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ABSTRACT

The main intent of this thesis is to establish some new results in the
area of special functions and fractional calculus. The study is pre-
sented having divided into six chapters

Chapter 1 is intended to provide an introduction to various special
functions, polynomials and fractional integral operators studied by
some of the earlier researchers. Further, we present the brief chapter
by chapter summary of the thesis.

In chapter 2, first of all we give definition of a generalized Riemann-

Liouville fractional derivative operator D}? of order p and type v.

j_cw;m,n;a

Then, we introduce and investigate an integral operator 3 i s

which contains H-function in its kernel. Next we find solutions to

two different fractional differential equations in theorem form using

g{w;m,n;a

these operators. Since 0+:ipogB

is general in nature, by specializing
the parameters we can obtain a number of special cases of these the-
orems involving special cases of the integral operator H:"""™% and
giving appropriate values to f(x). Furthermore numerical examples
are calculated and using these examples graphical illustrations are
presented.

Chapter 3 deals with general fractional Kinetic differintegral equa-
tion involving the fractional operator D} and an integral operator

whose kernel involves the general class of polynomials S . We make

use of Laplace transform method to solve the fractional kinetic dif-



ferintegral equation. On account of general nature of S occuring in
the fractional kinetic equation, a number of results involving simpler
polynomials also follow as special cases of our main result. We give
here six special cases involving Laguerre polynomial, Bessel polyno-
mial, Gould and Hopper polynomial, Brafman polynomial and Cesaro
polynomial in the kernel of the integral operator occuring in the frac-
tional kinetic differintegral equation respectively.

Chapter 4 deals with the study of fractional differential integral op-
erator. First, we define the operator (D){") of our study and then
obtain image of a product of H-function and H— function under this
operator. Fractional integral operator involving a number of simpler
functions in its kernel follow as its special cases. we record here four
such special cases. Next we derrive two new and interesting compo-

sition formulae for the fractional integral operator I/ and the in-

w;m,n;o

arpqse Lhen we give the composition formulae for

tegral operator H

the fractional integral operators I/, , DY, , D)'"" and integral operator

Wi, M50
}Ca+;p,q;ﬂ‘

The object of chapter 5 is to find solutions of two volterra-type
integral equations associated with integral operators whose kernels
involve H-function and a product of general class of polynomials S¥
and multivarible H—function respectively. We make use of convo-
lution technique to solve these equations. We have obtained a large
number of integral equations involving products of several useful poly-
nomials and special functions as its special cases.

In chapter 6 we evaluate a unified and general finite integral whose
integrand involves the product of generalized modified Bessel function

/\g?,),,general class of polynomials S and the multivariable H—function.



The arguments of the functions occurring in the integrand involve the
product of factors of the form 27! (a —x)°(1+ (bx)*)~*. Main integral
is believed to be new and is capable of giving a large number of sim-
pler integrals (new and known) involving several special functions and
polynomials as its special cases.For the sake of illustration we record
here six new integrals as its special cases.

Four research papers have already been published, two accepted for
publication and two have been communicated for publication, in re-

puted journals having a bearing on the subject matter of the thesis.



viil
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1.1 SPECIAL FUNCTIONS

The present chapter deals with an introduction to the topic of the study as
well as a brief review of the contributions made by some of the earlier workers
on the subject matter presented in this thesis. Next a brief chapter by chapter
summary of the thesis has been given. At the end of this chapter, list of research

paper having a bearing on subject matter has been given.

1.1 SPECIAL FUNCTIONS

1.1.1 ,F,,F,,F, AND THE G-FUNCTION

The core of special functions is the Gaussian hypergeometric function o F; and
its confluent forms, the confluent hypergeometric functions 1 F; and . The con-
fluent hypergeometric functions slightly modified are also known as Whittaker
functions. The 5 F; includes as special cases Legendre functions, the incomplete
beta function, the complete elliptic functions of the first and second kinds, and
most of classical orthogonal polynomials. The confluent hypergeometric functions
include as special cases Bessel functions, parabolic cylinder functions, Coulomb
wave functions, and incomplete gamma functions. Numerous properties of con-
fluent hypergeometric functions flow directly from a knowledge of the 5 Fj, and a
basic understanding of the o 7 and 1 I is sufficient for the derivation of many char-
acteristics of all the other above-named functions. A natural generalization of the
o[ is the generalized hypergeometric function, the so-called , /7, which in turn is
generalized by Meijer G—function. The theory of the ,F, and the G—function is
fundamental in the applications, since they contain as special cases all the com-
monly used functions of analysis. Further, these functions are the building blocks

for many functions which are not members of the hypergeometric family.
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1.1.2 THE H-FUNCTION

The H—function is defined by the following Mellin-Barnes type integral[49, p.10]
with the integrand containing products and quotients of the Euler gamma func-

tions. Such a function generalizes most of the known special functions.

(a/jyoéj)l,p (a17a1>7”' 7(ap7ap)

m,n o m,n _ m,n
Hp,q [2] - Hp,q < - Hp,q <

(bj>ﬁj)1,q (blaﬁl)a"' v(bq7ﬁq)

= —/@(5)25 ds, (1.1.1)

where w = 1/—1, z € C\ {0}, C being the set of complex numbers,

and . .
H F(b] — ﬁjﬁ) le(l —aj + ijﬁ)
j=

=1

L - : (1.1.2)
[I TA-b;+58s) Il I'la;—ays)

j=m—+1 j=n+1
m,n,p and ¢ are non-negative integers satisfying

1=sm=q and 0=n<p ;0;(j=1,...,p) and S;(j=1,...,q9)
are assumed to be positive quantities for standardization purposes. The definition
of the H-function given by will, however, have meaning even if some of

these quantities are zero. Also, a;(j = 1,...,p) and b;(j = 1,...,q) are complex

numbers such that none of the points

_bh+V

5= h=1,...mv=012,.. (1.1.3)
Bn
which are the poles of I'(b, — 88),h = 1,...,m and the points
i— 11—
s=U T 2T =012, .. (1.1.4)
Q;
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which are the poles of I'(1 — a; + «;s) coincide with one another, i.e

a;(by, +v) # bp(a; —n—1) (1.1.5)

forv,n=0,1,2,..;h;1,...m;i=1,....n.

Further, the contour £ runs from —woo to +woo such that the poles

['(by, — Brs), h = 1,...,m, lie to the right of £ and and the poles of

I'l —a; + a;s) @ =1,...n, lie to the left of £. Such a contour is possible on
account of (L.1.F). These assumptions will be adhered to throughout the present

work.

SPECIAL CASES

We list here a few interesting cases of the H—function which may be useful for
the workers on integral transforms and special functions.

1. Confluent hypergeometric function of Kummer

1,1 (1—-a,l) I(a)
the |7 = ——~ila;c —z 1.
| 0,1), (I1—-¢1) T(c) Al ) (1.1.6)

which is the so-called confluent hypergeometric function of Kummer[6, 6.1]

2. Hypergeometric function[49, p.18§]

H2122 z (1-al) (1-b1) = wgﬂ(a, b;c; —z); (1.1.7)

0,1, (1—¢1) I'(c)

3. Generalized Hypergeometric function[49, p.18]
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p
1p (1 — Qy, 1)1,1) 11;[1 F(al)
Hooy |2 == pFy(ar, .. ap; by, . by —2).
(07 1)7 (1 - bj7 1)Lq H F(bj)
j=1
(1.1.8)
4. MacRobert E—function
(17 1) (bv 1)17
Hé’jrle z ! / = E(ay,...,ap : b1, ..., by 2), (1.1.9)

(@i, D1p
where E(ay, ..., ap : by, ..., by; z) is the MacRobert E—function[6], section 5.2].
Now we give the H—functions which are reduced to Bessel type functions:
5. Bessel function of the first kind

22 —_— — z a
5T e | T (-) T,(2), (1.1.10)
(z%1), (.541)

where J,(z) is the Bessel function of the first kind[49, p.19]
6. Modified Bessel function of the third kind or Macdonald function

