 =
To + 11ye with Im(Py : &) > 0, Im(Py : §) > 0.

Proof. We have by definition,
i L[ i (506 dRe(e)
— lim * / " Imj, (Sp(sie1 + s2e2)) d (Re(sier + sze2))
— (hm 1 /AQ Im;, (Sp(sl))d(Re(sl))> e + (lim 1/:2 Im;, (SF(SQ))d(Re(SQ))) €2

y2~>0 T
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1 )\2 1 )\2
= (hm —/ Imil (SF(l'l -+ ’llyl)) d$1> e+ (hm —/ IH’LL'1 (SF(£C2 + 21y2)> d%g) ()]
A1 A1

= (F(X2) — F(\))er + (F(X2) — F(M\)) ea  [by Theorem
= F(A) = F ().

4.3 Some Basic Operational Properties of Stielt-

jes Transform

In this section we derive some basic operational properties of bicomplex Stieltjes
transform.

Theorem 4.4. Let S;(§) be bicomplex Stieltjes transform of bounded variation
function f(t), then Sp(f(t+a)) = Sf(€ + a); where a is constant and & = syeq +
Soeq € Cy\supp(f).

P’I”OOf. We have, by definition
o0 £(¢ 00 f(t
/ ( a / ( a) dt

00 f 81€1+82€2)
> f(t t

_ f( +a / f(t+a) fltta), .
—c0 t—31 — 52

Putt+a=2 = dt =dx

= S¢(s1+a)es + Sy(se +a)es = Sy((s1€1 + s2e2) + a)
= S¢(§+a).

]

Theorem 4.5. Let S¢(§) be bicomplex Stieltjes transform of bounded variation
function f(t), then S;(f(at)) = S¢(a&); where a > 0 is constant and & = s1e; +
s2€2 € Co\supp(f).
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Proof. We have, by definition

(" flat) [ f(at)
S¢(f(at)) = t—ﬁdt_/oot— (8161+8262)dt
f(at) dt 1 > f(at) dt ey
oo U — 81 —oo U= 82
Putat=o=dt =%
> f@)
/ x—asl 1+/_ :L‘—(ngdx 2

= Sy(asi)er + Sy(asz)es =
= S¢(af).

Sf(CL(Sl@l + 8262))

O

Theorem 4.6. Let S¢(&) be bicomplex Stieltjes transform of bounded variation
function f(t), then S;(tf(t)) = &Sp(&) + [T f(t)dt; where a is constant and
€ = s1e1+ saeq € Co\supp(f). Provided the integral on the right hand side exists.

Proof. We have, by definition

o[ [0
N /Z tti(?l A /Z tt]i(?rz dt e
:/Za—?j:ﬁwﬂq+/iu—?j:ﬁmﬁ@
_ Zf(t)dt61+31 - f(; dt 1+/ £ dt62+32/ztf_(22dte
(sleﬁSQez)/m — Slf;itl — dt+/oo FO)dE (1 + e)
¢ / dt+ / £(t)
— 556 + / R

82
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4.4 Convolution Theorem

Theorem 4.7. Let S¢(§) be bicomplex Stieltjes transform of bounded variation
function f(t), then St (%) = a%g(Sf(ﬁ) — S¢(a)); where a is constant and
& = s1e1 + saeg € Co\supp(f).

Proof. We have, by definition

o1 <tf£t>a) B /Z %Cﬁ N /Z (t—a)(t —fgl)el o)
= /oo 1) dt e; + /°° /) dt ey

oo (t—a)(t — 1) oo (t—a)(t — s9)

1 1
t— s Ct— a) f(t)dt) “

(
tama (L () o)
1

(Sy(s1) = Sy(a)) er + (S5(s2) — S¢(a)) ez

a— 81 a — So

(Sp(s1e1 + s2e9) — Sy(a))

a — (8161 + 8262)
1

= £ (59~ Sy(a).

4.4 Convolution Theorem

Motivated by the work on convolution theorem of Stieltjes transform and its
applications by Srivastva and Tuan [I38] and also work of Sinha [136], we derive

the convolution theorem for bicomplex Stieltjes transform in this section.

Theorem 4.8. Let Sf(§) and S,(§) are the bicomplex Stieltjes transforms of
bounded variation functions f(t) and g(t) with domains Co\supp(f) and Cy\supp(g)
respectively, then f * g is Stieltjes transformable in ), where Q = Cy\supp(f) N

Co\supp(f) and for every £ € Q

S(p) (&) = Sp(£)S,(8). (4.14)
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Proof. Since we know that the convolution of two function of bounded variation

on the interval (—oo, 00) is

> g(u > flu
w0 = e =10 [ S aurgw [0 s
oUW —1 o U —1
Under the hypothesis of the theorem, (f * ¢)(t) is Stieltjes transformable.

Next, by using the definition of bicomplex Stieltjes transform and (4.15]), we

have

S(ss9)(€) = / Z _(ft*_g )g(t) dt

_ m&[/oowdu}dtjt/jo 9() [ N f(u)du} dt  (4.16)

teo t—€ u—t ol =& | J_ou—t

—0o0

We now change the order of integration in the second integral on the right-hand

side of (4.16)),we have
Sgeat€) = [~ O [ S| [ s | [ =By o

or, similarly,

sueat€)= [ 10| [ =t e+ [0 || o=t

- [0 Uig@t{tif‘uiﬁ}dl‘] “

Simplifying this last double integral, we have

[T A0, [

B —oot_é —oco U —

= 57(£)54(6)-

S(f*g) (3]

U
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4.5 Applications of Bicomplex Stieltjes Trans-

form

The bicomplex Stieltjes transform is highly applicable in theory of moments, prob-
ability distribution theory, orthogonal polynomial, signal processing and math-
ematical physics. In this section discuss the applications of bicomplex Stieltjes
transform to check the symmetry of probability distribution function and finding

the solution of singular integral equation of bicomplex functions.

Definition 4.5. A probability distribution function F' is symmetric if F(t) =
1—-F(t7), VteR. Where F(t7) = limy, o+ F(t —h) and F(t) =1— F(t7) is
called the conjugate distribution of F'(t).

Theorem 4.9 (Huang Yyh-Shin [67]). A probability distribution function F' is
symmetric if and only if Sp(z) = —Sp(—2), ¥V z € C1\R.

(a) To check the symmetry of probability distribution function F' we may use

bicomplex Stieltjes transform as described in the following theorem:

Theorem 4.10. A probability distribution function F is symmetric if and only

if Sp(€) = —Sp(—€), ¥ € € Co\supp(F). Where supp(F) = {€ : € = sie1 +
Sae9; Im(sy) = 0 and Im(sy) = 0}.

Proof. Suppose that F'is symmetric, i.e. F(t) =1— F(—t").

see)= [ Tk

_ /OO ! d(1 — F(—t7))

00 t— <81€1 + 8262)

([ ) ([ o)

= —SF(—81)€1 - SF(—82)€2
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= —Sp(—s1e1 — s2€2)  {"." Sk(s1e1 + s2e2) = Sk(s1)er = Sp(s1)er}
= —Sp(=£).
Suppose that Sp(§) = —Sp(—&). From the bicomplex inversion formula, if ¢ is a
continuity point of F', then
: I
F(O) =t [ Ty (Se(©)d(Re).
y1L,y2—=0+t T o
We then put the discussion into two parts.
(i) Assume that both ¢ and —t are continuity points of F'. Then
: 1 [
PO =t - [ g (Se(©)d(Re(e)

y1,92—=0" T J_ o

1 t
~ Jim L / Ty, (S (s161 + $2¢2))d(Re(s161 + 5262))

y1,y2—0"T T J_ o

- ( lim l/t Imi1<SF(51>)d(Re(51))) €1

y1—0+ T — oo

+ ( lim + / t Imil(SF(SQ))d(Re(SQ))) e

yo—0t T oo

1 t
= ( lim —/ Imy, (Sp(z4 —i—ilyl))dxl) e

y1—0+ T oo

1 t
+ ( lim —/ Im“(SF(xg —f—Zlyg))dZL'Q) €9

yo—0t T oo
=(1—-F(-t))es+ (1 —F(—t))ea [by Theorem 4.9
=1— F(-t).
(ii) Assume that ¢ is any real number. Since F' is monotonic, the set of discon-
tinuities of F' is countable. Moreover, I’ is right continuous and the continuity

points of F' are dense. Hence, we can find a sequence t,, — t from the right hand

side with both {¢,} and {—t,} are continuity points of F. Then

F(t) = lim F(t,)

_ nlggo(l — F(—t,)) {by (i)}
=1- lim F(~t,)
=1-F(-t).
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By (i) and (ii), F' is symmetric. The proof is complete. O

(b) Here we find the solution by using convolution theorem of bicomplex Stieltjes

transform of the following Cauchy’s singular integral equation:

ft) + )\/_OO %du = g(t) (A #£0), (4.18)

where ¢(t) is known and f(t) is an unknown function to be determined. If f(¢) is
complex-valued function then solution of can be seen in Chakrabart: and
Martha |25, p. 25]. In case, f(t) is bicomplex-valued function, we find solution
of by using convolution theorem of bicomplex Stieltjes transform.

Then, in view of the well-known integral (Erdelyi et al. [43, p. 251]):

/ ‘ 5du =i, a>0; £ € D as defined in (4.10 (4.19)

u —

—00

Multiplying (4.18) by i17e¢ on both side and putting A = =2, we have

f(t)/ e tdu+ei1at/ %u)tdu:ilﬂehatg(t)

0o U —

or, equivalently,
f(t) x et =g e ™ g(t) (4.20)

Applying the convolution theorem of bicomplex Stieltjes transform on (4.20)), we

have
00 eilat - ot
S{F@) - &) /_ gt = i S{E (1) €) (4.21)
By using , we have
S{f(t) - €} = eTeS5{eg(t) : £} (4.22)
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S{f(t): s1e1 4 S99} = e nalsrerts2ea) grohaty(ty g0 4 5000}

S{f(t) : siter + S{f(t): sates = (71 S{e"g(t) : 51}) €1

+ (e725{e" ¥ g(t) : s2}) €2 (4.23)

Taking the classical inversion Stieltjes transform ( Widder [149]) of (4.23) on both

sides , we have

ft) =

( im —— (eua(ftﬂlel)S{euatg(t) 4 1'161} N ezm(ftleﬂ)s{ezlatg(t) C 4 i1€1})> el

e1—0t 27Ti1
(i, g (DS (0t e} — IS (0) st~ ies)) )
s () =

. i1a(—t+(e14e€2)ii—(e1—e2)2) i1at . L — _ 2
el,iriloJr 27T’i1 (e s {e g(t> ' ( bt (61 * 62)21 (61 62) 2 }

- et g feig(n): (- (o + )i+ e - @) 2] )
(4.24)

equation (4.24)) is the solution of the singular integral equation (4.18]).

(c) Here we discuss the application of bicomplex Stieltjes transform in spectral
analysis of large dimensional random matrices, Bai et al. [9] as follows:

Similar to bicomplex Fourier transform in classical probability theory and
signal processing which allows to perform simpler analysis in the bicomplexified
frequency domain than the time domain, the bicomplex Stieltjes transform often

used for spectral analysis of large dimensional random matrices.
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For X € ON*N matrix, (see, for details, Couillet and Debbah [32]) with real
eigenvalues \i, Ao, ..., \y and eigenvalue distribution FX, we use Stieltjes trans-

form for s € C7 \ {1, A2, ..., An }s

AFX(t) 1 1 1 )
S = [ oy = N gy = W e

If X € C3*Y matrix with bicomplex entries, (Alpay et al. [4]) with real eigen-
values Ai, Ao, ..., Ay and eigenvalue distribution F'X, we use bicomplex Stieltjes

transform for £ € Cy \ {\1, A, ..., AN},

LAY 1= 11 .
SFX(@—/S - —N;Ak_g—ﬁtT(X—UN) ~

In case, if X € Cév *N have complex eigenvalues A1, Ao, ..., Ay and eigenvalue

distribution F¥, we use bicomplex Stieltjes transform for & € Cy\ {1, Ao, ..., An },

C[dFX(z) 1T 11 o
SFX@)_/S o —N;)\k_é_ﬁtr(X—élN)

where S is the support of the distribution FX.

CYN is known,

If the bicomplex Stieltjes transform of random matrix X €
then its eigenvalue distribution can be obtained, which is often more difficult to
obtain in the spectral domain than in the domain of bicomplex Stieltjes transform

of FX.

Let the wireless Single Input Multiple Output (SIMO) system is given by

y=+"T7Hzr+n (4.25)

where H € C5*T, x ¢ RT, y € CF, n € CF, and 7 are the channel matrix,
channel input, channel output, additive white Gaussian noise, and the signal-to-

noise ratio respectively. Moreover, entries of the channel H € C5*T represent
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the fading coefficient between each transmission path from a transmit antenna to
receive antenna. For the spectral analysis of random matrix H € CfXT, we use
the bicomplex Stieltjes transform.

The bicomplex Stieltjes transform is advantageous than Stieltjes transform
in complex form because in bicomplex Stieltjes transform the frequency domain
is of large class than Stieltjes transform in complex form. So it gives simpler
analysis than Stieltjes transform in complex form. It is also advantageous than
quaternionic Stieltjes transform, (Miller and Cakmak [109] and Cakmak [22])
due to commutativity property for multiplication of two bicomplex numbers.
The quaternions are inconvenient to deal with since multiplication of quaternions
does not commute, in general.

For this we give an illustration of bicomplex Stiletjes transform as follows:

Ezample 4.1. Let H be semicircle element, ( Wigner [150]) then find the bicomplex
limiting spectrum of H i.e. Spu ().

Solution. Since,

® dFy(t = C,
/ ¢ f(g) - Z gantl (4.26)
- n=0

Since odd moments of a even distribution vanishes and C,, is n'* catalan number,

(Nica and Speicher [I11]) we have

Spn (5) =

1

§

I 1 ™ Cnt Cop
Z o Ez Z €2m+11 £2(n—m)+1
11

£ ¢
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1 1<C,_
=—E—EZ§QT;SFH<£>
m=1

_ 1 1o
=% SSFH<€)
S2.0(€) + ESp(€) +1=0
_ 2 _
- Spa(€) = 5iv25 1 (4.27)

(Note: Since & € D defined in (4.6)) and (4.10]) and by definition limj¢| 00 £Sp(E) =
—1. Therefore + sign has to be chosen in + of (4.27))

_ 2
- Spn(€) = “V; iy

4.6 Bicomplex Laplace-Stieltjes Transform
Let X be a non-negative random variable with distribution function F'(¢) defined
on [0, 00) with F(0) = 0. Its Laplace-Stieltjes transform defined as

(LsF)(Sl) = /(;oo €7sltdF(t>, s € O

is absolutely convergent and analytic for Re(s;) > K, where K is the exponential

order of F(t). Take another Laplace-Stieltjes transform for so € C} such that

(LsF)(s2) = /000 e 2 dE(t), sy € C

is absolutely convergent and analytic for Re(sg) > K. The linear combination of

(LsF)(s1) and (LgF')(s2) with e; and ey is
(LsF)(s1)er + (LsF)(s2)eq = / e dF (t)e, +/ e 2 dE (t)ey
0 0
— / 67(81€1+S262)tdF<t)
0

— /0 h e dF(t) = (LsF)(&).
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(LsF)(§) exists for Re(s;) > K and Re(sy) > K or Re(P; : &) > K and
Re(P, : &) > K.

Since (LgF')(s1) and (LgF')(s2) are complex-valued functions which are abso-
lutely convergent and analytic for Re(s;) > K and Re(ss) > K respectively, so
bicomplex-valued function (LgF)(&) = (LsF)(s1)er + (LsF)(s2)es will be abso-

lutely convergent and analytic in the region D defined as:

D ={£: & =s161+ s9eg; Re(Py :€) > K and Re(Py : &) > K}. (4.28)

Let sy = 1 +41y; and sg = 9 +i1y2. Thus Re(sy) = 21 > K and Re(sy) = 25 >

K, then

. ) . 1+ 212 . 1+ 92
€= (z1+tyr)er + (x2 +i1y2)es = (1 + 1131) ( 21 2) + (2 + i1y2) ( 21 2)

_ ZUHQ-@ n (yl_g?h)il—f- (y2;yl)i2+ (551 ;ZU2> i1is

Now there are three possible cases:

1. If 2y = x5 then 8522 = 0 and 2522 = 21 = x5 > K. Hence if £ = ag + a17, +

asio + asiyis, then ag > K and az = 0.

2. If x;1 > x5 then LZW > (0 and “””1;”2 > K?l > Kgxl + K;m — K 4 mi=12

Thus ap > K + a3 and ag > 0.

3. If #; < xp then #5*2 < 0 and ”“"2““2 > K;” > K;“ + K;” = K — £a2%1,

Thus ag > K — a3 and a3 < 0.
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These three conditions will make following three sets:

Dy = {& = ag + a11y + agis + agiyis : ap > K and a3 = 0}
Dy = {£ = ao + a1ty + agis + asiriz : ag > K + as and ag > 0}

D3 = {£ = ag + ayiy + agis + agiyis : ag > K — az and ag < 0}, respectively.

Thus, Re(Py : €) > 0and Re(Pz : §) > 0implies £ € D = D;UD,UDj3. Conditions
in the set Dy, Dy and D3 can be combined and written as ag > K + |as|. Thus

(4.28) can also be written in an equivalent form as

D= {f = ag + a1?1 + Qolo + asiyiy € CQ tag > K+ ‘ag‘}

where Im; () denotes the imaginary part of a bicomplex number w.r.t. j.
Conversely, the existence condition of bicomplex Laplace-Stieltjes transform

F (&) can be obtained in the following way:
If f = ag + a1t1 + a9l + aziyiio € Q, ap > K + |CL3|. (430)
Now, in terms of idempotent components, £ can be expressed as

5 =ag+ Cllil + a2i2 + agilig
= [(ao + as) +i1(a1 — ag)] e1 + [(ao — as) +i1(a1 + az)] es

= S1€1 t+ Sa€a.