2,2 —_— — z a
A » :2(§> K, (), (1.1.11)
(%1, (5451)

where K, (z) is the modified Bessel function of the third kind or Macdonald
function[7, section 7.2.2 and (8.9.2)]

7. Generalized Mittag-Leffler function

11—,k
oy |-z (1=7.x) =T()EY5(2) (1.1.12)

0,1), (1-p5,a)
where £ is the generalized Mittag-Leffler function given by [506]

8. Reduced Green function

H2 | (1, 1/e), (1, 8/e);, (1,p) — (az2)K? ,(2) (1.1.13)

(1,1/e),  (1,1),  (1,p)
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Where p = (o — 0)/2a and
K? 4 stands for reduced Green function[19, p.11, eq. (10)]

«

9. Lorenzo-Hartley R-function

0,1 1
H11:21 —az? ( ) - ﬁRQW[a? Z] (1114)
(0’1)7 <1+V_Q7Q) o

Here R, , is the Lorenzo-Hartley R-function[14, p.64, eq.(2.4)]see also[35]

10. Lorenzo-Hartley G-function

1—r1 r
1’-]1121 —az? ( ) = L)G,Lw[a, 2] (1.1.15)

0,1), (14+v-—rqq) zra—v-l

Here G, is the Lorenzo-Hartley G-function[14, p.64, eq.(2.3)] see also [35]

11. Miller-Ross functions

0,1 1

oy, | —az ©.1) = —E.[v,q] (1.1.16)
0,1), (=v,1) &
0,1 1

H1121 a’z? ©.1) = —C.[v,d] (1.1.17)
0,1), (-=v,2) <

Here F, and C, are the Miller-Ross functions[19] p.14,eq. (21,22)]
Finally we present the special cases of the H —function which cannot be obtained
from the G—function:

11. Wright’s generalized hypergeometric function

1 —ai, 0 iy 061}
g | o] O o A L e
(0,1), (1 —=bj,8)14 (bj, Bi)1,q:
where »
1T (a; + kay)

@
I
—

ai, ; =, ;
p\qu ( )l,p 5 :Z
(bj7 53‘)1,:1; k=0

(1.1.19)

—=
=3
S
_|_
5
=

.
Il
A
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is Wright'’s generalized hypergeometric function[6], section 4.1]
12. Generalized Modified Bessel function[1(, p.152, eq.(1.2); p.155, eq.(2.6)]

The following special case has been used in the thesis in chapter 6:

(1 - U_—Ha l)
oy |z A = A9 (2) (1.1.20)
(071)7 (_’7_%a3)
with
AP (2) = b / 9 1) et 1.1.21
’y,cr( ) F(’}/—i—l—%) 1 ( ) ( )

<6>0;§R(7) >%—1;0€C7§R(2) >0>.

13. Modified Bessel Function[30, p.66 eq.(2.9.33)-(2.9.34)]

(v+1-121,3) (1-n)

Hpy |z nn — (2m) T A (2) (1.1.22)
(’Yn’ 1)7 (07 %)
with
o) (n—1)/2 0 oo
AP (2) = M (f)7 / (" — 1)~ e~ *dt (1.1.23)
! Piy+1-2) \n 1

1
(n e N;R(y) > —- L R(z) > O)
According to the following integral representations in Erdélyi, Magnus, Oberhet-
tinger and Tricomi[7, 7.12(23) and 7.12(19)] for the modified Bessel function of
the third kind or the Macdonald function K, (z):

KZ/(Z) — 1 OO e*Z(t+1/t>/2tfllfldt
2 Jo

= ><2)V/1006”<t2—1>”5dt R(z)>0),  (1.124)

:F(%—V z

the functions (1.1.23)) and ([1.1.21]) are connected with the function K_,(z) by the

relations

AD (2) =2 (g)'y K_(2); (1.1.25)
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2 2 (27
A2(2) = 7= (;> K (2). (1.1.26)
We also note that the function )\E,n)(z) in 1) is expressed via )\(B )( ) in
(1.1.21)) when 0 =0 and S =n € N:

A () = (QW)(n—l)/2n—(vn+1/2)zvn)\<ﬁg(Z), (1.1.27)

1.1.3 THE H-FUNCTION

Though the H-function is sufficiently general in nature, many useful functions
notably generalized Riemann Zeta function [6], the polylogarithm of complex
order [0], the exact partition of the Gaussian model in statistical mechanics [24],a
certain class of Feynman integrals [6] and others do not form its special cases.
Inayat Hussain [24] introduced a generalization of the H-function popularly known
as H -function which includes all the above mentioned functions as its special
cases. This function is developing fast and stands on a firm footing through the
publications of Buschman and Srivastava [5], Rathie[40], Saxena [42, 43], Gupta
and Soni[20], Jain and Sharma[28], Gupta, Jain and Sharma[I§], Gupta, Jain and
Agrawal[I7] and several others.

The H-function[24] is defined and represented in the following manner:

(ajaanAj)l,N7 (a’jvaj)N-FLP
—M,N
HP,Q[] HPQ <

(bj, Bi)ims  (bj, 855 Bj)m+1,0

1
= 2—/ £)25d¢ (1.1.28)
£
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where, w = y/—1,z € C\ {0}, C being the set of complex numbers,

A_/[ F(b] - 6]5) ﬁ {F(l —aj + Oéjf)}Aj
@<§> - (;_1 j=1 ) .
':11\_/[[+1 {1 =0; + 5]’5)}% ':1;;[“ [(a; — a;€)

It may be noted that ©(¢) contains fractional powers of some of the gamma func-
tions. M, N, P,Q are integerssuch 1 < M < Q,0< N <P, (a;)1,p,(Bj)1,0 and

(Aj)1.n, (Bj) 41, are positive quantities for standardization purpose. (a;);,p and

b; +k
(b;)1,o are complex numbers such that the points £ = J; o j=1,.,M; k=
J
1k
0,1,2,... which are the poles of I'(b; — 3;€), and the points & = o j =
o

1,..,N; k=0,1,2,... which are the singularities of {I'(1 —a; + ozjﬁ)iAj, do not
coincide. We retain these assumptions throughout the thesis.

The contour £ is the line from ¢ — ico to ¢ + 100, suitably intended to keep the
poles of I'(b; — 5;€); j = 1,..., M to the right of the path, and the singular-
ities of {I'(1 — a; + «;&)}Y; j = 1,..,N to the left of the path. If we take
Ai=B;j=1 (i=1,..,N;j=M+1,...,Q), then the H—function reduces to
the familiar H—function.

The following sufficient conditions for the absolute convergence of the defining
integral for H—function given by have been given by Gupta, Jain and
Agarwal[17]

1
(1) larg(2)| < 597? and Q>0
1
(1) |arg(2)| = §Q7r and Q>0 (1.1.30)
and

(a) i # 0 and the contour £ is so chosen that (cu+ A+ 1) <0
(b)) p=0and (A+1)<0
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where

M N Q P
Q:Z@JFZ%.AJ._ Z 8;B; — Z B, (1.1.31)
j=1 j=1

j=M+1 j=N+1

Q
= Za]A + Z a; — ZB] > BB (1.1.32)

j=N+1 j=M+1

(Zb + Z b; B, — iajAj— i aj>

j=M+1 Jj=1 j=N+1

< M — Z B; +ZA +p— N) (1.1.33)

j=M+1

The following series representation for the H—Function given by Rathie [40] and

Saxenal[42]:
(aj, aj; Aj)in, (aj, aj)Nn41,p o M
Hpy |2 =3 Osy et (1.1.34)
=0 h—1
(bj, Bi)im,  (bj, 05 Bj) 1,0
where,
M N N
' H F(b] — Bj5t,h) H {F(l — aj + Qjﬁt’h)} J (_1)t
O(sip) = Jj”éh = _ T (1.1.35)
, 'Bh
II T =0+ Bsn)}™ 11 T(a; — ayses)
J=M+1 j=N+1
b t
gip = T (1.1.36)
B

The following behaviour of the ﬁﬁg (z)function for small and large values of z
as recorded by Saxena et al[45], p.112, egs.(2.3-2.4)],
F]\;év(z) = 0(|z]9), for small z, where g = min R <BJ>

1<j<M



1. INTRODUCTION TO THE TOPIC OF STUDY AND BRIEF
CHAPTER BY CHAPTER SUMMARY OF THE THESIS

— i—1
HgQN(z) = O(|z|"), for large z, where h = max R (Aja] )

1<G<N ;
provided that either of the following conditions are satisfied:

(i) w<0 and 0<]|z] <o0 (1.1.37)

(i) p=0 and 0<|z|<d! (1.1.38)

where

N P M Q
p=Y a Ay a;=) b= BB (1.1.39)
1

N+1 1 M+1

N P M Q
6 = [Tt TT e TT8) " TI (5> (1.1.40)

SPECIAL CASES

The following special cases of the H—function have been made use in this thesis:

1. Polylogarithm function

_ 0,1;p+1 o
JHyy | -2 0.3p+1) —Flep) = = (1.1.41)

(071)7 (_1;17]9) r=1 rP

Here F'(z,p) is the polylogarithm function of order p [6l, p.30]
2. The H—function

(aj, ;)1 8,  (aj,05)Nt+1.p (@i, ;)1,p

Hpy |z = HYY |- (1.1.42)

(b, B, (bg, B v, (b, Bihe

Naturally, all functions which are special cases of the H—function are also special

cases of the H—function.

10
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1.1.4 THE MULTIVARIABLE H-FUNCTION

The multivariable H—function occuring in the thesis was introduced and studied
by Srivastava and Panda [52, p. 130, eq. (1.1)]. This function involves r complex
variables and will be defined and represented in the following contracted form

[49, p. 251-252, egs. (C.1-C.3)]

(1)

r 1 1 r T
; ,...,04§ ))170 : <C§ ),”y](- ))1,01; N (C( )

2 | (a5 57 1.6,

Zr (bj;ﬁj(-l)a ---75§T))1,D : (d§1), 5§1))1,D1; TR (d?"), 5](‘r))1,D,«

r

_ ! /2 vt o)) s, (=) (1143

(27w)" Pl

where w = v/ —1,

I1 F(djZ - 5]‘1 &) IIT(1— le + ”sz &)
ilE) = —— B (i=1,.7)
[ ra—d’+a’%) T T(g —")
j=Ai+1 j=B;+1
(1.1.44)
B T .
[T —a;+ > dg)
j=1 i=1
V(s &) = I — (1.1.45)
[ITA =06+ 8;"&) II Tla— > ")
7=1 =1 j=B+1 =1

All the greek letters occuring on the left-hand side of ([1.1.43)) are assumed to be
positive real numbers for standardization purposes; the definition of the multi-

variable H —function will, however, be meaningful even if some of these quantities

11
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are zero such that

C C; D D;
A=>"al+ 3T A3 N0 >0 (i=1,2,..7) (1.1.46)
Jj=1 Jj=Bi+1 Jj=1 j=1

c; D D;

c B; A,
=— > o’y - Z oS ES S - ST 00 (=12,
1 j=1

j=B+1 j= j=Bi+ j=1 j=Ai+1

(1.1.47)
where B,C, D, A;, B;, C;, D; are non negative integers such that 0 < B < C
D>0,0<B;<Ciand 1< A; <D;, (i=1,....,7).
The sequences of the parameters in (|1.1.43]) are such that none of the poles of
the integrand coincide i.e. the poles of the integrand in are simple. The
contour £; in the complex &— plane is of the Mellin-Barnes type which runs
from —woo to +woo with indentations, if necessary, to ensure that all the poles
of F( f,) (j =1,..., A;) are separated from those of I'(1 — cg-i) - 7j(~i)§i)
G=1,.., Bi) and T'(1 — a; + Z ey (i=1,.,rj=1,.,B)
It is known that multiple Melii:nl—Barnes contour integral representing the multi-
variable H— function ([1.1.43)) converges absolutely[53], p.130, eq.(1.4)] under the
condition (|1.1.47)) when

1
larg(z;)| < §Qi7r, (i=1,..,71) (1.1.48)

The point z; = 0( = 1, ...,7) and various exceptional parameter values are

excluded.

SPECIAL CASES

By suitably specializing the various parameters occuring in the multivariable H—
function defined by (|1.1.43)), it reduces to the simpler special functions of one and

more variables.

12



1.1 SPECIAL FUNCTIONS

Some of them which have been used in this thesis are given below:

: m _ @2 _ N ()] S 1) _ 52 _ _
(i) If we take a;’ = o7 = ... = a;° (j=1,...,D)and 3’ = 3,7 = ... =

BJ(T) (j=1,....,D) in (1.1.43), it reduces to a special multivariable H— function

studied by Saxena[42].

(ii) If we take all the Greek letters o's, 5’s,v's, and ¢’s equal to unity in (1.1.43) ,
it reduces to the corresponding G—function of several variables studied by Khadia
and Goyal[29].

(iii) If we take r = 2, in (L.1.43), we get H—function of two variables defined in
49, p.82, eq.(6.1.1)].

(iv) A relation between H —function of two variable and the Appell function[49]

p.89.eq.(6.4.6)] is given as below:

7001212 —x - (1—¢1),(1=¢,1); (1—e1),(1—¢,1)
0,1:2,1;2,1

C(e)l()T(e)l(€
_ (©)L'(¢)L(e) (e)F3(c,e,c’,e';b;x,y), lz| < 1, |y < 1 (1.1.49)

1.1.5 GENERAL CLASS OF POLYNOMIALS

Srivastava [46], p.1 eq. (1)] has introduced the general class of polynomials

V/0]
_V A R
SV = > (Vur o L (V=0,1,2,...), (1.1.50)
R=0 ’

where U is an arbitrarty positive integer, and the coefficients Ay z(V, R > 0)
are arbitrary constants, real or complex. On suitably specializing the coefficients
Ay g, SY[z] yields a number of known polynomials as its special cases. These

include, among others, Jacobi polynomial, Laguerre polynomial and several others

55, p.158-161].1f z = 0, Agp = 1, then SY[z] reduces to unity.

13
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SPECIAL CASES

The following special cases of the general class of polynomials Sy will be required
in the thesis:

(i) Laguerre Polynomials

) V+a 1 )
On taking U =1, Ay, R = ——— in (|1.1.50)),
V (Oé—f— 1)R
SL — L (), (1.1.51)
where,
1
L\(z) = (J{/—?‘)Vlﬂ(—v;ua;x) (1.1.52)

is the Laguerre Polynomial[57, p.101,eq.(5.1.6)]

(ii) Jacobi Polynomials

V+a (a+ﬂ+v+1)Ri

On taking U = 1, Ay, R =
n taking 1% v @+ Dn

n (|1.1.50)),

Sl — PP - 2z), (1.1.53)

where

\7a _
RO ol N (x_l)R(x“)m
—~\V-R R 2 2

(

% R
_ 1—|—a)vz( VirRl+a+8+V)g (1—=x (1.154)
V! (1+ a)rR! 2
R=0

is the Jacobi Polynomial.[57, p.68, eq.(4.3.2)]

(iii) Gould & Hopper Polynomial

Taking Ay = 1 in (L.1.50),

_\ VU _p\ WU

14



1.1 SPECIAL FUNCTIONS

where

v/U]
V' hR V-UR
— RI(V — UR)! !

A(U; =V); =5 h <_—U>U

gvsch

=2V F, (1.1.56)

T

is the Gould & Hopper polynomial.[12, p.58, eq.(6.2)]
Here A(U; V) denotes the array of U parameters 1, Y2+, ..., Y=L U > 1, the
set A(0, V') being empty.