Depending on the value of as, there arises three cases:
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1. When a3 = 0, from the inequality (4.30) ap > K, which trivially leads

ap — a3z > K and ag + az > K.

2. When a3 > 0, from the inequality (4.30) ag > K + a3, we get ag — ag > K.

This result can be interpreted as ag + az > a9 — a3 > K.

3. When a3 < 0, from the inequality (4.30) ag > K — a3, we get ap + az > K.

This result can be interpreted as ag — az > ag + a3 > K.

Hence the result.

Thus, the bicomplex Laplace-Stieltjes transform can be defined as

Definition 4.6. Let X be a non-negative random variable with distribution
function F(t) defined on [0,00) with F(0) = 0. Its bicomplex Laplace-Stieltjes

transform defined as
(LsF) (&) = / e_gtdF(t), ceDC(Cy (4.31)
0

Or in general, if & : R — Cy is bounded variation function on [0,00). Then

bicomplex Laplace-Stieltjes transform defined as

(Lsa)(§) = / e tda(t), ceDcC(Cy (4.32)
0
are absolutely convergent and analytic in D is defined as
D ={¢ e Cy:Re(§) > K+ |Im;(&)[} (4.33)

where K is exponential order of F'(t) and Im;({) denotes the imaginary part of a

bicomplex number w.r.t. j.
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4.7 Some Useful Properties of Bicomplex Laplace-

Stieltjes Transform

Motivated by work of Lin [94], Ziolkowski [I58] and Debnath and Bhatta [34] we
are deriving some useful properties of Bicomplex Laplace-Stieltjes transform.

Theorem 4.11 (Linearity Property). Let probability distribution functions F(t)
and G(t) have bicomplex Laplace-Stieltjes transforms (LsF')(§) and (LsG)(§) with
Re(Py : &) > Ky, Re(Py, : §) > Ky and Re(Py : &) > K, Re(Py : §) > Ko,
respectively. Then for Re(Py : §) > K, Re(Py: §) > K, where K = max(Ky, K»)

Ls{erF(t) + 2G(1)} = er(LsF)(§) + c2(LsG)(€) (4.34)
for arbitrary constants cq, cs.

Proof. Applying the definition of bicomplex Laplace-Stieltjes transform,
Ls{c1F(t) + coG(t)} = / e ¥ d (c1 F(t) + G (1))
0

= / e~(rerts2et (o AR (1) + c,dG (), [where £ = sie1 + sqe5)]
0

=c (/OOO e‘sltdF(t)) e1 + (/OOO e_SQtdF(t)) ez + ¢ (/OOO e_s”“"dF(t)> el
+ ¢ (/Ooo ethdF(t)) es

C1 (LSF) (81)61 + C1 (LSF)(SQ)GQ + CQ(LSG)(Sl)el + Cz(LsG) (82)62
Cl(LsF) (5161 + 8262) + CQ(LSG) (8161 + 8262)
c1(LsF)(§) + ca(LsG)(E)-

]

Theorem 4.12 (Change of Scale Property). Let LgF (&) be the bicomplex Laplace-
Stieltjes transform of probability distribution function F(t) for Re(P, : &) >
K, Re(Py : &) > K, then for a >0

Ls{Flat)} = %(LSF) (2) | (4.35)
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Proof. Applying the definition of bicomplex Laplace-Stieltjes transform,

Ls{F(at)} = /OOO e St dF (at)

dF (u)

put at = u then dF'(at) =

1 [e.e]
= —/ e‘gudF(u)
0

a

_ %(LSF) (%) |

Theorem 4.13. Let X, X5, -+, X, denote the sequence of independent non-
negative random variables and (LsFy)(§), (LsEs)(§), -+, (LsF,)(&) denote the
sequence of bicomplex Laplace-Stieltjes transform of these random wvariables re-
spectively. Also, let X = X5 + Xy + ---+ X, be the sum of random variables
X1, Xo, -, Xy Let (LsF)(&) denote the bicomplex Laplace-Stieltjes transform

of random variable X. Then

]

n

(LsF) (&) = [[(LsF:)(©), &€ D as defined in ({.53).

i=1
Proof. Applying the definition of bicomplex Laplace-Stieltjes transform, F(X)

being expected value of X
(LsF)(§) = / e *'dF(t) = E (e%Y)
0

o (LsF) (&) =FE (e_gx) =F (652?:1 Xi) - E (ﬁ G—EXZ)

by mean value property of independent random variables product, we have

n n

(LsF)() = ] E (e7) = [[(LsF)(©).

i=1 i=1

O

Theorem 4.14. Let X be a non-negative random variable and F(t) and (LgF)(§)

are distribution function and bicomplex Laplace-Stieltjes transform of random
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variable X respectively. Then
(LsF)(€) = / e AR (t) = ¢ / et F(t)dt, £eD (4.36)
0 0

where D is defined in (4.35).

Proof. Applying the definition of bicomplex Laplace-Stieltjes transform,
(LSF)(g) = / e_gtdF(t) = / 6_(sl€1+52€2)tdF<t)
0 0

= (/OOO esltdF(t)) er + (/Ooo es2tdF(t)> e
— <51 /0 h e‘sltF(t)dt) er + <52 /0 h e‘SQtF(t)dt) e

[using bi-part integration]

= (s1€1 + S2€2) /00 e~ (srertszea)t pp) gy

0
= g/oo e ' F(t)dt.
0

4.8 Tauberian Theorem for Bicomplex Laplace-

Stieltjes Transform

Tauberian Theorem used to study asymptotic behaviour of F'(t) from asymptotic
behaviour of (LgF")(&). This has found applications in communications, network-
ing, high-SNR analysis of performance over fading channels and proving prime
number theorem (Widder [148]). In this section, we have made efforts to extend
the following Ikehara’s Tauberian theorem (Ikehara [71], see also Widder [148] p.

233, Theorem 17]) for bicomplex variable.
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Theorem 4.15. Let F(t) be a non-negative and non-decreasing function defined

i 0 <t < oo, and let the integral
(LsF)(s) = / e *tdF(t), s=x+1ny ey
0

converges for Re(s) > 1. If for some constant A and some function g(y)

lim ((LSF)(S)— A )zg(y)

Re(s)—1+ s—1

uniformly in every finite interval of y, then we have

lim e "F(t) = A.

t—o00

Motivated by their work, we find the Tauberian theorem of bicomplex Laplace-

Stieltjes transform as follows:

Theorem 4.16 (Bicomplex Tauberian Theorem). Let F(t) be a probability dis-
tribution function defined in 0 <t < oo, and let the integral

Lsr)E) - [ T SAR(), €= siey + ses € G
0

converges for Re(Py : §) > 1 and Re(P;y : §) > 1. If for some constant A and some
function g(y)

lim ((LSF)(g) — i) =9(y),

Re(€)—1+, Im;(€)—0 E—1
(where y = y1e1 + yoey and A = Aje; + Ages)
uniformly in every finite interval of y, and ys, then we have
lim e "F(t) = A,
t—o00

where Im;(&) denotes the imaginary part of bicomplex number & w.r.t. j compo-

nent.
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Proof. Applying the definition of bicomplex Laplace-Stieltjes transform,

(LSF)(S) = /0 €_£tdF<t), f = S1€1 + So€o € Cg

_ /OO 6—(8181+S2€2)tdF(t)
0

= (/OOO esltdF(t)) e + </OOO eSQtdF(t)) es

= (LgF)(s1)er + (LsF)(s2)ea (4.37)
Now,
(LSF)(Sl) = /OO €_SltdF(t), S1 =21 + ilyl S 01 (438)

The integral in (4.38)) converges for Re(s;) > 1. If for some constant A; and some
function g(y)

i {(2er)e0 - 2 ) =) (439)

Re(s1)—17t s1—1

uniformly in every finite interval of y;, then we have
lim e "F(t) = A;. (4.40)

t—o00

Similarly,
(LsF)(s9) = / e 2 dF(t), Sg = x1 +11y; € C)
0

converges for Re(sy) > 1. If for some constant A, and some function

i {(2aF) (o) -

Re(s2)—17T

} = g(12) (4.41)

82—1

uniformly in every finite interval of y5, then we have

lim e " F(t) = As. (4.42)

t—o00
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Since g(y;) and g(y2) are analytic functions, therefore by taking linear combina-

tion of (4.39) and (4.41) with e; and eq respectively, we have
Ay

82—1

i fzar)en - A ber |t @) - S22 b = ate + el

Re(s1)—17F Re(s2)—17F

i Ajer + Ases
Re(ﬁ)—>1+l7nllmj(£)_>o {( S )(5161 + 5262) (Slel n 8262) — g(y1€1 + y2€2)
A
; LsE)&) =27 = 4.43
Re(E)—>1+l,I?mj(§)_>0 {( sF)(€) -1 } g(y) ( )

(where £ = s1e1 + S2€2, Yy = y1€1 + Y22 and A = Aje; + Ages)

uniformly in every finite interval of y; and ys,.
Therefore, by taking the linear combination of (4.40) and (4.42) with e; and

ey respectively, we have

(hm e_tF(t)> er + (tlggo e_tF(t)) es = Ajeg + Ases

t—o00

lim e "F(t) = A.

t—o00

4.9 Applications of Bicomplex Laplace-Stieltjes

Transform

The bicomplex Laplace-Stieltjes transform has found applications in applied physics,
moments, probability distribution theory, signal processing and other related
problem. In this section, we discuss applications of bicomplex Laplace-Stieltjes

transform to tail probability and bicomplex Dirichlet series.

Theorem 4.17 (Nakagawa [I10]). Let X be a non-negative random variable and
F(t) = P(X <t) be the probability distribution function of X. Let

(LsF)(S) = /OOO e_StdF(t), s e Cy
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be the Laplace-Stieltjes transform of F(t) and oo be the abscissa of convergence
of (LsF)(s). We assume —o0 < 0o < 0. If s = 0 is a pole of (LsF')(s), then

1
lim —log P(X >t) =
t—oo t

(a) To find the exponential decay tail probability in bicomplex space we may
use the the bicomplex Laplace-Stieltjes transform as described in the following
theorem:

Theorem 4.18. Let X be a non-negative random variable and F(t) = P(X <t)
be the bicomplex-valued probability distribution function of X fort € R. Let

(LsF)(&) = /000 e SdF(t), ¢ € D [where D defined in and (4.5

be the bicomplex Laplace-Stieltjes transform of F(t) and (LsF)(&) converges for
Re(Py : (§) > 09 and Re(Ps : (§) > 0¢. We assume —oo < 0o < 0. If £ = 0g is a
pole of (LsF)(&), then

1
lim —log P(X >t) =
t—oo T
Proof. Applying the definition of bicomplex Laplace-Stieltjes transform,
LsF)O = [ et
0
_ /oo e—(5161+82ez)tdF(t)
0
= (/ e_sltdF(t)) e + </ G_SQtdF(t)) €9
0 0
= (LSF)<81>€1 + (LSF)(S2)62

Now,
(LsF)(s1) = [, e *'dF(t) is converges for Re(s1) > 09, —00 < ¢ < 0. There-
fore by Theorem [£.17], we have

1
lim —log P(X > t) =0y (4.44)
t—oo t
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where s; = 0 be the pole of (LgF)(s1).

Similarly,

(LsF)(s2) = [,;° e *!dF(t) is converges for Re(sz) > 09, —00 < ¢ < 0. There-
fore, by Theorem we have

o1
tliglo i log P(X >t) = 09 (4.45)

where sy = g be the pole of (LgF)(ss2).
Now taking the linear combination of (4.44]) and (4.45)) with e; and e respectively,

we have

1 .1

(tliglo n log P(X > t)) er + <t11)1£10 n log P(X > t)> ey = 0pe1 + 0pes
.1

where & = 0y is a pole of (LgF)(§). Therefore, bicomplex-valued tail probability

exponentially decay in bicomplex space. O

(b) Here we discuss the relation between bicomplex Laplace-Stieltjes transform

and bicomplex Dirichlet series (Price [119, p. 61]) as follows:

The complex Dirichlet series is given by

= Z ane_A"s (446)
n=1

(s=z+iy, 0=\ <A <-+- <\, = +00, 7,y € R)

where a,,, n € N is complex-valued coefficient of Dirichlet series.

Jiarong [73] and Knopp [83] have shown in their papers that complex Dirichlet
series is a particular case of complex Laplace-Stieltjes transform. Therefore, all
the properties of Dirichlet series can be discussed by using complex Laplace-
Stieltjes transform. Some results of complex Dirichlet series are obtained by

complex Laplace-Stieltjes transform in Yinying and Daochun [154] and Kong and
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Yang [87].

In a similar way, consider bicomplex Dirichlet series given by

f€) =) ane™* (4.47)

(52214-2'222602, 0:)\1<)\2<"'<)\n%+00, 21,22601)

where a,, n € N is bicomplex-valued coefficient of bicomplex Dirichlet series.

Let us consider bicomplex Laplace-Stieltjes transform

(L5a>(§) - /OOO e_gtda(t) (g =21+ 1220 €D, 21,29 € Cl), (448)

where a: R — Cj is a function of bounded variation on any interval [0, X], (0 <

X < o00) and D defined in (4.28]) and (4.33)). If we construct

0
ty=<" 4.49
a( ) {En A, if )\n S t é )\n+1' ( )

m=1

Then, by using Theorem equation (4.48) becomes

(Lsa)(§) =¢ | e Ha(t)dt

Therefore, bicomplex Dirichlet series is a particular case of the bicomplex

Laplace-Stieltjes transform. Therefore, all the properties of bicomplex Dirichlet
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series can be discussed by bicomplex Laplace-Stieltjes transform. In particularly,
the convergence conditions of bicomplex Dirichlet series are difficult to find out.
So by using Bicomplex Laplace-Stieltjes transform we can easily find out the

convergence conditions.

4.10 Conclusion

In this chapter, we introduced the Stieltjes and Laplace-Stieltjes transforms with
Tauberian theorem in bicomplex space which are the generalization of Stieltjes
and Laplace-Stieltjes transforms from complexified frequency domain to bicom-
plexified frequency domain, respectively. The applications of bicomplex Stieltjes
transform have been illustrated to check the symmetry of probability distribution
function, find the solution of singular integral equation of bicomplex-valued func-
tion and spectral analysis of large dimensional random matrices. In quaternion-
valued Stieltjes transform to define the inversion formula is challenging in prac-
tice. This problem can be solved easily in bicomplex Stieltjes transform due to
commutative property of bicomplex numbers.

Also, the applications of bicomplex Laplace-Stieltjes transform have been il-
lustration to find the exponential decay of tail probability of the bicomplex-vauled
distribution and analysis of bicomplex Dirichlet series. Since bicomplex Dirichlet
series is a particular case of bicomplex Laplace-Stieltjes transform, properties of
the former can be discussed later. The work can further be applied to obtain
the properties of bicomplex Dirichlet series using by bicomplex Laplace-Stiletjes

transform.
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Bochner Theorem of Fourier-Stieltjes
Transform and Applications of Fourier

Transform in Bicomplex Space

The main findings of this chapter have been published as:

1. Agarwal R., Goswami M.P. and Agarwal R.P. (2016), Bochner theorem and
applications of bicomplex Fourier-Stieltjes transform, Advanced Studies in

Contemporary Mathematics, 26(2), 355-369.

2. Agarwal R., Goswami M.P., Agarwal R.P., Venkataratnam K.K. and Baleanu
D. (2017), Solution of Maxwell’s wave equations in bicomplex space, Ro-

manian Journal of Physics, 62(5-6), Article no. 115, 1-11.
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In this chapter, we derive the bicomplex Fourier-Stieltjes transform and related
Bochner theorem with convergence conditions that can be capable of transfer-
ring signals from real-valued (¢) domain to bicomplexified frequency (§) domain.
Bicomplex Fourier-Stieltjes transform is highly applicable in applied physics, mo-
ments, probability distribution theory, signal processing, image processing and
other related problems.

Applications of bicomplex Fourier transform in finding the solution of ini-
tial value heat equation in bicomplex algebra, algebraic reduction of complicated
bicomplex linear time-invariant systems and solution of Maxwell’s equations in
vacuum have been discussed. Illustrations have been given to find the solu-
tion of bicomplex heat equation and check the unboundedness condition of non-

homogeneous bicomplex-valued wave equation.

5.1 Introduction

The Fourier-Stieltjes transform is similar to Fourier transform which named for
Joseph Fourier and Thomas Joannes Stieltjes. The Fourier-Stieltjes transform is
the generalization of the standard Fourier transform and it has certain applica-
tions in the area of theoretical and applied probability and stochastic process. In
1939, Cameron and Wiener [23] discussed convergence conditions of the Fourier-
Stieltjes transform. In 1967, Rosenthal [127] discussed some theorems of bounded
measurable function defined on Lebesgue measurable subset of R with restrictions
of Fourier-Stieltjes transform. In 1977,Blei [19] proved a theorem on continuous

measures of Fourier-Stieltjes transform.
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In 1989, Assiamoua and Olubummo [7] discussed the Fourier-Stieltjes trans-
form of a Banach algebra valued measure on a compact group which is a collection
of some continuous sesquilinear mappings. In 2012, Gulhane [61] studied different
versions of inversion formula for the conventional Fourier-Stieltjes transform. In
2013, Mensah [104] studied the modern technique of tensor product to keep the
interpretation of the Fourier-Stieltjes transform of a vector measure which is a
collection of operators.

On the other hand, the classical Bochner theorem on Fourier integral trans-
form, can be seen in Bochner ([20], [21]). In Bochner theorem, Fourier-Stieltjes
transform of non-decreasing bounded functions can be easily seen to result in
continuous function of positive type. In 2013, Georgier and Morais [52] extended
the classical Bochner theorem in the framework of quaternion analysis.

We shall need the following definitions and results for our work.

Definition 5.1 (Alpay et al. [4]). Let Q@ C C5 be some set. A function f : Q — C

is said to positive definite in €2 if,

N> adflG-6)eDt, V& & L EQ (5.1)
p=1 k=1
for every choice of ¢, ¢9,- - , ¢, € Cs.

The relation between the Fourier transform and the positive definiteness of a

continuous function is given by Bochner [20] in the following theorem:

Theorem 5.1 (Bochner). A continuous function f: R — Cy is positive definite

iff it is the Fourier transform of a finite positive measure p on R, i.e.

fa) = [ edute.

o0
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The bicomplex Fourier transform defied by Banerjee et al. [11] in the following
way:

Definition 5.2. Let f(t) be a real-valued continuous function in (—oo, co) that

satisfies the following estimates

ft)] < cre ™, t>0, a>0
£l < )
1f(O)] < e,  t<0, 8>0.

The bicomplex Fourier transform defined as

Ssg = [ i =fie), cencc (53)
(5.3) exists and is analytic for all £ € €, defined as

Q :{f = ag + 11a1 + i2a9 + i1i9a3 € Cy : —00 < g, a3 < 00;
—a+laal < a1 < B— laal; 0 < Jaa| < (o + B)/2} (5.4)

5.2 Bicomplex Fourier-Stieltjes Transform

In this section, we discuss the convergence conditions and define bicomplex Fourier-
Stieltjes transform.
Let f(t) be a bicomplex-valued continuous function for —oco < ¢t < oo and

satisfies the estimates

IfO)| < cie ™,  t>0,a>0
(5.5)
If()] < e, t<0,3>0

which guarantees that f is absolutely integrable on whole real line. For bicomplex-

valued function f(t), bicomplex Fourier transform can be defined as

ﬂo:[eWﬂwa e (5.6)

oo
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together with the requirement of || f(£)]| < co. Now for & = sieq + sqeq, 51 =

x1 + 1171 and sy = x9 + 11y,

= [ el
< [l s a
0 )
i€t Bt g i€t —at g
< [t [ e e ar

0 00
_ 02/ ||€zls1te1 +61182t€2H eﬁtdt—l-cl/ Hehsltel +€1182t62H e_atdt,
0

—00

[ & = s1€1 + sq€q]

o gty
= ¢y —
Coo V2
> 1 st ]2 12 2
+cl/ 7 (‘e“slt‘ + || ) e *dt, [using (1.15)]
0

0 L c o0 )
— —2y1t —2yat\2 Bt 1 —2y1t —2yot\ 3 —at
= — e +e e dt—ir—/ e +e e *dt,
( ) \/§ 0 ( )

e =]

Co 0 Co 0 cy >
< = e VtePtdr + —/ e v2teBtar + —/ e Yite—t gt

V2 ) V2 V2

+—= | e dt
1
[ (| + [y[*)? <|z|+|yl, Vaz,y€Rie. Minkowski’s inequality]

0 0 o)
= 2 e(ﬂ—yl)tdt + 0_2/ e(ﬂ—yg)tdt + i/ e_(a+y1)tdt
vl il vl

[e.e]

+ i 6—(a+y2)tdt

V2 Jo
e ( 1 N 1 >+ 1 ( 1 N 1 )
V2 \B—y  B—uy V2 \a+y  aty)

Then, the requirement || f(£)| < oo is fulfilled only if —o < y; < B and —a <

Y2 < 3.
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Therefore, f(£) is analytic and convergent in the strip
D={¢=s1e1+ 562 €Cy: —a<Im(P,:{) < Pand —a<Im(P:¢§) <[}
(5.7)
Now, let p : R — C5 be the Stieltjes measure which satisfies the estimate ([5.5)).
Equation (5.6) can be written as

i) = / T Sdun),  ceD (5.8)

oo
where D is defined in (5.7). Then is known as bicomplex Fourier-Stieltjes
transform, which is analytic and convergent in D. For better geometrical repre-
sentation of the region of convergence of bicomplex Fourier-Stieltjes transform,
it will be advantageous to use the four dimensional representation of bicomplex

number. Let s; = x1 + 4191 and s; = x9 + i1ys, then in accordance with (5.7)),

1+ .+ Y R
€ = s161 + S99 — 1 2, zlyl Y2 4 Zzyl Y2 ¥ iyis 1 2
2 2 2 2
= ag + 1101 + 1269 + i112a3, where Qgp, a1, Q9,03 € R. (59)

There are three possibilities for the equivalent form (|5.9)
1. If y; = yo, then —a < a; < § and ay = 0.

2. If y; > vy, then we may infer —a — as < a; < f+ a and —O‘TJ’ﬁ < ag < 0.

atf

3. If y1 < yo, then we have —a+ay < a; < f—az and 0 < ay < =5=.

By combining all three cases we have

o+
—a—|—|a2|<a1<5—|a2|, O§|a2|<Tﬂ
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and hence the region of convergence D of f (€) is given by

D = {g = Qo + 2101 + 2909 +i1i2a3 - CQ T —o+ |CL2| <a < ﬁ — |CL2|,

0 <las| < (a+B)/2} (5.10)

or, equivalently

D={SEGw—a+HmJ®Mde®<ﬁ—HmM®LOiﬂmd®%<a;5}

(5.11)
where Im;, () and Im;,(€) denotes the imaginary part of a bicomplex number
w.r.t. 71 and iy, respectively. Therefore, we the above discussion can be summa-

rized in the following proposition:

Proposition 5.1. Let u(t) be bicomplez-valued Stieltjes measurable function sat-

isfying the estimates

lu@®)|| <cre™, >0, a>0

(@] < c2e™, <0, 3>0.

Then

ﬂazjma@mmm

—00

exists and analytic in the strip

D={¢=s1e1+ 865 € Cy: —a<Im(P,:£) <f and —a < Im(P:§) < f}.

Now, we define the bicomplex Fourier-Stieltjes transform as follows:

Definition 5.3. Let p(t) be bicomplex-valued Stieltjes measurable function in

(—o0,00) for t € R that satisfies the estimates

lu@®)] € cre™,  t>0,a>0 (5.12)
()] < c2e™,  t<0, 5> 0.
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Then the bicomplex Fourier-Stieltjes transform of p(t) is defined as

f(f') = /_OO et dpu(t), ¢eDc (. (5.13)

o0

The bicomplex Fourier-Stieltjes transform f(¢) exists and analytic for all £ € D,
where D defined as

D = {’5 € CQ oo+ ‘Imm(é)‘ < Imll(g) < ﬁ - |Im12(§)|7 0< ‘ImZQ(g)l < a+6}
(5.14)

where Tm;, () and Im;,(€) denotes the imaginary part of a bicomplex number

w.r.t. 7; and 19, respectively.

Definition 5.4. The class of functions f (&), & € D represented by 1) is called
the class of functions and it is denoted as B. B will be referred as the bicomplex

Bochner set.

Since bicomplex Fourier-Stieltjes transform f (€) analytic for all £ € D. It follows

that all members of 8 are analytic functions of bicomplex variable £ in D.

5.3 Properties of the Class of Bicomplex Bochner

Functions

In this section, we discuss some basic properties of the class 8 of bicomplex

Bochner functions.
Theorem 5.2. ‘B s a linear space.

Proof. Let f, § € B and a,b € Cy, then for £ € D (as defined in ([5.14)))

fo= [ " et (1)
99 | " ety (e).
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Therefore,

Wf© 03O =a [ v+ [ )

—00 — 00

_ / " S d(agu (1) + by (1)

—00

_ / - etdu(t) € B,  (where pu(t) = ap(t) + b (t)).

—00

Hence, B is a linear space. O
Theorem 5.3. Every element of B is a continuous bounded function.

Proof. Let f be any element of B, then

f@>:/femwmw, ceD

o0

where D is defined in 1} and 1) Since, f (€) is analytic in D, it is differ-

entiable and hence continuous in D. Therefore, every element of B is continuous

function. Now,

Jite] =/ - ercaoto]
< [l laaeo)

= / e er + e en| lda(t)| (& = sier + szen)
1
L[ w2, | insat|2) 2 s1)? 4 |s2)*) 2
=—5/i(kl”!+k1ﬂ)2wmam,I-Mwy+@@n=(Li7;£L

I [= 1 . ,
= —/ (G_let + 6_2y2t) >lda(t)|l, (. s1 =21+ i1y1 and 51 = 22 + i192)

1 1
< [ (erteem ) datol, (- (o + P < fal 4ol Yoy eR)

_ % (/(; e~ || da(t)]| + /OOO e |da(t)|
+/Ooo e 2| deu(t) | +/Ooo e‘y2t||da(t)ll)
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By (5.5) and using integration by parts, we have
c c c c
<Voey+ —2 oo S G

V2(8—u1) V2(a+y)  V28—1y) V2(a+)

= M(say) < oc.

Therefore, f(£) is bounded function. Hence, every element of B is a continuous

bounded function. O

5.4 Bicomplex Bochner Theorem

In this section, we discuss the Bochner Theorem of bicomplex Fourier-Stieltjes
transform, which is the generalization of the complex Bochner Theorem. Also,
this is advantageous than quaternionic Bochner’s Theorem (Georgiev and Morais
[52]) due to commutative property of bicomplex numbers.

Motivated by the work of Georgievand Morais [52], we generalize the Bochner’s
theorem in the framework of bicomplex analysis.

Theorem 5.4. A continuous function f : Cy — Cy is positive definite if it is the

Fourier transform of a finite positive measure p on Cy satisfying the estimates

, 1.€.
f6) = / ().

—00

Proof. f: Cy — Cy will be positive definite if it satisfies the Definition (5.1]).
For any &,&,--- ,&, € Cy, ¢1,¢0, -+ ,¢, € Cy and pu : R — s, straightfor-
ward computations show that

SN &G -)=> ¢ /_00 1 E=E gy, (1)

p=1 k=1 p=1 k=1

=Y Y [ e ttauty

(o.0]
p=1 k=1 o
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ehépt (eilfkt) * d,u(t)

I
3
3
B(‘J
=~
|\
g 3

3

=1
= / Z Cpei1§pt (Ckeilﬁkt)* dp(t)
= (/ (Cl)peil(sl)pt Z (c1)ren(s0rtdp, (t)) €1
+

p=1 k=1

( 2(62)p6i1(52)pt Z (Cg)keil(sz)ktdﬂg(t)) ey
0 p=1 k=1

(where § = s1e1 + s2€9, ¢ = c1e1 + caez and p(t) = pr(t)eq + pa(t)es)

P
8

n

_ ( _OO Z ‘(Cl)peil(m)ptf d,ul(t)) €1

o p:]_
co M ) 9
+ Z ‘(Cg)pe“(52)pt‘ dMQ(t) €9
=i
= aey + ey € DT,
where,
o = / Z ‘(Cl)peil(SI)pt‘2d/J/1(t) > 0
o
co 1 ) 9
5= [ 3 lteae e dpatt) 2 0.
T p=1
This proves that f is positive definite. n

5.5 Applications

In [I1], Banerjee et al. proposed to use bicomplex functions in order to define
a bicomplex Fourier transform applicable to signal processing, image processing,
solving differential equations, quantum mechanics and other related fields. In
this section, we discuss applications of bicomplex Fourier transform to solve par-

tial differential equations in bicomplex algebra and reduction of one-dimensional
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bicomplex-valued linear time-invariant systems. The details of the solution of
parabolic initial value problem in quaternion algebra by using quaternion Fourier

transform can be seen in Bahri et al. [§].

(a) Consider the parabolic initial value problem

ou  O%*u
E —_— @, (5.15)
with
u(z,0) = f(z), (5.16)

where u : R X R — C5 and f : R — ()5 are bicomplex-valued functions satisfying
the estimates defined in (5.5). To find the solution of above bicomplex heat

equation take the bicomplex Fourier transform of (5.15). We get

< Ou < 0%
11€x _ i1€x
/_Ooe Edm_/_ el1é @daz

du(&,t)
T

(e 9]

= (aé)*u(¢, 1), (5.17)

where @(,t) is the bicomplex Fourier transform of u(x,t). The general solution

of (5.17) is given by
u(é,t) = ce €, (5.18)

where ¢ is a bicomplex constant. By taking bicomlex Fourier transform of initial

condition (5.16)), we have

u(€,0) = f(§), (where f(£) is the bicomplex Fourier transform of f(z)) .
(5.19)
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Using ((5.19) in (5.18]), we have
a(¢,t) = (e (5.20)

Taking the bicomplex inverse Fourier transform of (5.20) and making use of the

following result

1 0 . 932 2
e Tdy = ¢t 5.21
24/ 7t /Oo ( )

and convolution theorem therein, we obtain

ula,t) = wlﬁ / " e S du, (5.22)

which is the solution of the heat equation (/5.15]).

(b) In [39], Ell discussed the use of the quaternion Fourier transform for quater-
nion linear time-invariant systems analysis and reduction in easy form of com-
plicated two-dimensional quaternion systems. The work in [39] is suitable for
the case where impulse response of the quaternion linear time-invariant systems
is a pure real function. Further, Pei et al. [115] developed the relationship be-
tween quaternion convolution and quaternion Fourier transform. With these rela-
tions, quaternion Fourier transform analyzes the quaternion linear time-invariant
systems easily. For the analysis of commutative linear time-invariant systems,
quaternion Fourier transform is difficult to use due to non-commutative property
of quaternions.

In this section, we use bicomplex Fourier transform to analyze the bicom-

plex linear time-invariant systems and reduction to easy form from complicated
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one-dimensional linear time-invariant systems composed in series and in parallel
connections of one-dimensional linear time-invariant subsystems. Bicomplex lin-
ear time-invariant systems in one variable can be defined in terms of a convolution

operator as

y(t) = /_ bt = w)e(u)du

where x(+) is the input, y(+) is the output and h(-) impulse response of the system.

The pictorial representation of this system is given in Fig. below

x(f) —| A1) | —— »(@)

Figure 5.1: Block diagram for bicomplex linear time-invariant systems

Convolution theorem (Banerjee et al. [I1, Theorem 4]) for the bicomplex Fourier

transform is as follows:

Theorem 5.5. The Fourier transform of two functions f(t) and g(t), —oo <t <
oo is the product of their Fourier transforms, respectively f(€) and g(€) i.e.

FUO o) =] [ - i = fe0.

When we combine the bicomplex linear time-invariant systems in parallel (as
in Fig. [5.2), the relation between the input f(z) and output g(z) can be expressed

as

g9(x) = f(x)  h(x) (5.23)
where hi(x) = Z b () (5.24)
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and %, is the bicomplex convolution. In the frequency domain, bicomplex Fourier

transforms of (5.23) and ([5.24)) are as follows

(&) = F(E)(8) (5.25)
where  7y(€) =Y ha(). (5.26)
n=1
> (%)
* ()
fx) : g(x)
* h,(x)

Figure 5.2: Combination of bicomplex linear time-invariant systems in parallel

When we combine the bicomplex linear time-invariant systems in series (as in

Fig. [5.3), the relation between input f(z) and output g(z) can be expressed as

9(x) = f(x) * he() (5.27)

where hi(x) = hi(z) *p ho(x) *p - - - *p hyp(T). (5.28)

Jx) — (2

¥

h(x) b - B (x) —> g(x)

Figure 5.3: Combination of bicomplex linear time-invariant systems in series

In the frequency domain, bicomplex Fourier transforms of ((5.27)) and ([5.28) are
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as follows

(&) = f()h(€) (5.29)
where  By(&) = [[ hn(€)- (5.30)

For the analysis of these kind of bicomplex linear time-invariant systems, we
need large class of frequency domain. So bicomplex Fourier transform permits
easy analysis of the complicated one-dimensional bicomplex-valued linear time-
invariant systems by composing in parallel and in series conversion.

Following are the illustrations to find the solution of bicomplex heat equa-
tion with initial condition generated by bicomplex linear time-invariant systems
and check the unbounded condition of non-homogeneous bicomplex-valued wave

equation.

Example 5.1. Find the solution of the bicomplex heat equation described by the

following differential system

ou 0%u

it with initial condition u(z,0) = i10(z) (5.31)
x

where 0(x) is the Dirac-delta function.

Solution. The solution of (5.31]) can be obtained using ([5.22)) as

1 oo z—u)?
u(z,t) = 2\/ﬁ/ i15(u)e_< - du

11 _ (m—w)?
—= [ 4t
2\/ Tt u=0
1 a2
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Example 5.2. Consider the non-homogeneous bicomplex-valued wave equation

with zero initial conditions described by the following differential system

PPu(x,t)  ,0%u(x,t) . Ou(x,0)
oz ¢ W—p(%t% u(z,0) =0, 9

where u : R x R — (5. Show that the above system becomes unbounded if the

=0, (5.32)

forcing function i.e. bicomplex input is of the form
p(z,t) = cos(&x) cos(nt), ¢, nedls.

Solution. Taking the bicomplex Fourier transform of (5.32)) w.r.t. x, we have

e8] 2 e’} 2 o]
/ eilfxwdx — 02/ 6%‘1&de = / eil&p(x, t)dx

ot? Ox? -

d%%?g, t) -

s T U ) = p(& ). (5.33)

Again taking bicomplex Fourier transform of (5.33) w.r.t. ¢, we have

[ s [ ey [ e
= —n*u(&,n) + A = p(&,n)

> 56 = iy

This is singular whenever
n? = *¢% (5.34)

Now, the d’Alembert’s solution of the wave equation is given by

z+-c(t—t)
u(z,t) / / p(Z, t)dzdt
20 z—c(t—t)

z+c(t—t)
/ / cos(&t) cos(nz)dzde
z—c(t—1t)

_ (cos(nt) — cos(ct§)) cos(nzx)
= T e (5.35)
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which is unbounded under the condition mentioned in (5.34)).