(iv) Cesaro Polynomial

. . . (8 —+ 1)VR'
Taklng U= 1>AV,R = m
Sk(x) = ¢\ (z) (1.1.57)
where
s s+V -V, 1;
9 (x) = 2 Fy x (1.1.58)
V —s—V;

is the Cesaro polynomial[51l p.449, eq.(20)].
(v) Bessel Polynomial

Taking V =1, Ay = (a+V — 1) in (T.1.50),

Sy (x) = yv (=B, a, B), (1.1.59)

where

(—bz, a, )

XV: a+V—1) (F)R

R=0

=2R[-Via+V = 1= /6] (1.1.60)

is the Bessel Polynomial consideres by Krall and Frink[34], p.108, eq.(34)]
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(vi) Brafman Polynomial

. (Ozl)R...(Oép)R .
Taking Ay r = ————— in (|1.1.50)),
8 AR (B1)r--(By)r
SU(x) — BYay, ..., a; Bu, .., By - aUY], (1.1.61)
where

BY [, ooy B1y ooy By 2 ) = pFy[AU; =V, 1, ooy Bry oy By s ] (1.1.62)

is the Brafman polynomial.[3] p.186]
Here A(U; V) denotes the array of U parameters %, %, s %, U > 1, the

set A(0, V') being empty.

1.2 FRACTIONAL CALCULUS

The concept of differentiation operator D = d/dx is familiar to all who have
studied the elementary calculus. And for suitable functions f, namely D" f(z) =
d" f(x)/dz™ is well-defined provided that n is a positive integer. In 1695 L’Hospital
inquired of Leibniz what meaning could be ascribed to D" f if n were a frac-
tion. Since that time the fractional calculus has drawn the attention of many
famous mathematicians, such as, Euler, Laplace, Fourier, Abel, Liouville, Rie-
mann, Lacrocx, Pracoch, Heaviside, Weyl, Kober, Erdélyi and Laurent.

During the second half of the twentieth century, considerable amount of research
in fractional calculus was published in engineering literature. Indeed, recent ad-
vances of fractional calculus are dominated by modern examples of applications
in differential and integral equations, physics, signal processing, fluid mechanics,
viscoelasticity, mathematical biology, and electrochemistry. There is no doubt
that fractional calculus has become an exciting new mathematical method of

solution of diverse problems in mathematics, science, and engineering.
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1.2 FRACTIONAL CALCULUS

1.2.1 FRACTIONAL DIFFERENTIAL INTEGRAL
OPERATOR

A detailed account of various fractional integral operators studied from time to
time has been given by Srivastava and Saxena[54]

The Riemann-Liouville fractional integral operator I, and the Riemann-Liouville
fractional derivative operator D/, , which are defined by (see, for details, [33], [37]
and [41]):

(1)) = 7 I ( 4 > o) (121)

x —t)-*
and

D@ = () @@ @0 >0 a=RE+D, (22)

where [x] denotes the greatest integer in the real number x. Hilfer [56] generalized
the operator in (1.2.2)) and defined a general fractional derivative operator D%
of order 0 < ¢ < 1 and type 0 £ v £ 1 with respect to x as follows:

(DY f)(z) = ( JAt % ([Lglg”)“—“) f)) (z). (1.2.3)

The generalization in yields the classical Riemann-Liouville fractional
derivative operator DY, when v = 0. Whenv = 1, reduces to the fractional
derivative operator introduced by Joseph Liouville, which is often attributed now-
a~-days to Caputo (see [33] and [68]; see also [11]).

The following generalized form of fractional integral operator studied earlier by

Hilfer[22] will be used in chapter 4 of the thesis.

o) =(50 0 () GO @

with0<pu<land0<v <1

where

() ) = & - %u—v / (mtift()tl)_#dt (Re(7) > =1, Re(u) > 0) (1.2.5)
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Form = 1 and v = 0, (1.2.4)) reduces to the Hilfer fractional derivative operator[22]
p.43, see 11]

1.2.2 FRACTIONAL DIFFERENTIAL EQUATIONS

The first form of the Fractional Integral Equation is given by the following form:

r(la) /Ot 7 f(:))l_adr —f(t), O<a<l (1.2.6)
This may also be written as
J(t) = f(t) (1.2.7)

The solution of this kind is straightforward, and written
u(t) = D*f(t) (1.2.8)

In the present work we solve a set of following general fractional differential

equations:
(D62 y) (x) = A (3615755 1) (@) + f(@), (1.2.9)

and
2 (DG y) (2) = A (HGT5 1) (), (1.2.10)

For definition of (37" see (2.2.1)

FRACTIONAL KINETIC EQUATION

Fractional Kinetic equations have gained popularity during the past decade mainly
due to the discovery of their relation with the CTRW-theory in [2I]. These equa-
tions are investigated in order to determine and interpret certain physical

phenomena which govern such processes as diffusion in porous media, reaction

and relaxation in complex systems, anomalous diffusion, and so on [22], 23].

18



1.3 BRIEF CHAPTER BY CHAPTER
SUMMARY

In a recent investigation by Saxena and Kalla[44], the following fractional kinetic

equation was considered:
N(t) = Nof(t) = =c"(Igy N)(t)  (R(v) > 0), (1.2.11)

where N(t) denotes the number density of a given species at time ¢, Ny = N(0)
is the number density of that species at time ¢ = 0, ¢ is a constant and (for
convenience) f € L(0,00), it being tacitly assumed that f(0) = 1 in order to
satisfy the initial condition N(0) = Nj.

1.3 BRIEF CHAPTER BY CHAPTER
SUMMARY

In chapter 2, first of all we give definition of a generalized Riemann-Liouville
fractional derivative operator D47 of order y and type v. Then, we introduce and

investigate an integral operator H, ;> "5 which contains H-function in its kernel.

Next we find solutions to two different fractional differential equations in theorem

wW;m,n;o

0+:p.q.8 is general in nature, by specializing the

form using this operator. Since H

parameters we can obtain a number of special cases of these theorems involving

W;M, N0

a+;p,q;8 and giving appropriate

special cases of the fractional integral operator H
values to f(x). Furthermore numerical examples are calculated and using these
graphical illustrations are presented.

chapter 3 deals with general fractional Kinetic differintegral equation involving
the fractional operator Dy} and an integral operator whose kernel involves the
general class of polynomials SY. We make use of Laplace transform method to
solve the fractional kinetic differintegral equation. On account of general nature

of S¥ occuring in the fractional kinetic equation, a number of results involving

simpler polynomials also follow as special cases of our main result. We give here
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six special cases involving Laguerre polynomial, Bessel polynomial, Gould and
Hopper polynomial, Brafman polynomial and Cesaro polynomial in the kernel
of the integral operator occuring in the fractional kinetic differintegral equation
respectively.

chapter 4 deals with the study of a fractional differential integral operator. First,
we define the operator of our study D,/"” and then obtain image of a product of
H-function and H— function under this operator. Fractional integrals involving

a number of simpler functions follow as its special cases. we record here four spe-

cial cases. Next we derive two new and interesting composition formulae for the

wW;m,n;o

arpgpe Lhen we give

fractional integral operator I/ and the integral operator H

the composition formulae for the fractional integral operators 1)/, It . D! D!

U_Cw;m,n;a

and integral operator H, 1> 5.

The object of chapter 5 is to find solutions of two Volterra-type integral equa-
tions associated with integral operators whose kernels involve H-function and a
product of general class of polynomials S and multivarible H—function respec-
tively. We make use of convolution technique to solve these equations. We have
obtained a large number of integral equations involving products of several useful
polynomials and special functions as its special cases.

In chapter 6 we evaluate a unified and general finite integral whose integrand
involves the product of generalized modified Bessel function )\Lyf,),,general class
of polynomials S¥ and the multivariable H—function. The arguments of the
functions occurring in the integrand involve the product of factors of the form
2" Ya — 2)°(1 + (bx)*)~™*. Main integral is believed to be new and is capable
of giving a large number of simpler integrals (new and known) involving several
special functions and polynomials as its special cases.For the sake of illustration
we record here six new integrals as its special cases involving modified Bessel

function of third kind, Gould & Hopper polynomial and Mittag-lefer function;
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ON GENERAL FRACTIONAL
DIFFERENTIAL EQUATIONS
ASSOCIATED WITH AN
INTEGRAL OPERATOR
HAVING THE H-FUNCTION
IN THE KERNEL

The main findings of this chapter have been published as given below:

A General Fractional Differential Equation Associated with an Inte-
gral operator with the H-function in the Kernel, Russian J. of Math.
Phy., 22(1) (2015),112-126.