Let £ = &1e1 + &6 and n = mreq + o€z, where &, &, m, m2 € C1. Then
(5.35) can be written as

(1) = (cos(mt) —02(3;%5(_51;%5)) coS(771sv)61 N (cos(mat) —C;:ggs(_&;;zf)) (:05(77291:)62

Alternatively, using the results by Luna-Elizarraras et. al [97, p. 75] in (5.35)),

we can write

=gl (2 1252 o (25
cosh (i, ") cos [ S 52 2et ) b -

( 1) (“5) ( 2)}
sm(m;WQ)mh< ){ thf”;mQ
(w s (055 )}-22(8111( +")
sinh( ){ (1+ tz )cosh( 7712"%)_(;05 (@—;%)
mm< )}+am( i >cm< m;W2){$nCLg@Q
sinh e sinh ( 4, ; 2t

("5 ”2) (+5* 52) (55 5)})]

where,
A= 5 (C 51 +C§2 77%_773)
i1
B=Z (G -G —n+m).

James Mazxwell published his first paper in 1853 after obtaining his graduate de-
gree. In this paper, he published Faraday’s concept lines of force. He gave the

mathematical explanation of Faraday’s work (see, e.g. Guilmette [60]). Maxwell’s
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equations describe how electric and magnetic fields are generated and influenced
by each other and by charges and currents. These equations are named after the
mathematician and physicist Mazwell, who published these equations between
1861 and 1862.

In 1864, Mazwell [102] discussed that an electromagnetic disturbance travels
in free space with the velocity of light. In 1873, Mazwell [103] records the trans-
formation of Maxwells complete theory of electromagnetism. Hertz discussed
electromagnetic waves in the year 1888 [65, Chapter 7, p. 107-123|, in which
Hertz confirmed Maxwell’s prediction and helped in the acceptance of Maxwell’s
electromagnetic theory. By the efforts of Hertz, George Francis Fitzgerald (1851-
1901), Oliver Lodge (1851-1940) and Oliver Heaviside (1850-1925) (see, e.g. Sen-
gupta and Sarkar [133]) Maxwell’s ideas and equations made understandable.
These developments are well documented in [69] and [64].

Motivated by the work of Anastassiu et al. [5] for finding solution of Maxwell’s
equations in source free domain for electric and magnetic fields using quaternions,
we have made efforts to solve the Maxwell’s equations in vacuum using bicomplex
analysis. The method discussed here has the advantage of dealing both the vector

fields (electric and magnetic) together as a single vector field in bicomplex space.
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5.6 Bicomplex Solution for Electromagnetic Wave

Equation in Vacuum

The Maxwell’s equations in vacuum for electromagnetic field are (see, e.g. Lon-

ngren and Savov [90, Chapter 7))

OH
E=—pu—- .
V x o, (5.36)
OE
VxH= EOE (537)
V-E=0 (5.38)
V- H=0 (5.39)

where electric field E and magnetic field intensity H are complex-valued vector,
1o is permeability and ¢ is the permittivity of free space. Let us define bicomplex

vector field F as

F = \/QE + is/jigH (5.40)

with the intimation that each directional component of F is a scalar bicomplex
function, obtaining by combining the corresponding field directional components.

Now, taking curl of (5.40|) on both sides,
V xF =,V xE+i»wV xH
oH . OE
= —MO\/QE + ZQMEOE
: 0 .
= Z2\/#0605 (VeoE + iay/110H)
. OF
= 22\/,“060%
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Vacuum
Therefore, we obtain the bicomplex Maxwell’s vector equations as,
10F 1
VXF=iy—— h = 5.41
ta- 5, |Wherec = (5.41)
V-F=0 (5.42)

Assuming that the wave is travelling in x-direction, i.e., a vanishing z- component,

then (5.41]) and ([5.42)) are reduced to the following system of bicomplex differential

equations,
OF, . 10F,
_ — oY 5.43
or ' ot (5.43)
OF, 10F,
bl R 44
dr ¢ ot (5.44)
OF, OF,
—_ ¥ _ 5.45
Jy 0z ( )
OF, OF,
Zy =0 5.46
oy | 02 (5.46)
Put Q, = i F,. The equations (5.43)) and ([5.44) become
0Q. 10F,
=-— 5.47
dr ¢ ot (5.47)
F 1 z .
and % = zagi , repectively. (5.48)
Differentiating ((5.47) and (5.48)) and using respectively (5.48)) and (5.47)) therein,
we get
02 1 02
a2 v t) = 5 a5 Fy(,1) (5.49)
0? 1 9

Due to (5.45) and (5.46) initial conditions of F, and (), are only functions

of the variable x only. Let initial conditions F,(z,0) = Afi(z), %Fy(x,O) =
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Bgl(x)v Qz(xa()) = Dfl(x) and %Qz(xvo) = Ggl(x>7 where fl(x)v gl(x) are
bicomplex-valued functions and A, B, D, GG are bicomplex constants.
Taking the bicomplex Fourier transform (for details, refer [11]) of (5.49) w.r.t. x,

we get

2

SR + AER (€ 1) =0 (551)

Solving (5.51)) and applying initial conditions therein, we get

Fy(ﬁ,t) _ gfl(f) (eilcst + e—ilcét) _ ilBgch? (eilcgt _ efilcgt) - (5.52)

[where f1(£) = F[f1(2)](€) and g1(€) = Flga(2)](€)]

Remark 5.1. There is no major reason to prefer i; instead of 75, however i; is
more appropriate than i, for the decomposition of bicomplex form in idempotent

components.

Taking the inverse bicomplex Fourier transform [12, Eq. 11] of (5.52)) w.r.t.

&, we have

Ret) = 5 [ R e

where I' = (I'1,I'y) is closed contour in bicomplex space, where I'; and I'y are

closed contours in complex space along the horizontal lines {—a < Im(P; : §) <
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p} and {—a < Im(P; : §) < B}, respectively.
All
Flat) = 5 [ hi@ds + 5 [ o]

B 1 gl(&) —i1&(z—ct) 711 x+-ct)
e [ G o) e

2
—— i —i1&(xz—ct) i —i1&(z+ct) :|
2 {zw / F€)de + 5 / Vfu(&)dg
B 1 z+ct ]

2

=5 o [+ o [ o]

+ 2 { / + dp ( ol <§>d§) } . (5.53)

By simplifying (5.53)), we get

A
A

A B x+ct
Rt =5 lha—d)+ i+l +3 [ o G5
ct
Similarly,
D G T+ct
Fu(o,0) = ~ia@ulo,t) = =iy [fle = ) + fila+ o)) ~ 2y [ n(p)dp
x—ct

(5.55)

Therefore, wave travelling in x-direction with vector field Fy is
Fyx = Fy(z,t)y+ F.(x,t)2 (5.56)

Since ([5.56)) is the solution of bicomplex Maxwell’s equations, it satisfies the equa-
tions (5.4145.42)). So we obtain the values of D and G in terms of A and B.

Similarly, the wave travelling in y-direction with vector field F, with ini-
tial conditions Fx(yao) = Rf?(y)a Qz(yao) Mf?( )7 BtF (y,()) = SgQ(y) and

20.(y,0) = Ngy(y) are

Fy = F.(y,t)z + F.(y,t)2 (5.57)
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where,

y—+ct
Fulynt) = 5 [ty —et) + Rly+ el + 5 [ o)y

and

y+-ct
Py t) = =iz [y = ct) + Sy + ) ~iag, [ aalo)ip.
y—ct

Again, since ([5.57) is the solution of bicomplex Maxwell’s equations, it satisfies
the equations ((5.4145.42)). So we obtain the values of M and N in terms of R and
S.

Also, wave travelling in z-direction with vector field F, and initial condi-
tions F,(2,0) = Lf3(2), Qy(2,0) = I f3(2), 2Q,(2,0) = Jgs(2) and 2 F,(z,0) =

Gygs(z) are
F, = F,(z,0)i + F,(2,1)j (5.58)
where,

z+-ct
Fo(z,t) = g [fa(z —ct) + fa(z+ct)] + % /_ t g3(p)dp,

and

T z+ct
Fy<2,t) = —225 [fg(Z — Ct) —+ fg(Z + Ct)] — 22% /_ gg(p)dp

Again, since (5.58)) is the solution of bicomplex Maxwell’s equations, it satisfies
the equations (5.4145.42). So we obtain the values of I and J in terms of L and

G.
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5.7 Bicomplex Gaussian Pulse Wave

Now, by applying the superposition principle on equations (5.56)), (5.57) and

(5.58]), we obtain the solution of equations (5.41)) and ([5.42))as
F = [F(y, ) + Fe(z, )] & + [Fy (2, 1) + Fy (2, )] § + [Fx (2, 1) + Fo(y,1)] 2. (5.59)

By separating bi-real and bi-imaginary part we obtain the electric and magnetic

fields in all three dimensions which satisfy the Maxwell’s equations.

5.7 Bicomplex Gaussian Pulse Wave

In this section, we find the complete solution of the bicomplex Gaussian pulse
travelling electromagnetic wave equation. For Gaussian pulse wave function is a
solution of Gaussian pulse travelling wave (see, e.g. Lonngren and Savov [96] p.
345-346]). A two-pulse synthesis model presented by Goswami et al. [55] success-
fully reconstructed digital volume pulse waveforms using Rayleigh functions with
small Mean Square Error. In [I44], Wang Lu et al. presented a multi-Gaussian
model to fit real pulse waveforms using an adaptive number of Gaussian waves.
Consider the bicomplex Gaussian pulse travelling electromagnetic wave equa-

tions are

10F
F —iy- o
V x chat
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For the bicomplex Gaussian pulse wave travelling in z- direction, the initial con-

ditions (see, e.g. Lonngren and Savov [96], p. 345-346]) are of the form

s 0

Fy(w,0) = Ae™™, = Fy(x,0) = Bre™, A BeC, (5.60)
Q.(z,0) = De ™, %QZ(JJ,O) = Gre ™, D,G e (5.61)

Since ([5.56]) satisfies bicomplex Maxwell’s equations and using (5.60)) and (5.61))
in (5.54) and (5.55)), respectively. We get

A B 2 A B 2
F t) = — i 7(1'760 _ *($+Ct)
y(z,1) <2+4C)€ +<2 —4C>e

and

A B 2 A B 2
F — o - —(z—ct)® _ S = —(z+ct)
L(x,t) = g (2 + 46) e io (2 40) e

Let é—l— 4% =a € (s and é — 4% = [ € (Y, then |D becomes
F, = [ae_(x_Ct)Q + 56_(I+Ct)2] U+ g [ae_(x_Ct)Q - Be_(”d)ﬂ z. (5.62)

Similarly, for the bicomplex Gaussian pulse wave travelling in y- direction with

initial conditions

2 a 2
F.(y,0) = Re™"", an(y,O) =Sye™, R,SeC, (5.63)

Q0= Me ™, JQuy.0)=Nye ¥, M NeC, (560
1s

F, = e~ (e’ 4 76_(““)2] T — 1o [56_(?’_“)2 - 76_(““)2] z, (5.65)
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5.7 Bicomplex Gaussian Pulse Wave

where § = &+ 2 and v = £ — 2. And the bicomplex Gaussian pulse wave
2 T e TE 9Tk

travelling in z- direction with initial conditions

Fy(2,0) = Le ", gt (2,0) = Gze ™, L, G € O, (5.66)
Qy(2,0) = Ie*, a@y(z, 0)=Jze®, I,J€eC (5.67)

is
= |pe= =D 4 qpe(etet) ]:c—l—zg [qbe emet) _ gpe=(=tet) }y, (5.68)

where ¢ = % + 4%, P = % — % and «, 3, ¢, 1, 6 and  are bicomplex constants.

Now, by applying the superposition principle on equations (5.62)), (5.65) and

(5.68]), we get vector field as

F = [(56’(7’*“)2 e e g (met)® we*(”“)z} T+ [ae’(z*d)Q + Be e’y

i2¢6_(z_0t)2 _ i2¢e—(z+ct)2] § + i |:ae—(m—ct)2 B 66_(”“)2 _ ot n fye_(yJ“Ct)Q] P
Therefore,

F = /6E +i2y/uH = [516 ymel)? 4oy e Wre)® | o= (amen)? 4 ¢18—(z+ct)2} 4
+ [@le*(wctf + ﬁle*(”d)z _ ¢2€f(zfct)2 i %e,(zﬂty] j
4 [_%e—(x—a)? 4 Bye(aten? 4 5 e—lumet)? _ 726—(y+ct)2] 5
+ 19 { [526—(31—@5)2 + 726—(y+ct)2 + ¢26—(z—ct)2 i 1/)26_(Z+Ct)2] 5
+[ae(v’ﬂct>+5@ (z+ct)? +¢ezct wef(zﬁt)}y

X [ale—(r—ct) — B~ @) _ 5 o wmet)? —l—%e_(y“tﬂ 2} (5.69)
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where 01, 02, 71, Y2, 1, a2, Bi, B2, ¢1, @2, Y1, Y2 € C1. By separating bi-real and

bi-imaginary part of (5.69)), we get

E= 1 { |:51€ (y—ct)? + ,ylef(y+ct)2 + (blef(zfct)2 + ¢167(2+ct)2i| 3

\/a

+ |:a16—(x—ct)2 + Ble—(ac—&—ct)? . ¢2€—(z—ct)2 n 1/)26_(z+‘3t)2i| i

+ [—OzQe’(x*Ct)Q + oo~ @HD? 4 §rem W) _ 'er’(y“tﬁ] 2} (5.70)

1
H= _{[626—(31—01%)2_’_’}/ e —(y+ct)? +¢ e~ (z—ct)? +¢ e (z+ct)? :| 3

N/

+|:a26(xct +ﬁ€ z+ct)_'_¢€zct zbez+cti|y

+ |:Oz16 (z—ct)? B e—(z+ct (516 (y—ct)? +’7 e (y+ct)] } (571)

Therefore, electric field E and and magnetic field H satisfies the Maxwell’s equa-
tions ([5.3615.39)). Therefore, electric and magnetic fields of Gaussian pulse wave

propagating in positive direction are

1
E = ﬁ { |:51€—(y—ct)2 + ¢16—(z—ct)2:| 7 + |:a16—(:c—ct)2 . ¢26—(z—ct)2:| g
+ [—age*(””*Ct)Q + (5267@7&)2} é} (5.72)
1
H= = { [626‘@/‘“)2 + ¢26_(z_0t)2i| &+ [age—@‘“)z + ¢16_(Z_Ct)2] 0
vV M0
+ [ale_(””—Ct)Q - 516—@—“)2} z} . (5.73)
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5.8 Conclusion

Similarly, electric and magnetic fields of Gaussian pulse wave propagating in

negative direction are

E = 7 { ["Y e —(y+ct)? + ¢ e z+ct)2] i+ |:Blef(x+ct)2 + w267(z+ct)21| g
—(x+ct)? —(y+ct)?| 2
[ — Y€ } z} (5.74)
1
H= {|:’)/2€ (y+ct)? +,¢ e —(2+ct)? :| g+ [626 (w+ct)? ¢ 6—(z+ct) :| y
vV Ho
-5

_ 1€—(x+ct)2 _'_%6—(y+ct)2} 2} (5.75)

Also, electric and magnetic fields of Gaussian pulse wave in equations
satisfies the Maxwell’s equations . Bicomplex approach is ad-
vantageous than quaternionic approach due to the commutativity property of
bicomplex numbers. The authors have discussed application of bicomplex Mellin

transform in chapter 7 in RLC circuit also.

5.8 Conclusion

In this chapter, we define bicomplex Fourier-Stieltjes transform which is the
generalization of complex Fourier-Stieltjes transform. We have discussed the
positive-definiteness of bicomplex Fourier-Stieltjes transform through Bochner’s
theorem, which is advantageous than Bochner’s theorem for quaternion Fourier-
Stieltjes transform due to commutativity property of bicomplex numbers. In case
of quaternions, three types of Bochner’s theorem are required to be discussed.
Also, we find the solution of bicomplex electromagnetic Maxwell’s equations by

defining bicomplex vector field.
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Bicomplex Fourier transform has many applications in image processing, sig-
nal processing, solving differential equations in quantum mechanics and other
related problems in which large class of frequency domain required. The appli-
cations have been illustrated to find the solution of parabolic initial value prob-
lem in bicomplex algebra and algebraic reduction of complicated one-dimensional
bicomplex-valued linear time-invariant systems.

The concept of bicomplex numbers has been applied for finding the solution of
Maxwell’s equations. We conclude that the bicomplex analysis has great advan-
tage that both the vector fields (electric and magnetic) toghter as a single vector
field in bicomplex space. This approach is also advantageous than quaternion

approach due to the commutativity property of bicomplex numbers.
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Hankel Transform in Bicomplex Space and

Applications

The main finding of this chapter has been published as:

1. Agarwal R., Goswami M.P. and Agarwal R.P. (2016), Hankel transform in
bicomplex sapce with applications, Transylvanian Journal of Mathematics

and Mechanics, 8(1), 1-14.
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6. HANKEL TRANSFORM IN BICOMPLEX SPACE AND
APPLICATIONS

In this chapter, we investigate Hankel transform and its properties in bicomplex
space which is generalization of complex Hankel transform which is given by Koh
and Zemanian [85]. The application of Hankel transform in bicomplex space
has been illustrated by solving bicomplex Cauchy problem. Bicomplex Hankel
transform is highly applicable in solving partial differential equation of bicomplex-

valued function, signal processing, optics and other related problems.

6.1 Introduction

In 1966, Zemanian [155] extended the classical Hankel transformation which intro-
duced by Germen mathematician Hermann Hankel (1839-1873), to generalized
functions of slow growth and in 1968, Koh and Zemanian [85] generalized the
Hankel transform in complex variable. In 1985, Singh and Pathak [134] obtained
various representations of finite Hankel transforms of generalized functions with
inversion theorem, which gives a Fourier-Bessel series representation of general-
ized functions. In 1991, Betancor [18] proved characterization theorem for the
elements of H), space of generalized functions defined by Zemanian.

In 1994, Koh and Li [84] extended the complex Hankel transform defined by
Zemanian in a large space of generalized functions. In 1997, Tuan [142] extended
the range of the Hankel transform. In 2008, Molina and Trione extended n- di-
mensional Hankel transform to arbitrary values of p € R™. In 2012, Taywade et
al. [139], [140] derived fractional Hankel transform and its inversion theorem in

the Zemanian space.
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6.1 Introduction

Complex Hankel transform of a complex-valued function is defined by Koh

and Zemanian [85, Eq. 11] as

Definition 6.1. Let 4 € R be restricted to u > —%. If a > b > 0, then

Jub C 3uq- This follows immediately from the inequality 7.“(¢) < 7/ ’b(q§) for

¢ € J,.q.. Hence, the restriction of f € 3;"& to Jup is in Him and convergence in

/

a» 3 @ unique real number o

d,,. implies convergence in g, ,. For every f € §
such that

fEHL,bifb<a

f¢3,ib>o0
Therefore, f € (o). The Hankel transform F(s) of f of order y defined as
F(s) = H{f(2)} = (f(z), Vasu(zs)), (6.1)
where
seQ={s:|Im(s)| <o, s & (—00,0]}, (6.2)

where J,,, is a space of complex-valued testing function ¢(x), which are defined

and smooth on 0 < z < oo and for which

Tg,a(gb) _ O<Su£ ‘e—axx—u—l/Q (x—u—l/QD:L,QM—I—le—H_l/Q)k qﬁ(q;)‘ < o0,
d

k=01,2-, D=

y Ly 4 ) dr

and H;W denotes the dual space of J,,,.

Analyticity of complex function F(s) is given by the following theorem:

Theorem 6.1 (Koh and Zemanian [85]). F(s), as defined in (6.1]), is an analytic
function of s in the region 1y defined in , and

D.F(s) = (Ja). Ay sy
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6.2 The Testing Spaces J,, and J,(0) and their
Duals

In this section, we define the space of bicomplex-valued testing functions extend-
ing the space defined by Koh and Zemanian [85]. Let a denote a positive real
number and g any bicomplex number. Then for each pair of a and p we define
Jua as the space of testing functions ¢ which are bicomplex-valued, which are

defined and smooth on 0 < z < oo and for which

T (¢) = sup

0<z<oo

e H1/2 (x_“_l/QDx2“+1Dx_“_1/2)k qb(x)H < 00,

d
k=012, D=—
P ) ) dx’

where || - || is as defined in ([1.16). The space of testing function satisfy the

inclusion relation as discussed in the following theorem.
Theorem 6.2. Let a > b > 0, then ., C J,0-

Proof. Let ¢ € J,,4, then

b
Y= SR

e brgpn=1/2 (x*“*1/2Da:2“+1Dx*”*1/2)k gb(x)” < 0.

Since a > b > 0, therefore

sup ey h1/2 (x_“_l/QDm2“+1Dx_“_1/2)k gzﬁ(x)H

0<zx<oo

< sup He*bg”av’“’l/2 (x’“’lmeQ“HDx’“’l/Q)k¢(x)“ < 00
0<zr<oco

= 7% < T,é"b(d)) < 0.
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6.3 Bicomplex Hankel Transform

Therefore,

" (¢) = sup

0<x<oco
= Qb € 3u,a

gﬂ’b - H,u,a :

e H1/2 (x_“_l/ZDx2“+1Dx_“_1/2)k qb(x)H < 00

]

J 1.0 1s the linear space over the field of complex numbers as ¢i, co € C and ¢, ¥ €

Jpa = 10+ 2t € J,4. Let {a,}22, be a monotonically increasing sequence
of positive numbers tending to o. By the Theorem [6.2], if a; > b; > 0, then
3#17171 C 8#1@1'

This follows that {J,.4,}52 is a sequence such that J,.., C Jua, C dpas -
Let J,.(0) = U, d .0, denote the countable-union space generated by the above
sequence of spaces. The dual of ,, and J,(0) are denoted by g, , and J;,(o)
respectively.

Let bicomplex-valued function f(z) be locally integrable on 0 < z < oo and

such that [~ Hf(x)e“’”x/”%

dx < oo. Then f(x) generates a regular generalized

function in g}, , defined by

(f, ) = / T f@)é@)dr, € Ga

6.3 Bicomplex Hankel Transform

Let p; € C; be restricted to Re(py) > —%. If ay > by >0, then J,, 5, C Jpyan-

This follows immediately from the inequality 7/"* (¢) < 71" (¢) for ¢ € Jp1y.0,-

!

_ , s )
Hence, the restriction of f; € 3/11411 t0 Jpuy by 18 In 3ul,b1’ and convergence in 3u1,a1
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implies convergence in J’ For every f; € 7' 3 a unique real number oy

p1,b1° H1,a1?

such that
f1 - Hiﬂ,bl if b1 < 01
f] ¢ 3;171)1 if bl > 01.
Therefore, f € 3;1(01). The Hankel transform F'(sq) of f; of order u; is defined
as
F(s1) = Hy {fi(2)} = (fi(2), VEsiJy, (xs1)) , (6.3)
where
s1 € Q= {s1:|Im(s1)] < o1, 81 & (—00,0]}. (6.4)

Similarly, for every fy € J),,(02), another Hankel transform F(sy) of f; of order

o is defined as

F(s2) = Hp,{ fa(2)} = (fa(), V/T525 (252)) (6.5)
where
Sg € Qg = {s9: [Im(s2)| < 09, 59 & (—00,0]}. (6.6)
Since F'(s1) and F(sy) are analytic and convergent in €2y and €29 respectively for
o = min(oy,09), taking the linear combination with idempotent components e;
and es as:
F(s1)er + F(s2)es
= (1), Vesid (ws1)) ex + (fa(x), VT52], (252)) €2
= <f (x)er + fa(x)ey, \/mjmelﬂm z(s1e; + 5262))>
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_ <f(x), \/x_ﬁJM(xf)> = F(€) (6.7)

(where f(z) = fi(z)er + fa(@)ez, p = pier + pzez and § = sie1 + szez) .
Since F(s1) and F'(s2) are complex functions which are convergent and ana-
lytic in ©; and € respectively, so a bicomplex function F(§) = F(s1)e;+ F(s2)es

will be convergent and analytic in the region 2 defined as:

Q={&: & =s1e1 4 s2e9; |Im(s1)] < o, |Im(s2)| < o and s1, 59 & (—00,0]}
(6.8)

For better geometrical understanding of the region of convergence of bicomplex
Hankel transform it will be advantageous to use the general four dimensional rep-
resentation of bicomplex numbers. For this we take conventional representation

of 51,89 € C] as
S§1 =21+ 11y1, S2 = Ta+ 11Yo; T1, T2, Y1, Y2 € R
Then by , ly1| < o, |y2| < o and if y; = yo = 0 then z1, 25 € (—00,0]. Now,

€ = s1e1 + saea = (21 +i1y1)er + (22 + i1y2)en

. 14412 ) 14441
:(xl—i—zlyl)( 12> +(x2+21y2)( 12)

2 2
_ ;—332 n (?/1 ;yz) i+ <y2 ; 3/1) iy + (351 ;1’2> i1,
= ag + 1101 + i2as + i192a3 (say)

On the basis of restriction on y; and s, three possible cases occur:

L. If y; = yo then 5% = 0 and % =1y, = y2. Hence ay =0 and |a1| < 0.
In particular, if y; = yo = 0 and 1,29 & (—00,0]. Clearly if a;, as = 0 then

|CL3| < ayg.
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2 If Y1 > Yo then —o < yz;y1 < 0, yl-gyz < yzéko < yzS—o + 0—2y1 =g+ y25y1

—0 —0 ag
> Y1 ty2

and yl;” > 4 5o — T2 = —o — 25% . Hence —0 < ap < 0 and

—0 — a9 < a1 < 0+ as.

Y2—Y1 Yy1+y2 y1t+o yit+o o—y1 __ Y2~y
3. Iy < yo then 0 < B35 < g, #5272 < 2 < H= 250 = g — 250

and Lt¥2 > 1220 o W20 4 Z0U — 5 4 V22U Hepee () < ay < o and
2 2 2 2 2

—0+as < ap <0 —as.

Considering all of these results we conclude that the region of convergence of F(€)

as

QO ={&:&=ayg+i1a1 +iras + irizaz € Cy, —0 + |ag] < a1 < 0 — |ag|,

0 < |ag| < o and if a; = ag = 0 then |as| < ap} (6.9)
or, equivalently

Q={¢ e Cy: =0+ [Im;, ()] < Imy, (§) <o — [Imy, (§)], 0 < [Im, ()] <o

and if Im;, (§) = Im,,(§) = 0 then |Im;(§)| < Re(&)}, (6.10)

where Re(§), Im;, (€), Im;,(¢) and Im;(§) are real part, imaginary partof £ w.r.t.
11, to and j, respectively.

Conversely, the existence condition of bicomplex Hankel transform F(£) can
be obtained in the following way:

If £ = ag+ ayiy + agis + agiyis € €,

—0 + |as] < a; < o —lag|, 0 < |az| < o and if a; = ag = 0 then |as| < ag
(6.11)
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Now, in terms of idempotent components, £ can be expressed as

f = ag + alil + a2i2 + agilig
= [(CLO + CL3) —|— il(al — CLQ)] €1 —|— [(CL() — a3) + il(al —|— (Ig)] €9

= 811 + S969.
Depending on the value of as, there arises three cases:

1. When as = 0, from inequality (6.11)) —o < a; < ¢ which trivially leads
—o<ay+ay<ocand —0c<a; —ay <o. If a; =ay =0 then ag —az > 0,

ap+as > 01i.e. ayg— ag,ap+ az ¢ (—o0,0].

2. When ay > 0, from the inequality (6.11) —o + as < a3 < 0 — ag, we
get —0 < a; — ag and a; + as < o. This result can be interpreted as

—o0 < a1 —ay<a+a <o.

3. When ay < 0, from the inequality (6.11)) —0 —as < a3 < o + ag, we
get —0 < a1 + as and a; — as < o. This result can be interpreted as

—o<at+ay<a;—a<o0.

Hence the result.

and Re(ps) > —3 using idempotent com-

Similarly, combining Re(p1) > —3

ponents, we get

1
Re(u) > —5t [Ty ()],
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where p1 = pier + pgses € Co and Im; denotes imaginary part w.r.t. j. Let

bicomplex-valued function f(x) be locally integrable on 0 < x < oo and such

[ Vo
0

Therefore, (6.7) can be written as

F(©) = (f(x). V/agu(a€)) = / ONAL
_ /OOO F@) /T, (x6)ds,  VEeQ. (6.13)

After all the above discussion, now we are in the position to define bicomplex

that

dx < oo, Va<o. (6.12)

Hankel transform as follows:

Definition 6.2. Let p € C5 be restricted to Re(p) > —3 + |Im;(p)|. Ifa > b > 0,
then J,.4 C 4. This follows immediately from the inequality 7/*(¢) < 7/**(¢)
for ¢ € J,,.- Hence, the restriction of f € 3’ to Jup is in Hilb, and convergence
in g}, , implies convergence in 8;} For every blcomplex—valued function f € 7, ,,
d a unique real number ¢ such that f € Hﬂ’b ifb<oand f & 3u,b if b > o.
Therefore, f € g),(0). The p order bicomplex Hankel transform F(€) of f is

defined as
F(§) = Hu{f(@)} = (f(2), Ve u(28) ), VE€Q
where

Q={¢ e Ch: —o+[Imy, (§)] <Imy (€) <o —[Imy, ()], 0 < [Im;,(§)] <o
and if Im;, (§) = Im;, (§) = 0 then |[Im;(§)| < Re(§)} (6.14)

where Re(§), Im;, (), Im;, (§) and Im (&) are real part, imaginary parts of £ w.r.t.
i1, i3 and j, respectively. If bicomplex-valued function f(z) is locally integrable

on 0 < x < oo and satisfies the condition

[ oeee
0

Va<o. (6.15)
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Then bicomplex Hankel transform of f(x) is defined as

:Amf@hﬁih@@m; VeEeQ.

6.4 Properties of Bicomplex Hankel Transform

In this section, some properties of bicomplex Hankel transform viz. linearity prop-
erty, change of scale property, analyticity of F(&), relationship with bicomplex
Laplace transform and others have been discussed.

Theorem 6.3 (Linearity Property). Let F(§) and G(&) be the bicomplex Hankel
transforms of order p of bicomplex-valued functions f(z) and g(z) respectively,
then

H{f(z)+9(z)} = F(§)+G(E), £€Q (6.16)
where 2 defined in .

Proof. By applying the definition of bicomplex Hankel transform,

H{f(z)+ g(x)}
=( SRVEINESY
= <f1($)61 + fa(x)es + gi(@)er + ga(@)ea, V(161 + s2€2) Ju(w(s161 + S2€2))>
= (f1(z) + 91(z), VasiJu(xs1)) er + (f2(z) + g2(2), Vas2Ju(252)) €2
= (f1(2), VosiJu(zs1)) er + (g1(2), VasiJu(zs1)) e
+ (fa(2), VEs2Ju(252)) €2 + (92(2), VT 52J,(52)) €2
<(@q+ﬁ (2)ea, Va(s1er + spe2)Jy(x &q+&@D>
<g e1+ go(x e%¢_gaiggv’x&q+@@»>
= (f(2), VaEI(x€) ) + (9(a), v/7E ()
=F (&) + G(9).

1(7)
1(7)
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Theorem 6.4 (Change of Scale Property). Let F(§) be the bicomplex Hankel

transform of order u of bicomplex-valued function f(x) and satisfy the condition

. Then

A f(a)) = L F (g) G £0CR, £€0 (6.17)

where € defined in :

Proof. By applying the definition of bicomplex Hankel transform

H,{f(ax)} = / NI

Put ax =t

1= £ £
_5/0 NG (ta) dt
:1F<§),

a a

Theorem 6.5. Let H,{f(x)} be the bicomplex Hankel transform of order j of
bicomplez-valued locally integrable function f(x) and satisfy the condition .
Then

]

1AL =S @0 - B ron - 5 { ) eca oy

where Q) defined in :

Proof. 1f F(£) be the bicomplex Hankel transform of order p of f(z) i.e.

H, {f(2)} = / NI

then the bicomplex Hankel transform of % is

d > d
AL = [ Lvagsn o

H
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on integrating by parts and assuming that /zf(z) — 0 as x — 0, 2 — oo, we
get

1L - [7 @ (Vegaeo)
——/mf@>(“g (x€) + 2 erplﬁ' 'J_@Hx§>
1)

fx¢?@1x5M+§Amﬂm¢E%ﬂmam

— —Hu—l(g) + ngﬁ‘l(g)

L} =5 (@) = B 0 - 3 {1}

X

]

Theorem 6.6. Let H,{f(x)} be the bicomplex Hankel transform of order j of

bicomplez-valued locally integrable function f(x) and satisfy the condition .
Then

1, { S0} =5 a0 - 280

5 f f f
3 (Hama {5 0 = 2Ha 3 ) - ZH S feQ (6.19)
where ) defined in .
Proof. By Theorem [6.5] we have,

L) =S ttsn - motrop - 5 { L o)

By inserting % in place of f in (6.20) we have

S ANES df df 1 1df
H~{@}—5(H#“{@}‘ {dx}) RG {xdx}

= (6Halr) - 2B} + €ty ) = Howr { 2]

(1) (2]
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Now,

{”f } / F() VR T(n€)dr

T dx

On integrating by parts and assuming that f\(/{ — 0asx — 0, x — oo we have

m {5}
Lo ()
= [ V@) (= g a) ¢ S (5 (o0~ (a6 ) o
—5/0 fxz \/EJu(wf)dx—g/ow%@\/ﬁ@_l(xg)dx
5 [ e
EATE N

By putting the value in (6.21]) and after simplification we have

1, { T} =5 (et} 28,0 @)

(o)) -2}

Theorem 6.7 (Relationship between bicomplex Hankel transform and bicom-
plex Laplace transform). Let H,{f(x); £} and L{f(z); n} be bicomplex Hankel

transform and bicomplex Laplace transform respectively. Then

H, {e ™ f(z); £} = L{\/_J (z€) f n}, £eq (6.22)

where Re(Py :m) > 0, Re(Py:n) >0 and Q defined in .
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6.4 Properties of Bicomplex Hankel Transform

Proof. By the definition of bicomplex Hankel transform, we have
HAe @) €)= [ e f(@)V/a€d, a6)da
— o T
[ (o) a
=L {V/2€ () f (@); n}
O

Theorem 6.8 (Analyticity of F(€)). F(£), as defined in (6.7), is an analytic
function of £ in the region Q0 defined in , and

DeF(€) = <f(ac), a%\/x_gju(xg)> . E=s1e1 + 8960 € Q. (6.23)

Proof. Clearly, the bicomplex function F'() is analytic in Q. By Theorem 6.1}

we have

0
Dy, F(s1) = <f1(x), %\/msl(]m (x31)> : s1 € Q. (6.24)
1
Similarly,
0
D, F(s9) = <f2(x), gvajszt}“z (3352)> : Sg € Q. (6.25)
2

Since ([6.24]) and (6.25)) are analytic in 1 and €2 respectively. Therefore, taking

linear combination of (6.24) and (6.25) with e; and ey respectively.

DSIF(sl)el + D52F<82>€2

= () g o) Y+ o) o o252 )

or
D(31€1+S262)F(5161 + 5262)

= <f1<x)€1 + fa(z)eq, mv (s1€1 4 52€2) 01+ pses (T(511 + 5262))>

DeF(©) = { F(o), e /A, (0) )

(where § = s1e1 + saea, f(x) = fi(z)er + fo(x)ex and p = pier + poes). L
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6.5 Inversion of Bicomplex Hankel Transform

In this section, we discuss inversion formula for bicomplex Hankel transform. We
require the following theorem by Koh and Zemanian [85, Theorem 4] for inverse

Hankel transform to define its bicomplex form.