A study of Fractional Differential Equation with an Integral oper-
ator containing H-function in the Kernel, Int.Bull.of Math.Research,2(1)
(2015),1-8.

In this chapter, First of all we give definition of a generalized Riemann-
Liouville fractional derivative operator D4} of order p and type v, which was

introduced and investigated in several earlier works of Hilfer[22]. Then, we

WM, T

atipg B which contains H-function

introduce and investigate an integral operator H
in its kernel. Further we give its three special cases involving Fox-Wright function,
hypergeometric function and Bessel function respectively . Then we prove our

first theorem corresponding to the boundedness property of the integral operator

:H:w;m,n;a

arpgs - Next we find solutions to two different fractional differential equations

in theorem form using this operator.
In theorem 2 we find the solution to our first fractional differential equation in-
volving the operators 3y ">""5 and Dy} . Since 3y 3 is general in nature, by

specializing the parameters we can obtain a number of special cases of theorem 2.

Here we give five corollaries of theorem 2 involving special cases of the fractional

w;m,n;o

atmas and giving appropriate values to f(x). In the third

integral operator H
theorem we prove the companion of theorem 2 in which we find solution to our

wW;m,n;a

second fractional differential equation involving the operators Hy, " " "5 and D§yY.

w;m,n;a

Then we give three corollaries of theorem 3 by specializing the oprator H,. " 5.

Furthermore numerical examples of theorem 2 are calculated using these

examples graphical illustrations are presented and it is found that the graphs
given here are quite comparable to the physical phenomena involving ordinary
calculus, especially when the parameters v > 0 and p > 0 get closer and closer

to an integer.
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2. ON GENERAL FRACTIONAL DIFFERENTIAL EQUATIONS
ASSOCIATED WITH AN INTEGRAL OPERATOR HAVING THE
H-FUNCTION IN THE KERNEL

The results derived in this chapter generalize the results obtained in earlier works

by Kilbas et al. [32] and Srivastava and Tomovski [56].

2.1 INTRODUCTION AND DEFINITIONS

In this chapter we make use of the Riemann-Liouville fractional integral opera-
tor %, and the Riemann-Liouville fractional derivative operator D, , which are

defined by (see, for details, [33], [37] and [41]):

Loy f)(@) = F(lﬂ) / i @ f (f))l_u dt  (R(u) > 0) (2.1.1)

and

Drn@ = () EENW R0 >0 a=RE -+, @12)

where [z] denotes the greatest integer in the real number x. Hilfer [56] generalized
the operator in (2.1.2)) and defined a general fractional derivative operator D}y

of order 0 < 1 < 1 and type 0 £ v < 1 with respect to z as follows:

(D™ f)(z) = ( Jra? % (0w f)) (). (2.1.3)

The generalization in yields the classical Riemann-Liouville fractional
derivative operator DY, when v = 0. Whenv = 1, reduces to the fractional
derivative operator introduced by Joseph Liouville, which is often attributed now-
a-days to Caputo (see [33] and [68]; see also [11]).

Now, assuming that the Laplace transform L[f(x)](s) of the function f(x) exists,
that is, the integral in

Llf(z)](s) = /000 e % f(z)dx (R(s) > 0), (2.1.4)
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2.2 AN INTEGRAL OPERATOR H“™™2

a+;p,q,83

INVOLVING THE H-FUNCTION

is convergent [68].

The well-known convolution theorem for Laplace transform

L4 [ fa = wiglu)duis b = L{f(@):s)L{g(o):s) (2.1.5)
0
holds provided that the various Laplace transforms occuring in (2.1.5)) exist.

CUDEL F)(@))(s) = sLLF @) (5)=s 0 (170 F) (04)  (R() > 0; 0 < p< 1),
(2.1.6)

where the initial-value term:

<Iéi—V)(1—M)f> (04)

involves the Riemann-Liouville fractional integral (2.1.1)) (with a = 0) of the
function f(t) of order
p (1=v)(1—p)

evaluated in the limit as z — 0+.

2.2 AN INTEGRAL OPERATOR H“"™"

a+;p,q,3

INVOLVING THE H-FUNCTION

Various general families of operators of fractional integration involving the H-
function and its extensions including those in two and more variables were con-
sidered extensively by Srivastava and Saxena (see, for details, [66, Sections 6 to
9]). Here, in our present investigation, we find it to be convenient to use the fol-
lowing special case of one of these general families of fractional integral operators
with the H-function in their kernels (see [66, p. 15, eq. (6.3)] and the references
cited therein):

(B ) (@)= [ (o= e - orletde (2:2.1)
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2. ON GENERAL FRACTIONAL DIFFERENTIAL EQUATIONS
ASSOCIATED WITH AN INTEGRAL OPERATOR HAVING THE
H-FUNCTION IN THE KERNEL

(Wm>0mmﬂﬂmh1§m§m®§n§pﬂﬂ@ﬁmm{%<%0}>0)
<jsm Ji

For a = 0, by using the Convolution Theorem for the Laplace Transform in

(2.1.4), we find from the definition ([2.2.1)) that

L (G s @) @)] (s) = £ [277F Hyg[wa®]] (s) - £o(@))(s)

(1=5,0a), (a;,a5)1,
= s AH™M s D(s)

p+1,q9
(bj, Bi)1q

(é)%(s) >0; a>0; R(B)+ 12}15,1 {éR (aﬁ—i’)} > O),

where, for convenience,
o(s) = Llp@)(s)  (R(s) > 0).
In its special case when p(z) = 1, (2.2.2) immediately yields

(1= B8,a), (a, )1
(I 1) ()] () = 5B BT | wso (2.23)

0+;p,q;8
(b5, Bi)1q

(?R(s) >0; a>0; R(B)+ lgignm {?R (aﬁ—iﬂ)} > 0).

2.2.1 SPECIAL CASES OF J“mm

a-+:p,q,

1. For the Fox-Wright function ,¥,, it is known that (see, for example, [33] p.
67, eq. (1.12.68)])
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2.2 AN INTEGRAL OPERATOR H![""™%

a+;p,q,83

INVOLVING THE H-FUNCTION

(ajaaj)l,p; (ahal)v"' 7(ap7ap);

(bﬁﬁj)l,q; (blaﬁl)a"' 7(bqaﬁq>;

o i I'(a1 +ain)---I(a, +a,n) 2"

(1 —aj,a)1p

—H'Y? |-z : (2.2.4)

(07 1)7 (1 - bja ﬁj)l,q
Thus, the following fractional integral operator becomes the special case of (2.2.1)):

(aj, )1}
(\Ilzijaﬁ cp) (x) == / (x — t)ﬁ_1 2 w(z —t)*| p(t)dt (2.2.5)
(b5, Bi)1q;
(R(B) >0, we C\{0}; pSq+1),

2. Since (see, for example, [33, p. 65, eq. (1.12.54)])

(alvl)a"' 7(ap71); A1y, Qp;

(b171)7"' a(bqal); blv"' 7bq;
we get the following special case of fractional integral operator (2.2.1)):

Ay, Qp;

F2n 0 @)= [ -0, wie — 1) | o)t (227)
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ASSOCIATED WITH AN INTEGRAL OPERATOR HAVING THE
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(R(B) > 0; we C\{0}; pSq+1),

3. For Bessel function it is known that[49] p.19, eq.(2.6.10)]

R - (=2)"
I ) = ; rIl(1+ A+ or)

= Hyy || (2.2.8)
(0,1), (=X, 0)

we get the following special case of fractional integral operator (12.2.1]):
@205 9 (0) = [ @= 0"l - 0)edr (229)