Theorem 6.9. Let F'(s) = H,{f(v)}, f € 3,,(c) be complex Hankel transform

of f(x) where s is restricted to the real positive axis. Let Re(p) > —3. Then, in

the sense of convergence in D'(I),

f(z) = lim TH(S)\/EJ#(xS)ds. (6.26)

T—00 0

D(I) denotes the space of smooth functions that have compact support on [
and D’(I) is dual of space D(I). Now, we shall find the inversion formula for

bicomplex Hankel transform with the help of Theorem

Theorem 6.10. Let F(§) = H{f(x)}, f € d),(0) as in where & restricted
to the real positive axis and f(z) and F(§) are bicomplex-valued functions. Then

for Re(p) > —5 + [Im;(p)| , in the sense of convergence in D'(I),

7—00

o) = Jim [ PV e (6.27)

Proof. Let Fy(§) = Hy,{fi(x)}, fi € J),(0), Re(u1) > —3 be complex-valued
Hankel transform of complex-valued function f(x), where £ restricted to the real

positive axis. Then, from Theorem [6.9] we have

file) = lim | (V€ (€)ds (6.28)
Similarly, let F5(§) = Hy,{f2(2)}, fo € J,,(0), Re(uz) > —35. Then
fala) = lim | Fo(E)V/2E (w€)dg (6.29)
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6.5 Inversion of Bicomplex Hankel Transform

Taking the linear combination of (6.28)) and (6.29) with e; and e respectively,

we have

Ataler + fuleles = | ([ FOVEEIL ) e
+( [ ovEEueec) e

r—00

f(z) = lim /0 RO+ B(6)es) VTE T e umen) (1) dE
f(x) = lim OT F(€)V/aEJ, (a€) de

r—00

where f(x) = fi(x)er + fa(x)ea, p = pier + pges and F(§) = Fi(§)er + Fo(§)es.
Combining the conditions Re(p1) > —1, Re(u2) > —3 using idempotent compo-

nents, we get
1
Re(j2) > —3 + [lm;(s)].

This completes our proof. O

Following is the illustration to find bicomplex Hankel transform of a bicomplex-

valued function.

Example 6.1. If F(§) = H, {f(z); £}, £ € Q be the bicomplex Hankel transform,
then show that

24T (p+ 3)
V(2 )it
where Re(Py : 7)) > 0, Re(P : ) > 0, Re(u) > —1 + |Im;(p)| and Q defined in
(6.14).

H, {x”_%e_m; f} =

9

Solution. By the definition of bicomplex Hankel transform, we have

H o hem €)= [ o i o s
:\/E/Oo e "t J, (xf)dx
0
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Table 6.1: Bicomplex Hankel transform of some functions

Bicomplex
Hankel Region of
S.No. f(z) Order p
Transform Convergence
| )
1. v p="0 = (el
2, 0<z<a | Re(p) > 11
2. e Ju (af) el
0, T >a —5 + ()] | Ve
e
3. | a(a®+a?)7: p=0 §2e¢ | Re(Pr:ia) >0,
Re(Py:a) >0
e
. 1
4. r2 (2% 4 a?) p=70 e Re(P; : a) >0,
Re(Pp:a) >0
e
5. vdemor p=0 | &(€+a)7 | Re(P:a)>0,
Re(Pr:a) >0

e [T (D ()
_\/E/O e"x“gr!r(u+r+1) <7> dx
- G (_1)T 5 e > —nx . 2u+2r
_\/g; ril(p+7r+1) (5) /0 e da

gt i (—1)" €\ T@u+2r +1)
Pz ril(p+r+1) \ 2 n2ut2rtl

r=0

Applying Duplication formula for Gamma function Rainville [120], p. 24]

1 0 r 2r
_ rts Z (=) (& D(p+r+ %>22M+2T
2hq2pt1 — il Vi3

2T (p+ )82 SN (=1) AN
R x5 ) (5)

2T(ut et e\
o Vet IR
_2T(p+ e

V(2 )t
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6.6 An Operational Calculus

y = x%JM(aj) satisfies the following differential equation (see, Watson [145] p

158))

P 1
xQd_:Lz ¥ {xQ . (;ﬂ _ Z)} y=0. (6.30)

Let A, =2 # 2 Da*"'Dz~37# D=L Then

AL(f) :x_“_%DxQ’”le_%_"f(x)

=5 L@+ 1)a? Da () + 2% D? [ f(2)] |

DO | —

— i {(2/1 + 1)+ (— — —) 2R f(@) + (20 + Da¥ e f ()

(D) (- s oa (i

+ a2 ) )

Therefore,

1
A, =z " 2Dz Dy 2k = D? 4 572 (Z — ,ﬂ) : (6.31)

The operator satisfies (see, Koh and Zemanian [85, p. 951])

Aﬁ WxsiJ,(zs1)] = (—1)k5%kJu(x31), s € Oy (6.32)
Similarly,
Aﬁ [Vrsyd,(r89)] = (—=1)Fs3F J(wsy), s2 € Cy (6.33)
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By taking linear combination of (6.32)) and ([6.33)) w.r.t. e; and e respectively,

we have

Ay Vst Tu(wsy)] e + Ay [VassJu(ws) ea = ((=1) st /asiJu(ws1)) e
(D BT (52)) e
AZ [\/x_é(]u(xf)] = (=1)ke% /2], (x€), (where € = s1eq + 5060 € Cy). (6.34)

Now we define the operator
Byt 3u(0) = 3u(0)
such that
(8uf(2),6(2) = (F(2). 0,0(x)) . V€T 0), o€ dul0)  (639)
From and (6.35)), we get
(ALF @) V€T (w6) ) = (1€ (f(2), Vat L (). (6.36)
Therefore, bicomplex Hankel transform of A% f () is

H AL (@)} = (AL (@), V/aE Ju(6))
= (-1 <f(x)7 Vgl (wg)),  [Using (6.30)
= (— 1€ H, {f(2))
— (—1€*F(Q). (6.37)
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6.7 Applications

Hankel transform is an important transform and has found many applications
in the fields of science and engineering. In [86], Kong discussed the application
of Hankel transform in the dipole antenna radiation in conductive medium. In
[62], Gupta et al. discussed that computation of electromagnetic fields, for one-
dimensional layered earth model, requires evaluation of Hankel transform of the
electromagnetic kernel function. Bicomplex Hankel transform is advantageous
than complex Hankel transform as the former can deal with the large class of
frequency domain. In [99], Malgonde et al. used generalized Hankel transform to

solve the Cauchy problem

Pu 2u+10u  v2—p? ou
— — — = A— 6.38
Oz + xr Oz 2 ot’ (6.38)

with initial condition
u(z,t) — f(x) in D'(I), where f € H, (o) for some o >0 as t — 07,

In the above equation notations and terminologies are as defined in Zemanian
[156] and I denotes the open interval (0, co).
In the similar manner, consider Cauchy problem for bicomplex-valued function

u: R — (5 is in the form

1
U= \= (6.39)

with initial condition

u(z,t) — f(x) in D'(I), where f € 7}, (o) for some 0 > 0ast — 0.
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For the solution of (6.39)), we shall make use of bicomplex Hankel transform. By

taking bicomplex Hankel transform of (6.39) and by using (6.37) we have

QU6 = AGU(E ), [where U(E,1) = H, {u(z, 1))

d ¢ B
= S UEH+SUE)=0.

This is first order differential equation w.r.t. variable . Solving and making use

of initial condition, we get

U(Et) = F(©)e™ S, [where F(€) = H, {f(x)}]. (6.40)

Further, taking the bicomplex inverse Hankel transform of (6.40]), we get

r

w6 = lim [ F(&)e /e, (w)de (6.41)

7—00 0

which is the solution of equation (6.39)).

6.8 Conclusion

In this chapter, we define bicomplex Hankel transform and its properties which is
a natural extension of the complex Hankel transform Koh and Zemanian [85]. It is
applicable in signal processing, solving partial differential equation of bicomplex-
valued functions, optics, electromagnetic field theory and other related problems
due to large class. Bicomplex numbers being basically four dimensional hyper-

complex numbers, provide large class of frequency domain.
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Mellin Transform in Bicomplex Space,

Fractional Calculus and Applications

The main findings of this chapter have been published as:

1. Agarwal R., Goswami M.P. and Agarwal R.P. (2016), Mellin transform
in bicomplex Space and its application, Studia Universitatis Babes-Bolyai

Mathematica, (in press).

2. Agarwal R., Goswami M.P. and Agarwal R.P. (2017), A study of Mellin
transform of fractional operators in bicomplex space and application, Jour-

nal of Fractional Calculus and Applications, 8(2), 211-226.
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7. MELLIN TRANSFORM IN BICOMPLEX SPACE,
FRACTIONAL CALCULUS AND APPLICATIONS

In this chapter, we extend the Mellin transform of complex-valued function
in complex variable to Mellin transform of bicomplex-valued function in bicom-
plex variable. Also, we obtain bicomplex Mellin transform of Riemann-Liouville
integral, differential and Caputo fractional derivative of order a@ > 0 of certain

functions and some of their properties.

7.1 Introduction

Hjalmar Mellin (1854-1933, see, e.g. [118]) gave his name to the Mellin transform
that associates to a complex-valued function f(t) defined over the interval (0, c0),
the function of complex variable s, as

)= [ e

0

The change of variables t = e™*

shows that the Mellin transform is closely re-
lated to the Laplace transform. General properties of the Mellin transform are
usually treated in detail in books on integral transforms, like those of Poularikas
[T18] and Davies [33]. In 1959, Francis [53] discussed the application of complex
Mellin transform to networks with time-varying parameters. In 1992, Pilipovic
and Stojanovic [116] discussed the modified Mellin transform, its inverse, convo-
lution and properties over the investigated space. Also, applied modified Mellin
convolution in solving an integro-differential equation. In 1995, Flajolet et al.
[47] used Mellin transform for the asymptotic analysis of harmonic sums.

In 2007, Fitouhi and Bettaibi [46] discussed the applications of ¢- Mellin trans-

form in quantum calculus and derived the asymptotic expansion of some func-
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tions. In 2009, Erfani and Bayan [44] studied the application of two-dimensional
Laplace,Hankel and Mellin transforms in linear time-varying networks systems.
In 2015, Patil and Patil [114] discussed some properties of Mellin transform to
obtained electrical analogous with the use of force-voltage analogy of the given
mechanical system. In [3], Alotta et al. proposed a wavelet transform of an arbi-
trary function f(¢) which can quickly computed by Mellin transform expression.
In 2016, Bardaro et al. [L3] established the Paley-Wiener theorem of Fourier
analysis in the frame of Mellin transform.

For defining bicomplex Mellin transform, we shall need the definitions of bi-
complex gamma and beta functions. In [58], Goyal et al. defined bicomplex

gamma and beta function and discussed its various properties.

Definition 7.1. (Bicomplex Gamma function [58, p. 137]). Let £ € Cy, p =
p1e1 + paeg € Cy, pr, p2 € (0,00), then

r(e) = /H Pt dp (7.1)

where H = (71,72), 11 = 71(p1) and 2 = Y2(p2). I'(€) exists provided the integral

exists.

Definition 7.2. (Bicomplex Beta function [58, p. 137]). Let £ = uy + iqug, n =
U1 +d2v2 € Co, p = prer + paea € Co, pr, p2 € [0,1] with Re(ur) > [Im(us)| and
Re(vq) > |[Im(vg)| then

B(&,n) Z/Hpg‘l(l—p)”‘ldp (7.2)

where H = (71,72), = 71(]91) and v, = 72(172)-
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Mellin convolution of two bicomplex-valued functions can be defined as:

oy at) = [ s (L) da (73)
ftyogt) = [ Fat)ygla)da (7.4)

7.1.1 Basics of Fractional Calculus

Fractional calculus is a generalization of the classical calculus and it has been
used in various fields of science and engineering. The fractional calculus is a pow-
erful mathematical tool for the physical description systems that have long-term
memory and long term spatial interactions (see, for details, Podlubny [117], Miller
and Ross [100], Hilfer [66], Kilbas et al. [77] and Samko et al. [129]).

In [82], Klimek and Dziembowski applied Mellin transform to find the solution
of fractional differential equations of complex-valued function. In [48], Francisco
et al. proposed a fractional differential equation for the electrical RC and LC cir-
cuit in terms of the fractional time derivative of the Caputo type. In [93], Liang
and Liu deduced a fractional-order model based on skin effect for frequency de-
pendent transmission line model. In their paper voltage and currents at any
location in transmission line can be calculated by the proposed fractional partial
differential equations.

In this section, we give the definitions of Riemann-Liouville and Caputo frac-

tional operators along the main properties.

Definition 7.3. (see, e.g. Miller and Ross [106, p. 45]). Let o > 0 and f be

piecewise continuous on (0, c0) and integrable on any finite subinterval of [0, 0o).
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Then for ¢ > 0

1

D0 = s / (t — 2)* f(x)da

the Riemann-Liouville fractional integral of f of order «.

Definition 7.4. (see, e.g. Miller and Ross [106, p. 82]). Let f be a function of
class C and let o > 0. Let n be the smallest integer that exceeds a. Then the

fractional derivative of f of order « is defined as
oDEf(t) = oD} [oD ()] @ >0, 150

where f =n —a > 0.

Some properties of Riemann-Liouville fractional operator are as follows:

Theorem 7.1. (see, e.g. Miller and Ross [100, Eq. 5.25, 6.1]). Let o, B are

two positive real number, then
(a) oDz (oD 1(1)) = o DF 7S 1),
(b) oD oD f(t) = oDy " P F (D),

(c) oDy oD f(t) = oD;* oD f(2).

For Riemann-Liouville operator ¢ Df* and «,n > 0 the fractional derivative of

the power function " (see, e.g. Miller and Ross [106, p. 36]) is given by

I'(n+1)

Datn:
0 Fn—a+1)

e, (7.5)

Definition 7.5. (Caputo [24] and see, e.g. Podlubny [117, Eq. (2.138)]). The

Caputo fractional derivative of f for a > 0 is defined as

oo 1 L) (x)
thf(t)_F(n—a)/o (t_m)aﬂ—ndx’ n—1l<a<n (7.6)
SDRf(t) = oDy " Vg(t), g(t)=fM(t), n—1<a<n (7.7)

provided the integral exists.
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Some properties of Caputo fractional derivative are as follows:

Theorem 7.2. (see, e.g. Kilbas et al. [77, p. 95, 96]). Ifm—1 <a<m, meN
and function f s.t. integral exist, then

(a) §D; (607 F(1)) = F(1),
(b) oD (§DF() = £(8) = Xhs F90) (%) -

7.2 Bicomplex Mellin Transform

Let fi(t) be a complex-valued continuous function on the interval (0,00) with
filt) =0 () ast — 0T and f1(t) = O (t77) as t — oo, where oy < ;. Then

Mellin transform of f;(t) is

M[f1(t); s1] = /°° e A)dE = fi(s1), s1€Ch (7.8)

0

where f(s;) is analytic and convergent in the vertical strip
= {81 cCi:oq < Re(sl) < 51} (79)

Similarly, f»(¢) be a complex-valued continuous function on the interval (0, co)
with fo(t) = O (t7°2) as t = 07 and fo(t) = O (t7) as t — oo, where as < .

Then Mellin transform of fy(t) is

m [fg(t), 82] = /OOO tsQilfg(t)dt = f2(52), So € Cl (710)

where f5(s) is analytic and convergent in the vertical strip

Dy ={s9 € C1: 0y <Re(sz) <1} (7.11)
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Since fi(s1) and fy(sz) are complex functions which are analytic and convergent
in the strips €; and Q, respectively. Now, we take linear combination of f;(s;)

and fo(sy) w.r.t. e; and ey respectively, denote by f(€), & = s1e; + sge9

fi(s1)er + fa(sg)es = (/OOO t51—1f1(t)dt> e + (/OOO t52—1f2(t)dt) es
FO = [ oo (e + fltyer b
o= [ o (7.12)

where & = sje; + sye; and f(€) is analytic and convergent in the strip

Q={:&=s161+ 522 € Cy;a <Re(P;: §) < B;a < Re(Py: &) < b

a = max(a, az) and f = min(f5, fa)} . (7.13)
"o < Re(s;)) =21 < f and a < Re(sg) =z < 3, we have

€= (x1+iy1)er + (22 +i1y2)en

. 14192 . 1—112
:<$1+11y1)( 212)+($2+21?JZ)( 212>

—nlny (ylg‘”) iy + (yQ;yl) in + (“;@) iria.

Now, there are three possible cases:

L. If 2y = x5 = ap (say) then 522 =0 and 2322 = q.

Hence, if £ = ag + a1i1 + asis + aziyis, then o < ag < § and a3 = 0.

2. If 2y > x5, then #5722 > 0,

z14+x9o B+xz2 B+x2 B=%1 _ n _ mi—mp
7 <3 < 3 + 2 =p 2

) a+x1 a+x1 a—Ty __ X1 —x2
and #5F2 > STEL > SRl 4 A58 = o f HL5E2

Thus, a + a3 < ag < f — az and az > 0.

163
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3. If 1 < @y, then 5% <0,

z1+x2 Btz B+ B—x2 __ )
2 < 2 < 2 + 2 - B+ 2

r1+xT2 a-+xo a+xo a—r] __ _ x1—T2
and #5F2 > 40 > G 4 Aot = o — H5R

Thus, a —ag < ag < f + az and ag < 0.
These three conditions can be written in the following set builder form
Oy ={& = ap + a1y + azis + aziyiz : a < ag < [ and az = 0},
Dy ={& = ag + a1i1 + azis + aziyis : a+az < ag < 5 — ag and az > 0},
Q3 ={& = ap + a1y + azis + aziyis : @ —az < ag < S+ az and ag < 0}.