(R(5) > 0; we T {0}
2.2.2 BOUNDEDNESS PROPERTY OF }CLUIZZ%
By assuming, in general, that (a,b) (—oo < a < b < o) is a finite or infinite
interval on the real axis R = (—o0, 00), we denote by L(a, b) the space of Lebesgue

measurable functions on a finite interval [a,b] (b > a) on the real line R given

by (see, for details, [11],[33])

a.0)i= {715l i= [ Vil < oo} (22.10)

Theorem 2.2.1. Under the various parametric constraints stated already with the
definition let the function @ be in the space L(a,b) of Lebesgue measurable
functions on a finite interval [a,b] (b > a) of the real line R as defined by
Then the integral operator 37" "3 is bounded on L(a,b) and

[(FR5 @) (@), S M -lelli (0 < M < o), (2.2.11)

where the constant M is given by

),8+a5
M = 27r1/@ < 5t as )ds (0 < M < 0). (2.2.12)
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2.2 AN INTEGRAL OPERATOR H![""™%

a+;p,q,8

INVOLVING THE H-FUNCTION

Proof. We apply the definitions (2.2.1)) and (2.2.10)) in conjunction with the def-
inition of the H-function. Upon interchanging the order of integration by
means of the Dirichlet formula [37, p. 56], we thus find that

dx

e @l = [

< [Ctotor ([ =00 gy ote - 1] e ) a
([ o)
< [tetor ([ gy wor ar)

=M-[lelh  (R(B)>0),

where the constant M (0 < M < o0) is given by (12.2.12).This completes our

/I(x — )81 H [w(z — 1) o(t) dt

proof of the boundedness property of the integral operator H"" ";g as asserted

a+;p

by (2-2.11). O

Remark 1. Throughout the present investigation, it is tacitly assumed that, in

such situations as those occurring in the definitions (2.1.1), (2.1.2]) and (2.2.1)),

the number a in the function space L(a, b) coincides precisely with the lower ter-

minal @ in the integrals involved in the definitions (2.1.1)), (2.1.2)) and (2.2.1)).
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Remark 2. The results obtained by Kilbas et al. [32] and Srivastava and
Tomovski [56] can be deduced as special cases of (2.2.11]).

2.3 FRACTIONAL DIFFERENTIAL EQUATIONS
BASED UPON HILFER DIFFERENTIAL
OPERATOR

2.3.1 FIRST FRACTIONAL DIFFERENTIAL EQUATION

Theorem 2.3.1. The following fractional differential equation:
(D61 y) (2) = M (Hyes 1) (@) + f(2), (2.3.1)

<0<H<1;0§V§1; R(B) > 0; we C\{0}; 1 =m = g;

0=n<p; R(F)+ min {%(a_b])} >0>.
1Sj<m Bj

with the initial condition:
(170 y) (04) = € (2.3.2)
has its solution in the space L(0,00) given by

ptv(1—p)—1 (1 - 67 O'/)a (aja aj)l,p
Xz

yle) =C Tt o(—p) S
(bj, Bi)rg (=8 — p, @)
1 /e .
+ M) /0 (z —t)"= 1 f(t)dt, (2.3.3)

where C' and X are arbitrary constants and the function f is suitably prescribed.
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Proof. We denote by Y (s) the Laplace transform of the function y(x), which is
given as in (2.1.4]). Then, by applying the Laplace transform operator £ to each

side of (2.3.1)), and using the formulas (2.1.6)) and (2.2.3]), the initial condition
(2.3.2)), and the Laplace convolution theorem, we find that

(1 =6, a),(aj,a5)1,
s'Y (s) — Cs UM = As™P=1 HVTHE fps e + F(s),

(055 Bj)1,q

which readily yields

(1= B8,0),(aj, )1

Y(s) = Cs rvImm g \g=An1 H;'i?;;l ws™* +s7H F(s).
(bj; Bj)1.q
(2.3.4)
Now, by taking the inverse Laplace transformation of each side of (2.3.4)), we
get
() phtv(l=p)—1 )\(1/@() (3 )Ll[ B—p 1}()d)
x) = — s)w* +as)L |V () ds
Y I(p+v(l—p) 27 J,

pv(l—p)—1 (1 - 67 Oé), (aj7 CYj)l,p
T
= C A B+ Hm7n+1 o

Dp+v(l—p) T A ptlg+l |WT

(bj7 Bj)l,qa (_ﬁ - K, Oé)

+ L /Ox(:z: — )"t f(t)dt, (2.3.5)
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which completes our proof of (2.3.1)) under the various already-stated parametric

constraints. O

2.3.2 SPECIAL CASES

We give below some corollaries and consequences of . First of all, if we
reduce the H-function to the Mittag-Leffler function (see [56] and [56]) in the
integral operator on the right-hand side of , we get the result obtained by
Srivastava and Tomovski [56, p. 207, Theorem 8] ( with v replaced by —v).

Corollary 2.1. with the help of if we reduce the H-function to Wright
function in the integral operator on the right hand side of we get the

following fractional differential equation:
(D5Y 9) (x) = A (Voiis 1) (2) + f(2), (2.3.6)
O<p<L,0Sv=1;REB) >0, weC\{0}; p=qg+1)
under the initial condition (2.3.2)) has its solution in the space L(0,00) given by

(67 O[), (aj7 aj)l,p;

+ (o
+ )\.Iﬂ # p—«—l\llq—&—l wx

(b, Bj)1q (B + 1+ 1, a);

:L,;Hru(lfy)fl

I(p+v(l—p)

y(z) =C

1 1
+ m/o ([L’ - t) f(t)dt, (237)

where C' and A are arbitrary constants and the function f is suitably prescribed.
By setting

[(by) - - - T'(by)

J— =1 ) =1..-- 'k:1~'~ d A )\
Q; Br (] ) ) D5 ) 7Q) an = F(al)...r(ap)

in Corollary 2.1, we immediately deduce Corollary 2.2 below.
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Corollary 2.2. The following fractional differential equation:
(D6 y) (2) = A (T 1) (@) + f (@), (2.3.8)

O<p<L,0Svs1;RE) >0, weC\{0}; p=g+1)

under the initial condition ([2.3.2)) has its solution in the space L(0, c0) given by

D\ () BT B
y(z) = F(H+V(1—M))+F(5+M+1)x p+1Lg+1
bl;"'ybqaﬂ—{_ﬂ‘i‘l;
1 * 1

where C' and A are arbitrary constants and the function f is suitably prescribed.
Corollary 2.3. With the help of (2.2.9) we get the following special case of
(12.3.1)):

(D62 y) (@) = A (J550s 1) (@) + f(2), (2.3.10)
(0<u<1;0Sv <1 R(B) > 0; we C\ {0}

under the initial condition ([2.3.2) has its solution in the space L(0,c0) given by

phtr(l-p)—1 (1-7,a)
R xﬁ+quL§ wr®
y( ) F(u—’—y(l_ﬂ)) + ) (O’l),(_)\70)’(—ﬁ—ﬂ,a)

where C' and A are arbitrary constants and the function f is suitably prescribed.
Remark 3. In every situation in which the function f is prescribed appropri-
ately, each of the above results (Theorem 2.3.1, Corollary 2.1, Corollary 2.2 and
corollary 2.3) would provide us with an explicit solution of the initial-value prob-

lem for the corresponding fractional differential equation. Thus, in terms of the
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H-function of Inayat-Hussain [24] (see, for details, [5, p. 4707, eq. (1)]; see also
[65]), if we set

(cj, 753 Ay (¢, 7)) Nt1.p
f(x) =2a* F%g[mx“] =’ F%V "

(dj, 05)1,005 (dj, 653 Bj)mrv1,Q

(Claﬂyl;Al)a T 7(CNafYN;AN)7 (CN+177N+1)7 e >(CP77P)

=z’ ﬁ%v oz”
(dla(sl)v"' 7(dMa(sM)u(dM—i-la(sM-l-l;BM—‘rl),"' 7<dQ75QaBQ)
(2.3.12)

we are led eventually to the following consequence of Theorem 2.3.1.

Corollary 2.4. The following fractional differential equation:

(¢j, 753 Ay (¢, Y Nt1p

(DE2 9) (@) = A (367555 1) ()+2° Hpg |wa”

(dj, 05)1,0, (dj, 655 Bj) a0
(2.3.13)

</€>0;0<M<1;0§V§1; R(B) > 0; w,r0 € C\ {0};

1=m=q¢ 0=n=p 1=M=Q;0=N<=P;
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with the initial condition ([2.3.2)) has its solution in the space L(0,00) given by

prv(1—p)—1 (1 - ﬁa Oé), (a’ja aj)l,p
Xz

x)=0C + /\xﬂJﬂu Hm»n+1 wr®

y( ) F(M + I/(l _ ILL)) p+1l,q+1

(bj; Bi)rg (=8 — p, @)

(=p, 55 1), (¢ 755 Aj)ins (€5 V)N+1P
+ ghtP Ff+1¥gi1 toz”

(dj, 0;)1,0m, (dj, 655 Bj)ms1,0, (—p — p, k5 1)
(2.3.14)

where C' and A are arbitrary constants.
We now turn to one of the fundamentally important higher transcendental func-
tions of Analytic Number Theory, that is, the general Hurwitz-Lerch Zeta function
®(z, s,a) defined by (see, for example, [7, p. 27. eq. 1.11 (1)]; see also [58], [62,
p. 121 et seq.] and [63, p. 194 et seq.])

d(z,8,a) = Z -

(n+a)®

n

(2.3.15)

n=0
(a€ C\Zy; seC when |[z]<1; R(s)>1 when |z|=1),

where Z; denotes the set of nonpostive integers. It contains, as its special cases,
not only the Riemann Zeta function ((s), the Hurwitz (or generalized) Zeta func-
tion ((s,a) (see [I] and [38]) and the Lerch Zeta function /4(¢), but also such
other important functions of Analytic Number Theory as (for example) the Poly-
logarithmic function (or de Jonquiére’s function) Lis(z) defined by

Lis(z) =Y Z— = 20(z,s,1) (2.3.16)
n=1

(s€C when |z|<1; R(s)>1 when |z[=1)
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and the Lipschitz-Lerch Zeta function ¢(¢,a,s) (see [62, p. 122, eq 2.5 (11)])

given by
2nmig

P&, 5,a) = o - = (s, (2.3.17)
o ;% (n+a) (6 s a)

(a€C\Zg; R(s) >0 when &€R\Z; R(s)>1 when &€Z),

which was first studied by Rudolf Lipschitz (1832-1903) and Maty4as Lerch (1860-
1922) in connection with Dirichlet’s famous theorem on primes in arithmetic pro-
gressions (see also [59, Section 5]). Recently, Srivastava et al. [67] introduced and
systematically studied various properties and results involving a natural multipa-
rameter extension and generalization of the Hurwitz-Lerch zeta function ®(z, s, a)
defined by (see also [61] for a further generalization). In order to recall
their definition (which was motivated essentially by several earlier works), each

of the following notations will be employed:

(H p‘pJ> : (H a;’j) (2.3.18)
and

q P q P
b—q

A= o; — ; and w:i=5s+ S — i +—— 2.3.19

; ! ;pj ;M] ; ’ 2 ( )

The extended Hurwitz-Lerch zeta function

@(ply" 7pP7017"' 7Uq)

ALy Apift (2,5,a)

is then defined by [67, p. 503, eq. (6.2)] (see also [59], [60] and [64])

1),

o0
(p1, P ,017'“,0 j=1 z
QA g (295) Z g (n+a)*
n= H(uj)m]

n

(2.3.20)

<p,q€No; NeC(=1,---,psap cC\Zy (j=1,---,q);
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PjaUkER+ (jzlaapv kzl,,Q),
A > —1 when s,z € C;
A =-1 and s € C when |z| < V7

1
A=-1 and R(w) > 3 when |z] = V*>,

where (A), (A, v € C) denotes the Pochhammer symbol (or the shifted factorial)

which is defined, in terms of the familiar Gamma function, by

1 (r=0; e C\ {0})

AA+1) - (A+n—1) (v=neN; Ae ),

it being understood conventionally that (0)y := 1 and assumed tacitly that the

above I'-quotient exists. In terms of the extended Hurwitz-Lerch zeta function

defined by ([2.3.20)), if we set

fla) =2 S (10a”, 5,0), (23.21)

AL Al s i

Theorem 2.3.1 would readily yield the following corollary.
Corollary 2.5. The following fractional differential equation:
(DEY y) (@) = A (H s 1) (2) + 2 ®(p1""’p”’al""’%)(mx"‘, s,a), (2.3.22)

0+;p,9,8 AL, A3, s g

<H>0;0<u<1;0§1/§1; R(B) >0, weC\{0}; 1=m=¢q 0=n=p;
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with the initial condition (2.3.2)) has its solution in the space L(0,c0) given by

perv(1—p)—1 (]‘ - B) 05)7 (aju aj)l,p
Xz

+ AP gt e
L(p+rv(l—p)

plgtl

y(x) =C
(bj; Bidrg, (=B — p, @)

[(p+1) 1p g, (PLy PpokTL, O K) K
) D o (W27, 5,a), (2.3.23)

where C' and A are arbitrary constants.

By letting w — 0 in Corollary 2.2, the hypergeometric functions occurring in
(2.2.7) and would obviously reduce to their first term 1. We are thus led
immediately to the following result.

Corollary 2.6. The following fractional differential equation:

(D6 y) (@) = A (Folys 1) (2) + f(2), (2.3.24)
(O<,u<1; 0Sv<1; %(ﬁ)>0)

under the initial condition (2.3.2)) has its solution in the space L(0, 00) given by
1

phtr(—p)—1 )\I‘(ﬁ) T xx_ -
i) T S gy, e o

y(x) =C
(2.3.25)

where C' and A are arbitrary constants and the function f is suitably prescribed.

Remark 5. In its further special case when we set

fa) =2 (R(p) > 1),

Corollary 2.6 reduces to Corollary 2.7 below.

Corollary 2.7. The following fractional differential equation:

(DhY y) () = A (TP, 5 1) (2) + 27, (2.3.26)
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(O<p<L; 0Sv=1; R(B) >0; R(p) > —1)

under the initial condition (2.3.2)) has its solution in the space L(0, c0) given by

prv(l=p) -1 AT T'(p+1
v B svuy TlotD iy (2.3.27)

y(x):CF(MJFV(l_M)) LB+ p+1) F(p+p+1)

where C' and A are arbitrary constants and the function f is suitably prescribed.

2.3.3 SECOND FRACTIONAL DIFFERENTIAL
EQUATION

Theorem 2.3.2. The following fractional differential equation:

z (Db y) (@) = A (e 1) (), (2.3.28)

0+;p,q,8

<0<u<1;0§V§1; R(B) >0, weC\{0}; 1=m=¢q 0=n=p;

e (2(2)}>0)

with the initial condition has its solution in the space L(0,00) given by

( ) o xu+u(17u)fl o ph—1
y(x) = +C"
Plu+v(l—p) = T

(1 - ﬁ7a)7 (1 - 6,0&), (a’j7 aj)LP

_ 2
+ APt g2 g ,

p+2,q+2
(bj’ /Bj)l,q’ (_67 Oé), (1 - B - 22 a)
(2.3.29)

where C; C* and X are arbitrary constants.
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2. ON GENERAL FRACTIONAL DIFFERENTIAL EQUATIONS
ASSOCIATED WITH AN INTEGRAL OPERATOR HAVING THE
H-FUNCTION IN THE KERNEL

Proof. Since

dn n n

g L@ (s)} = (=1)" L] f(2)] (), (2.3.30)
if we denote by Y'(s) the Laplace transform of the function y(z) and apply the
Laplace transform operator £ to each side of (2.3.28)) and use the formulas (2.1.6))
and (2.2.3), the initial condition (2.3.2)), and the Laplace convolution theorem,

we get

(1 - ﬁ?o‘)v (aj>aj)1,p
d ny COgvVI=mY — _\g=F-1 gmntl —a
SV () = Os T = P L

(bj: Bi)1,q
(2.3.31)