Thus, a < Re(P; : §) < f and o < Re(Py : ) < f implies £ € Q3 UQy, U Q3 = Q

which can be defined as:
Q= {£ =ap+ a1iy + agiz + aziyizs € Cy : a + |ag| < ap < B — |as|} (7.14)
or equivalently,
0 ={ e Cy:at[Im;(§)] < Re(§) < 5 — Imy(&)[}

where Im; (&) denotes the imaginary part w.r.t. j unit of a bicomplex number.
Conversely, the existence condition of bicomplex Mellin transform f(£) can
be obtained in the following way:

If f = ag + a1t1 + asis + aziiio € Q,

a+las| < ag < B —|asl. (7.15)
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Now, in terms of idempotent components, £ can be expressed as

g = Qo + alz'l + a2z'2 + agilig
= [(ao + as3) +i1(ar — ag)] e1 + [(ao — as) +i1(a1 + az)] es

= S1€1 t+ Sa€a.
Depending on the value of ag, there arises three cases:

1. When a3 = 0 and a < a¢g < f which trivially leads o < ag + a3 < S and

a<ag—az < p.

2. When a3 > 0, from the inequality (7.15) o + a3 < ag <  — a3, we get
a < ag —az and ag + az < (. This result can be interpreted as a <

ao—CL3<Cl0+CLg<B.

3. When a3 < 0, from the inequality (7.15) o — a3 < ag < B + a3, we get
a < ag+ a3z and ag — az < (. This result can be interpreted as a <

aog+ az < ag — az < (.

Hence the result.

Now, we define the Mellin transform in the bicomplex space as follows:

Definition 7.6. Let f(t) be a bicomplex-valued continuous function on the in-
terval (0, 00) with f(t) = O (t™*) ast — 0T and f(¢t) = O (t?) as t — oo, where
a < (. Then bicomplex Mellin transform of f(¢) defined as

mirere = [ 6= o). gen
where f(£) is analytic and convergent in  defined as

Q={ e Cy:at[mi(§)] <Re(§) < 5 — [Imy(&)[} (7.16)

where Im;(&) denotes the imaginary part w.r.t. j unit of a bicomplex number.
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7. MELLIN TRANSFORM IN BICOMPLEX SPACE,
FRACTIONAL CALCULUS AND APPLICATIONS

Following is the illustration to explain the process of finding the bicomplex

Mellin transform of a bicomplex valued function.
Ezample 7.1. Let f(t) =t*U(t —to), where U(t — to) is unit-step function, then
te

_€+a,

Mf(1);¢] = Re(§ +a) < —[Im;(¢ +a)l.

Solution. By applying the definition of bicomplex Mellin transform

mipeiel = [ T — to)de

0

= / gty
to

tg—i-a
i
(1—t)t 0<t<l1
Ezample 7.2. Let g(t) = Then
0, t>1
Mg(1): €] = % Re(&1) > [Im(€)] and Re(ay) > [Im(ag)|  (7.17)

where £ = & + 19 and a = ay + isas.

Solution. By applying the definition of bicomplex Mellin transform

Mg (t): €] = / T (e
= /1 711 — ) dt

where £ = & + 426 and a = a; + isae with Re(&) > [Im(&)| and Re(ay) >

[Im(c2)|, then

Mg(t):¢] = B(S, o) = D)Ie) (7.18)
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Table 7.1: Bicomplex Mellin transform of some basic functions

Bicomplex
Hankel
S.No. f(t) Region of Convergence
Transform
F(¢)
1. (1+1) Hepleo) Im;(a — €)| < Re(a — €)
2 | (040 | aia | Mm@l < Re(© < - [ln(©)|
3. e, n>0 % Re(§) > [Im;(§)]
sin( Z£
1. | sin(at), a>0| T9mE) T gy (6)] < Re(€) < 1— |y (6)
COS L&
5. | cos(at), a >0 W [Tm;(§)] < Re(§) < 1 — [Tmy(§)]
6. | log(l+t) | s | —L+my(€)] < Re(¢) < — [lm(¢)|
7 = - Re(¢ —a) < — [lm,(¢ — )

7.3 Properties of Bicomplex Mellin Transform

In this section, we discuss the basic properties of bicomplex Mellin transform viz.
linearity property, change of scale property, shifting property, Mellin transform of
derivatives and operators, relation with bicomplex Laplace transform and some
other properties. Also, we discuss bicomplex Mellin transform of convolution of
functions, Riemann-Liouville fractional integral and Caputo derivative of order

a > 0 of certain functions and some of their properties.

Theorem 7.3. Let f(t) and g(t) are bicomplez-valued functions with f(t) =
O (=), g(t) = O(t™2) ast — 0" and f(t) = O (t77), g(t) = O (™) as
t — 00, with max(ay, as) + |[Im;(€)| < Re(€) < min(fy, f2) — [Im;(§)], then

Mer f(t) + cag(t); ] = erM[f(1); §] + Mg (¢); €]

where ¢, and co are arbitrary constants.
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Proof. By applying the definition of bicomplex Mellin transform

My (1) + eagt): €] = / (Y en (1) + eag(t))dt

0

:cl/ 7 f(t) dt—l—cz/ t*tg(t)
0 0

= ciM[f(t); €] + c2Mg(t); &].
O

Theorem 7.4 (Change of scale property). Let f(&) be the bicomplex Mellin trans-

form of bicomplez-valued function f(t), then
M(f(at); €] = a*f(§), €€Q,a>0 (7.19)

where §2 1s defined in .

Proof. By applying the definition of bicomplex Mellin transform

M[f(at); €] = /OO t*=! f(at)dt, [where { = sie1 + sa€2)]

0

= (/Ooo tsl_lfl(at)dt) e + (/OOO t52‘1f2(at)dt) ey

Put at = u, to obtain

= % (Am tsl_lfl(u)dt) e+ % (/OOO t52_1f2(u)dt) €9

1 o)
- a8161+5262 / t8161+5262_1 (fl (u)el + fQ(u)QQ) dt
0

1 (o)
_ b e-1
A -7 f(u)dt

f(§)
= aé .

O

Theorem 7.5 (Bicomplex Mellin Transform of Derivatives). Let f(&) be bicom-

plex Mellin transform of bicomplex-valued function f(t), then

XS]

mf(f —n), ({§—n)eq (7.20)

M [FM(t);¢] = (-1)"
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7.3 Properties of Bicomplex Mellin Transform

where ) is defined in and provided t~7=1 f)(t) vanishes as t — 0 and as
t— oo forr=0,1,2,---,(n—1).

Proof. For n = 1, according to the definition of bicomplex Mellin transform,
Mg = [ o
which on integration by parts, gives
M€ = O — (€~ 1) [ ar

0

=—(E-1f(¢E-1).
Therefore, the result is true for n = 1. Let the the above result is true for n = m
I'e¢) -
M) (1) €] = (1Y —— 57 _
WS 0] = ()" €~ m) (7.21)

Now, forn =m + 1

m [f(m—&-l)(t); 5] — /000 tE—lf(m—i-l)(t)dt

Integrating by parts, we get

M5 = O (€ - 1) [ 2

0

= —({ - 1)(—1)m%f@ —m — 1), [using ((7.21))]

— (U e e m )

Therefore, the result is true for n = m+ 1. Hence, by the principal of mathemat-

ical induction the result is true for all n = 1,2, ---. Therefore,

M [0 (1) €] = <—1>”%f<f ).
]

Theorem 7.6 (Shifting Property). Let f(£) be bicomplex Mellin transform of
bicomplez-valued function f(t). Then

Mt f(t);€] = f(E+a), (E+a)e, acCy (7.22)
where 2 is defined in .
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7. MELLIN TRANSFORM IN BICOMPLEX SPACE,
FRACTIONAL CALCULUS AND APPLICATIONS

Proof. By applying the definition of bicomplex Mellin transform,

0 [t £ (1): €] = / T ()t

0

/Oo 5T f () dt
0
fle+a).

O

Theorem 7.7. Let f(£) be bicomplex Mellin transform of bicomplez-valued func-
tion f(t). Then

im[f(t“);g]:lf(g), éeQ,O#aeR (7.23)

a’ \a) a
where §2 is defined in .

Proof. By applying the definition of bicomplex Mellin transform,

M [f(19): €] = / T

1 oo
=— / we ' f(u)du [substituting t* = u]
0

]

Theorem 7.8. Let f(£) be bicomplex Mellin transform of bicomplez-valued func-
tion f(t). Then

Mt fO(); €] = <—1>"%f<f>, £en (7.24)

where € is defined in and provided t£77 f)(€) vanishes as t — 0 and as
t— oo forr=0,1,2,---,(n—1).
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7.3 Properties of Bicomplex Mellin Transform

Proof. By applying the definition of bicomplex Mellin transform,

e [1 £ ():€] = /OOO M) [where € = sien + sae)

_ (/Oo gor=1gn pm) (t)dt) er + (/Oo t82—1t"f2(”)(t)dt) e
0 0

L L(s1+n)
[(s1)

o L(s2+n)

- (s

fi(s1)er + (—=1)"

B LL(s1e1 4 s2ea +n)
=(=1) [(s1e1 + s9€9)
S,

(f1(s1)er + fa(s2)ea)
= (-1

f2(82)627

[using [34, Equation (8.3.12)]]

]

Theorem 7.9 (Bicomplex Mellin Transform of Differential Operators). Let f(€)

be bicomplex Mellin transform of bicomplez-valued function f(t). Then

m

(1) 10 ;5] = MEF(0) + £ (€] = (~1EF(©), €€ 0

where Q) is defined in .
Proof. By applying the definition of bicomplex Mellin transform,
d\2
m [(t@ f(t);é“] = 0 [12(6) + £'(1: ]

= M [L2f"(8);€] + M[tf'(t); ¢]
=&+ 1)) —&f(©)
= (=1 f(9).

In general,
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Theorem 7.10 (Bicomplex Mellin Transform of Integrals). Let f(&) be bicomplex
Mellin transform of bicomplex-valued function f(t). Then

m {/Otf(x)dx;f} = —%f(é +1), (E+1)eQ (7.26)

where §2 1s defined in .

Proof. We write

_ /Otf(x)dx

so that ¢/(t) = f(t) with g(0) = 0. Taking the bicomplex Mellin transform of ¢'(t)
and using Theorem [7.5] therein, we get

Mg (t); €] = —(§ = 1)Mg(t); € — 1

o[ o

Replacing & by £ + 1, we get the desired result ([7.26]). ]

7.3.1 Relation with Bicomplex Laplace Transform

The bicomplex Laplace transform and its properties are already discussed in
section 2.2 of chapter 2. Therefore, the usual right-sided bicomplex Laplace
transform is analytic in half-plane Re(§) > o + |[Im;(&)|. In the same way, left-
sided bicomplex Laplace transform is analytic in the region Re(§) < 5 — |Im;(&)].
If the two half-planes overlap, the region of analyticity of the two-sided bicomplex

Laplace transform is thus the strip
D ={{eCy:a+[Im;§)] <Re(§) < — [Im;(&)[}

Hence, D is equivalent to {2 defined in ([7.16)).
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Theorem 7.11. Let f(&) be bicomplex Mellin transform of bicomplez-valued func-
tion f(t). Then

o0

mmmﬂzf S f(e e = L[f(e):E], e (127)

—00

where 2 is defined in .

Proof. Taking t = e™* in the definition of bicomplex Mellin transform

Mf(t); €] = /OOO 7L (t)dt,

we get

mwmﬂ=/wﬁﬂfwm:me%d.

—0o0

Theorem 7.12. Let f(&) and §(&) are bicomplex Mellin transforms of bicomplea-
valued functions f(t) and g(t) respectively. Then

)0 €)= | [* g (1) e = r@a0. eca
and
mvwowmﬂzmﬂlmﬂmM@Maq:f@mu—a,sea (7.20)

where Q) is defined in .

173
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Proof. We have, by definition,

() o056 = | [ 2 rgg (4] dose

X

R o t\ dx
By changing the order of integration
:/Oof(x)d—x/mt“ <3) dt
0 T Jo g x
= [ e [T atan, [y=1]
= [a @ [y )y
0 0
= f(©)3(8)-

Similarly, we have

oo

MF(t) o g(t): €] = M [ f<xt>g<x>dx;§]

0

= /Ootg_ldt Oof(.rt)g(:v)d:v
0

0

By changing the order of integration

In the following theorem, we make efforts to find the bicomplex Mellin trans-

form of the Riemann-Liouville fractional integrals.

174



7.3 Properties of Bicomplex Mellin Transform

Theorem 7.13. Let f(£) be the bicomplex Mellin transform of bicomplex-valued

function f(t). Then for o> 0
T(1—¢—
M 0D f(t);€] = %(1—6_5)05)

where 2 is defined in .

Proof. Since we know that

fé+a), €4+aecQ (7.30)

oD “f(t) = Tl

f(tx)g(z)dx (7.31)
where
(1—-t)e 't 0<t<1

g(t) = (7.32)
0, t>1

Then using equations (7.17)), (7.29), (7.31)) and ([7.32)), we get

mﬂﬂ?ﬁ@f}—ﬁ%f@+®3mﬁ—£—®
IOt
- e o),

]

In the following theorem, we make efforts to find the bicomplex Mellin trans-
form of the Riemann-Liouville fractional derivative.

Theorem 7.14. Let f(&) be the bicomplex Mellin transform of the bicomplea-
valued function f(t). Then for0 <n—1<a<n

) [OD?—k—lf(t)tg—k—1]oo n [(1-¢+a)

M Dy f(t); €] = 0 1-¢

f&—a),
E—ae (7.33)

where § defined in .
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Proof. By taking the bicomplex Mellin transform, we get

M [0 D2 £ (1): €] = / T D (0t

0

:</mf11@ﬁﬁﬁmgey+</wf2ldﬁﬁ@m062
0 0
[where £ = sje1 + spep and f(t) = fi(t)er + fa(t)es]
T(l—si+k o D(1— :
- (B b1y M - )

F(1—82+k) @ s9—k—17° F(1_52+a)_
w [ODt fa(t)t g }0 + Wﬁ(SQ - O‘)) €2

(using [117, Eq.(2.287)])

n—1

ZF 1 — s1e1 — s9e9 + k)
=0
(

|: D?(fl (t)el -+ fQ(t)€2)t5161+5262_k_1};o

(1 — sye; — s9e9)
1 — s1e1 — S9e9 + @)
['(1 — s1e1 — sg9€9)
FA-¢+k) —I— k)
I'(1

(fi(s1 — @)er + fa(sa — a)es)

n—1

D?f(t)tg_k_l} o0 F(l B 5 + CY)

0 F(l——g)f(g — ). (7.34)

k=

o

Remark 7.1. In its particular case, if 0 < a < 1, then ([7.34)) becomes
MNl1—-¢+ )
I'1—¢
If the function f(t), Re(s;) and Re(sz2), where & = sye1 + saeo are such that the

substitutions of the limit ¢ = 0 and ¢ = oo make the first term of (7.35) zero,
then (|7.35)) reduces to the

M [oDff(£):€] = [oDf FEEF1] 7 + fl€—a). (7.35)

F1-¢+a)

MDY S (1):€] = ~Fr g

f(€—a). (7.36)

In the following theorem, we have found the bicomplex Mellin transform of

the Caputo fractional derivative.
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Theorem 7.15. Let f(£) be the bicomplex Mellin transform of bicomplex-valued
function f(t), where 0 <n—1<a<n,n €N, then

n—1

o . Dla+k—§) t—a+tk 'l1-¢+a); o o
M [§D;f(t):€] = ; g WO = f€ ) ¢
(7.37)
where Q) defined in .
Proof. By taking the bicomplex Mellin transform, we get
S O R S O
0
- ( | e S’fo1<t>dt) e + ( [ S‘wadt) e
0 0
[where £ = s1e1 + saeg and f(t) = fi(t)er + fa(t)es
an(oH—k—sl) k) v sr—agk]® Tl —s1+a) 5
- ( Troay PO SRy e ) )
— Dla+k—52) [ ,6) 0 s0—aii]® (1 —s52+a) -
+ 2 =5 [fz ()=t }O + sz(!ﬁ —a) | e

(using [117, Eq.(2.291)))

= Do+ k — s1e1 — sae9)

F 1-— S1€1 — 8262)

[(fl(k)(t)€1 i fz(k) (t)62> t81€1+82627a+k‘:|00

0
=0

F(l — 5161 — S + @) (f1(81 —a)er + fa(s2 — 04)62)

F(]_ — S1€1 — 8262)

Foz—i—k‘ 5 k1%
(F [f(k)(t)t5 +k]0 +

n—1

I'(1-¢+a)

e F(€—a). (7.38)

k=

[e=]

Remark 7.2. In its particular case, if 0 < o < 1, then ([7.38) becomes
['a—¢) I'l—¢+ )
MO I -¢)

If the function f(t), Re(s1) and Re(sz), where & = sye1 + spep are such that the
substitutions of the limit ¢ = 0 and ¢ = oo make the first term of ([7.38)) zero,

M (DY f(1); €] = [FE]0 + Fe—a) (739
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then (7.38)) reduces to the

W [5DE(0se] = T e

Theorem 7.16. Let f(£) be the bicomplex Mellin transform of bicomplez-valued
function f(t), where 0 <n—1<a <n,n €N, then

M [D7 oD, “f(t);€] = f(€), €€ (7.41)

where Q) defined in .

Proof. Since we know that

f€—a). (7.40)

6Df [ f()] = ().

By taking the bicomplex Mellin transform on both side, we have

M [5D7 oDy f(1):€] = F(E).

Deduction 7.1. If we take f(t) = t"U(t — to), then
—ayn o (t - to)a ! a—1 . rn n—r_r r
oD U (t — ty) = Ty ) S (1) C T (E— to) du. (7.42)
0 r=0

where U(t — to) is unit step function and hence

1 (o4 —Q . .
m ngt ODt f(t)af} -

Proof. By applying the definition of Riemann-Liouville integral operator on ¢"U (t—
to)

E+
tg"

4

. Re(§+n) < —|Imj(§+n)|. (7.43)

1 t
D" Ut —ty) = —— [ (t—2)* 2" U(x — to)d
DU = 1) = 57 [ (=0 Ve — e

_ ﬁ /t:(t @)l dy

:%/Oluw [t — u(t — to)]" du, {putu:f:txo]

_ (t—t)® /1 ut! Xn:(—l)’“”c U (t — to)"du
I'(a) Jo —0 '
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Changing the order of integration and summation which is valid under the con-

ditions of convergence, we get

_ a M 1
oD Ut — o) = @—t())Z(—l)?‘"Crt"*T(t—to)’" / w1 du
0

P(Oé) r=0
1 - r nC?“ n—r a+r
= Ty ;(—1) it (t —to)™T. (7.44)

Therefore, making use of ((7.41) and ([7.44]), we get the desired result (7.43). O

Theorem 7.17. Let f(£) be the bicomplex Mellin transform of bicomplez-valued
function f(t), where 0 <n—1<a <n,n €N, then

m—1 (k
M [oD; " CD2 (1) kf 0+ €)] < Rell+€) (749
k=0
where Q) defined in .
Proof. Since we know that
m—1 tk
oDz 50210 = £ = 3 190 (5 )

o

0
By taking the bicomplex Mellin transform on both side, we have

m—1 k
M oD GO} f(t); €] = Mf(t);€] — M [Z F®(0) (%) ;5]

= f(¢) Z f(k /Ooo 1=y
e Y0

k=0

]

Theorem 7.18. Let f(£) be the bicomplex Mellin transform of bicomplez-valued
function f(t), where 0 <n—1<a, f<n,n €N, then

[l-a-8-¢
I'(1-¢)
Re(a+p+&) <1—[Imj(a+p+E)|, a+8+E€Q

where § defined in .

m (oD% oD ()€ = fla+B+¢). (7.46)
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Proof. Since we know that
oD oD f(t) = oD P f ().
By taking the bicomplex Mellin transform on both side, we have

M |oD; oD, P f(1):€] =M oDy F(1);¢]

00 1 t
= tg_l—/ t — )P f(2)dadt
e f
By changing the order of integration

1 /oo 00 . .
= f:pdx/ 7Nt — )Pt
Ta+p) fy 100 ) 000
Put ¢ = £, then

e’} 1
/ tf—l(t _ $>a+6—1dt — pothHe-l / u—a—ﬁ—&(l _ u)a+ﬁ—1du
T 0

Therefore,

o0 1
(o0 oDy f(1):€] :m /O P (2 i /0 U €1 ety

where a 4+ 3 > 0, and Re(a + 4+ &) < 1 — |Im;(a+ 5+ &)

After using beta function ((7.2), we have

o e s I O

F(a+3)
Tl -a-8-9
= Taog fla+B+8).
O
Deduction 7.2. For0<n—1<a, f<n,neN
1 —« - r nC?" n—r B+r .
m [WODt {g(—m Tt (t — to)"* },5
_ _F(l —a—f- f) t§)+a+ﬂ+n (7_47)

ra-e¢) E+a+pB+n’
Re(§+a+p)<1—|Imj(§+a+pb)|, Re(§+a+p+n)<—|Imj(+a+F+n).
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Proof. In the similar manner of equation ((7.44)) and using result ((7.46)), we get

T(l-—a—B8-¢ 5
INGIENS) E+a+B+n

1 . n B Gy RS __F(l—oz—ﬁ—f)
sm[moa DTl to>+,§]— . i

M oD DU~ t0)] =~

t§+a+6+n
0

]

Theorem 7.19. Let f(£) be the bicomplex Mellin transform of bicomplez-valued
function f(t), then

. 1 T©) ' 1 1
(a) M [tCDOOf(t)af} = @fm {f(t)af - 5} ; §— 5 € Q (7.48)
o m[Dhrose] = g [rse 5] e-jea

where Q defined in and o DX M= DY f() vanishes as t — 0 and
t — o0 forj =0,1,--- ,n—1andi = 1,2. Where { = s1e1 + sae9, f(t) =
filt)er + fo(t)es and a = 3, 3.

Proof. (a) By applying the definition of bicomplex Mellin transform, we get

m[eDiswre] = [ et ikrar

0

— ([ eropiy (t)dt 1D fy(1)d
- t Yoo 1 €1+ t OOfQ(t) t €2
0 0

[where € = s1e1 + sae2 and f(t) = fi(t)er + fa(t)es].

We know the result of fractional integration by parts (see, e.g. Almeida and

Torres [2]) as

n—1
b

b b ) .
/g(t)fD?f(t)dtZ/ F()Dyg(t)dt + > [(=1)" oDy (t) o DY f (1), -

J=0

(7.50)
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By using ([7.50) and using given conditions, we obtain

sm[tDoof (/ Fi(8) oDt~ 1dt) e + </ Fa(t) oDt 1dt> e

;
[using (7.5))]
_ F<Sl€1+82€2>) [t + by + sues —

r (8161 + So€9 — )

= %ﬁﬁ {f(t);i - ﬂ :

(b) Similarly,

sm[CDgof (/ Fu(8) o D251~ 1dt> e+ (/ Falt) o D2 5~ ldt) e

T 3 : ’
_ ﬁm [fl(t);sl — §:| e+ %gﬁ |:f2(t)§82 - §:| €9
pirrerresid CUCRECERE R

S C {f@;s—g].
O

Continuing by the induction, the results in Theorem can be extended

further to fractional derivatives as in the following theorem:

Theorem 7.20. Let f(£) be the bicomplex Mellin transform of bicomplex-valued
function f(t) for alln —1 < a <n, n €N, then

I'(¢)
I'(€—a)

where Q defined in and oD (DR £t vanishes as t — 0 and
t— o0 forj=0,1,--- ,n—1andi=1,2. Where { = sje1 + sqey and f(t) =
filt)er + fa(t)er

M [FDLf(1);€] = Mf(t):E—a], E—aeQ (7.51)

182



7.3 Properties of Bicomplex Mellin Transform

Theorem 7.21. Let f(£) be the bicomplex Mellin transform of bicomplex-valued

function f(t), then

@ mliepkrond =" myeig, v jeo (752
P o, c4len (7.59

Njw

) [ DLre] =

where Q0 defined in and oD s (DY () vandshes as t — 0 and
t — o0 forj=0,1,--- ,n—1andi = 1,2. Where £ = sje1 + sqea, f(t) =
filt)er + fo(t)es and a = 3, 3.

Proof. (a) By applying the definition of bicomplex Mellin transform, we get
1 > 1 1
[+ DL f(tye] = [ ¢t DL sy
0
= (/ 12 fDéofl(t)dt) e+ (/ £z ngon(t)dt) e
0 0
[where § = sie1 + spe2 and f(t) = fi(t)er + fa(t)eal.

N

By using ([7.50) and using given conditions, we obtain

m [t% tCDif(t);f] = (/OOO fi(t) ODEtﬁ%dt) er + </Ooo fa(t) ODEt”%dt) e
C(si+3) ([ o1 C(sa+3) ([ 01
Tl)z (/0 t fl(t)dt) e1 + TQ)Q (/0 t fz(t)dt) e

[using (7.5))]

r (5161 + Sq9€9 + %)
- 20 t)er + falt)ez; sieq + sz€
' (s1e1 + s2€2) [fit)er + fa(t)ez; si€1 + s2e2]

RN CEa) P
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(b) Similarly,

m [t% fDif(t);g] = (/OOO fi(t) ODEt31+5dt) er + (/OOO fg(t)oDEt”*%dt) e

= Mgﬁ[ﬁ@);sl] e+ %

I'(s1)
T (s1e1 + sae2 + 1) .

B [(s1e1 + s9e9) M [fi(t)er + fa(t)ez; sier + saea]
__® .

e o,

m[f2<t)§ 32] €2

Following the similar technique as in the above theorem, follows Theorem [7.22]

Theorem 7.22. Let f(£) be the bicomplex Mellin transform of bicomplex-valued
function f(t) for alln —1 < a <n,n €N, then

T +a)

M [1* 7D f(1);€] = rEy e, fracQ (7.54)

where S defined in and oD D £(t) vanishes as t — 0 and
t— o0 forj=0,1,--- . n—1andi=1,2. Where & = s1e; + sqey and f(t) =
filt)er + fo(t)ea.

7.4 Inversion of Bicomplex Mellin Transform

In this section, we discuss the inversion of bicomplex Mellin transform. Let f(€)
be the bicomplex Mellin transform of bicomplex-valued continuous function f(¢).
Then f(&) = fi(s1)er + fa(sz)eq is analytic in the strip €2, which is defined in

(7.13). The inverse formula for complex mellin transform ( see, e.g. Poularikas
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7.4 Inversion of Bicomplex Mellin Transform

[T18, chapter 11] and Dawies [33], p. 195-210]) is

1 c1+i100

fi(t) = oy T fi(s1)dsy, ar < e < B
T c1—1100

=L e sy)ds, (7.55)

N 271_21 oh}
where, € is defined in ((7.9). Similarly, another inverse formula for complex

Mellin transform is

1 co+1100

t) = — t752 f5(s9)d <ey <
f2<> 27Ti1 oo f2(82) S92, (9 Co 52

=L R (sn)dsy (7.56)

27Ti1 Qs

where, €25 is defined in ([7.10]).
Now, using complex inversions ([7.55)) and (7.56|), we obtain the bicomplex-

valued function as

f(t) = filt)er + fa(t)es

1 - 1 _
= (2—/ t_slfl(sl)d81> €1 + (—/ t_82f2(82)d82) €9
T Jq, 27y Jg,

1 _ _
(91792)

n 27Ti1
b ; tEf(&)de (7.57)

2w
where, ) is defined in (|7.16|).
Consider the problem of asymptotically expanding f(t) as ¢ — 07, when
f(€) is known to be continuable in —M + [Im;(£)] < Re(§) < a — [Im;(€)] for
some M > 0. We also postulate that f(¢) has finitely many poles A, such that

Re(A;) > —M + |[Im;()y)|. Then

ft) = Z Res [t‘gf(f), £ = )\k] ~|—O(tM), ast — 0"

AKX
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where X is the set of singularities and M is as large as we want. Similarly, for
problem of asymptotically expanding f(t) as t — co. Then contour taken in right

and side of the fundamental strip, we have

f#)==> Res[t*f(&), E=N] +0 (™), ast— oo

Following is the illustration to explain the process of finding the inverse bicomplex

Mellin transform.
Ezample 7.3. Let f(&) = m, for Re(§ —a) < — |Im;(§ — a)| and Re(a_—b) <
— |Im;(a — b)|. Then find the inverse bicomplex Mellin transform f(¢) of f(§).

Solution. By applying the inverse bicomplex Mellin transform on f(&)

f) = [ efea

277'7:1 9}

N 1{% (T =) (e )
“p )

7.5 Applications of Bicomplex Mellin Transform

Here, we are interested in determining the extent to which the output voltage
V and current I using by bicomplex concept differs from their input values as
the length of the transmission line tends to a very small value. In this section,
we also discuss the application of bicomplex Mellin transform in solving Caputo
fractional equation of bicomplex-valued function.

(a) Now, let us define bicomplex scalar field as

F=V+iyd (7.58)
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7.5 Applications of Bicomplex Mellin Transform

where voltage V' and current [ are complex scalar fields. Now, we consider an
equivalent circuit of a transmission line of small length Az containing resistance

RAz, capacitance CAz, and inductance LAz as shown in Figure [7.1]

—RAx 1 —LAx
~LAx RAx
g 2 KCL 2 I+Al
i O_p_/V\/\/\—/m\ . m\ VAVAVAVAN > o +
[C
vy Y Yy V+AV

Figure 7.1: Equivalent circuit of a transmission line

The above figure is a symmetrical network. By using the Kirchhoff’s voltage law

(KVL), we have

1_01 1 1
V:—RIAx+ L(9 Az + La(I—i—A])AZL‘—F§R(I+AI)A.’B+V—|—AV

20t 2 0Ot
(7.59)
Dividing ([7.59) by Az and simplifying, we get
AV E)I LoAl  RAI

Taking limit as Az — 0, we get

ov ol

— RI+ L 7.61

or [ 875} (7.61)

By applying Kirchhoff’s current law (KCL) on the equivalent circuit of the trans-
mission line, we get

Oaat (V+%) Az + 1+ Al (7.62)
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Dividing ([7.62) by Ax and simplifying, we get

AT ov. C I (AV
Taking limit as Az — 0, we get
ol ov
e —C’E. (7.64)

The differential equations in ((7.61)) and ([7.64)) describes the evaluation of current

and voltage in a lossy transmission line. Differentiating (7.61) w.r.t. = and
simplifying using ([7.64)), we get

0°v 0°V oV
a7 = CLgg +CR - (7.65)

Similarly, differentiating ([7.64]) w.r.t. = and simplifying using (7.61]), we get

021 021 oI
53 OLw CRo.. (7.66)

Equations ([7.65) and ([7.66|) are hyperbolic partial differential equations which
describes the voltage and current along power transmission lines.

Combining equation ([7.65) and (7.66)) with the help of bicomplex unit iy as

2 2 2 2
il +228 —CL<a +228 >+C’R<8V+zzal)

Da? Ox? ot? ot? ot ot
0? 0? 9]
= 82(VHQI) CLa (V+121)+Cli’a (V +1iy1)
= a—2F( 1) = C’La—gF( t) + C’RQF( t) (7.67)
o2 o " ot |

where F'(z,t) is bicomplex-valued function defined by ([7.58]).

In particular, a circuit which has resistance R = %, capacitance C' = t? and
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inductance L = 1. The differential equation ([7.67)) of bicomplex-valued function

becomes

éiﬁ( w——ﬂgiF(z)+tgﬁx t) (7.68)
gz’ O T gt W T g P Y- '

For finding the solution of partial differential equation ([7.68]), we assume bound-

ary conditions as

F0,)=0 and F(1,£)= A (tl + tlb> (7.69)

where A € Cy, Re(b—a) > |Im;(b— a)|. By taking the bicomplex Mellin trans-

form of ((7.68) w.r.t. ¢ and making use of Theorem [7.9, we get

2

@F(x, §) = EF(z,€). (7.70)

Therefore, by taking the bicomplex Mellin transform of (7.69)) and using in solu-

tion of ((7.70)), we get

_ (=26 +a+b) (e — e7*7)
Fle, €)= A 7.71
=A@ e T
By taking the inverse bicomplex Mellin transform ((7.71)), we get
1 _
F(x,t) = —— [ t 5F(x,&)d¢ (7.72)

2777;1 Q
where F(z,€) is analytic in Re(§ — a) > |[Im;(§ — a)|. Then taking a semi-circle

on the right-hand side of a large radius and using by residue theorem, we have

Flz,t)= A [Smh(afﬁ) _. , sinh(bx) b]

sinh(a) i sinh(b)
sinh(a;x) sinh(byz) ,_,
=A | — " ——
! [ sinh(a;) T sinh(by) “
sinh(asz) _ sinh(byx)
Ay | ————5t7 2 —— 247
2 [ sinh(az) * sinh(b) .
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where A = Aje; + Aseq, a = areq + ases and b = bieg + baey. Therefore,

F(x,t) =V +isl
1 {A1 [sinh(alx) —— sinh(blx)tbl]

2 sinh(ay) sinh(b;)
e e (7.73)

Separating the bi-real and bi-imaginary parts of ([7.73|), we obtain the voltage and

current of above model as

Vi) = 1 {A1 {smh(alx)ta1 N sinh (b ) tbl]

2 sinh(a,) sinh(by)
sinh(asz) sinh(byx) .,
Ay |t
2 { sinh(as) sinh(b)

and

Ia,t)=2 {A1 {—Smh((l”)tm + —Smh(bl‘”)tbl]

2 sinh(aq) sinh(by)
sinh(apz) _,, = sinh(bz)
Az [ sinh(as) B sinh(bs) ! .

(b) In similar manner to equation ([7.68|), we can write a Caputo fractional differ-
ential equation of bicomplex-valued function of a circuit of transmission line as

follows:

t*CD F(x,t) +t° D5 F(x,t) = AS(t — a)d(x — a), A€ Cy (7.74)
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7.6 Conclusion

Taking the bicomplex Mellin transform of ([7.74)) w.r.t. ¢, we get

Mp(x, €) + Mﬁ'(x,ﬁ) = Ad(x — a)a®?

() I'(¢)

_ ag_l
L F(2,6) = Ad(z — a) LE)

T +a)+T(E+p6)

Taking the inverse bicomplex Mellin transform of F(x,£), we get

: A - P(§)a"
F(x,t) :V+22[:ﬂ5(:v—a)/gt gF(§+a)+F(f+5)d£ (7.75)

where (2 defined in (7.16). By separating the bi-real and bi-imaginary part of

(7.75]), we obtain the voltage and current of the given circuit of transmission line.

7.6 Conclusion

The concept of bicomplex numbers has been applied for finding the solution of dif-
ferential equations of bicomplex-valued function generated by network diagram.
In this chapter, we define Mellin transform and its inverse in bicomplex space
which is the generalization of complex Mellin transform. Also, we find bicomplex
Mellin transform of some useful properties of fractional operators, which are use-
ful for finding the solution of fractional differential equation of bicomplex-valued
function.

The applications have been illustrated to find the solution of partial differen-
tial equation of bicomplex-valued function generated by a network and for find-
ing the solution of transmission line equations in fractional form. The bicomplex
analysis has great advantage that it separates the voltage and current as complex

components.
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