Upon integrating both sides, this last equation (2.3.31)) yields

(1 - Baa)a (1 - ﬁaa)v (aj>aj)1,P

Y(s) = Ot 0 0ot ds o i g

(bj, Bi)1,4: (=B, )
(2.3.32)

where C* is a constant of integration. The solution ([2.3.29)) asserted by ([2.3.28))

would now follow when we take the inverse Laplace transform of each term in

2-3.32). O

2.3.4 SPECIAL CASES

Corollary 3.1.
with the help of (2.2.5)) we get the following special case of theorem [2.3.2}

z (DY y) (z) = A (\I/gfqo‘ﬂ 1) (z), (2.3.33)
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(O<p<L,0Sv=1; RB) >0, weC\{0}; pSqg+1)

with the initial condition (2.3.2)) has its solution in the space L(0,00) given by

( ) o phtv(—p)—1 o o1
y(x) = +C"
T(p+v(l —p)) T(p)

(1 - Ba Oé), (1 - ﬁa Oé), (aj> O‘j)l,p;
+ Axﬁ—i—#_l p+2\11q+2 wx®
(bj7 ﬁj)l,qa (_57 a)(l - B — M Oé)v
(2.3.34)
where C'; C* and \ are arbitrary constants.
Corollary 3.2.
with the help of (2.2.7) we get the following special case of theorem [2.3.2

z (DY y) (z) = A (Fors 1) (), (2.3.35)

O<p<Losvs1RP) >0, weC\{0}); p=q+1)

with the initial condition ([2.3.2)) has its solution in the space L(0,00) given by

( ) o xu+u(17u)71 o oh—1
y(r) = +C"
Trvi—m) T

].—,8,1—6,CL1,"' y p,
+ APt F wr® (2.3.36)

bl?"' abq>_ﬁal_5_,u;
where C'; C* and \ are arbitrary constants.

Corollary 3.3.
with the help of (2.2.9) we get the following special case of ([2.3.28)):

v (D6 y) (2) = A (3510 1) (@), (2.3.37)
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(O<p<L; 0Sv=1; R(B) >0; we C\ {0}

with the initial condition (2.3.2)) has its solution in the space L(0,00) given by

x,u—i—u(l—,u)—l i1

*

Tro-m) ¢ T

y(z) =C

(1-5,a),1-0,0)
(O’ 1>a (_6a O_/), (_)‘7 0)7 (1 - 5 — M a)
(2.3.38)

112
+ AP H T L wa®

where C, C* and A are arbitrary constants.

Remark 4. By suitably specializing the H-function occurring in the definition
, we can derive a number of simpler results by appealing similarly to
Theorem [2.3.1] and 2.3.21

2.4 NUMERICAL EXAMPLES AND
GRAPHICAL REPRESENTATIONS

Example 1. In Corollary 2.7, we set

1 1
f=y p=5 v=0 and p=0

Then the following fractional differential equation:

1
3,0

<D0jr y> () = A <3"gf;q% 1) (z) +1, (2.4.1)
together with the initial condition:
(5 v) 04) =€,

has its solution in the space L(0, 00) given by

L ), [
?Jo&s(x)—\/ﬁ—#/\r(%) +2\/;, (2.4.2)
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where C' and A\ are arbitrary constants.
Example 2. In Corollary 2.7, we set

1
5217 :LL:O?J v=_0 and p:O

Then the following fractional differential equation:
(DRI y) (2) = A (97,4 1) (@) + 1, (2.4.3)
together with the initial condition:
(15 y) (0+) = C,

has its solution in the space L(0, 00) given by

203 (1) 207
_c A ) 005 T 2.4.4
wil®) =C o At ¢ T Ty (24.4)
where C' and \ are arbitrary constants.
Example 3. In Corollary 2.7, we set
1
Bzzl, w=09 v=0 and p=0.
Then the following fractional differential equation:
(DR y) (2) = A (397, 1 1) (@) + 1, (2.4.5)
together with the initial condition:
(10t y) (0+) = C,
has its solution in the space L(0, 00) given by
201 (1) 209
_ A —a) s 2.4.6
o) =C 15y FA T ¢ T Ty (24.6)
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where C' and A\ are arbitrary constants.
Example 4. In Corollary 2.7, we set

1
/8:17 M:0957 v=_0 and /):0

Then the following fractional differential equation:

(DS y) (z) = A (3‘“’ 1) (z) +1,

0+iq,%

together with the initial condition:
(Z05” y) (04) = C,

has its solution in the space L(0,00) given by

$_0'05 F(%) Lo $0'95
vs(®) =C 7G55y TA TRy ¢ T T(195)

where C' and \ are arbitrary constants.
Example 5. In Corollary 2.7, we set

1
B:Z’ pw—>1— v=0 and p=0.

Then the following fractional differential equation:
1,0 - P
(Doy y) (x) = A <?8+;q% 1) () + 1,
together with the initial condition:

(Ig, v) (0+) = C,
has its solution in the space L(0,c0) given by

16
yl(ff):C‘Fg/\ﬁ%‘f'%
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where C' and A\ are arbitrary constants.

Example 6. In Corollary 2.7, we set

1 1 1
524_1’ uzi, 1/:5 and p=2.
Then the following fractional differential equation:
(Dgf y> () = A (333_’;(1& 1) (z) + 22, (2.4.11)

together with the initial condition:

(IO%+ y) (04) =C,

has its solution in the space L(0, c0) given by

2025 F(l) 2725
=C A 0T 2.4.12
905(0) =C to7m TA Tt ¢ T TEs) (24.12)
where C' and \ are arbitrary constants.
Example 7. In Corollary 2.7, we set
1 1
521—1, ,uzi, v=20.7 and p=2.
Then the following fractional differential equation:
(D6 y) (@) = A (307 1) () + 2, (2.4.13)
0y
together with the initial condition:
(163 v) (0+) = C,
has its solution in the space L(0, 00) given by
—0.15 Ne 9425
hor(x) = C = + A (W) _joms 2 (2.4.14)

0085 T " T T(35)
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where C' and A\ are arbitrary constants.

Example 8. In Corollary 2.7, we set

1 1
5_1, p=3 v =209 and p=2.

Then the following fractional differential equation:
(D" y) (@) =X (357, 1) (@) + 22
together with the initial condition:
(10 y) (0+) = C,

has its solution in the space L(0, 00) given by

x—0.05 F(l) 2];2.5
=C A 4 0.75
900(0) =C t 005 TA Tt ¢ T T E5)

where C' and \ are arbitrary constants.

Example 9. In Corollary 2.7, we set

1 1
B:Z’ =73 v=0.95 and p=2.

Then the following fractional differential equation:
(D3 y) @) = A (307, 1) (@) + a2,
together with the initial condition:
(161 y) (0+) = C,

has its solution in the space L(0, c0) given by

x—0.025 F(l) 21,2.5
— C A 4 0.75
9095(%) = C Tooms TA T ¢ T TR)
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where C' and A\ are arbitrary constants.

Example 10. In Corollary 2.7, we set

Qﬁjy)u):A(EW{11)@)+x% (2.4.19)
together with the initial condition:
([8+ y) (0+) =C,

has its solution in the space L(0, 00) given by

1
P(Z) 2075 4 20>

m(@) = C+A 575 T(3.5)’

(2.4.20)

where C' and \ are arbitrary constants.

The following graphs (see Figure 1 and Figure 2) are obtained by using
MATLAB. Figure 1 exhibits a comparison between the behaviors of the solutions
yu(x) given by (2.4.2), (2.4.4)), (2.4.6)and (2.4.10) for different values of the pa-

rameter p. On the other hand, Figure 2 illustrates a comparison between the

behaviors of the solutions v, (x) given by (2.4.12)), (2.4.14)), (2.4.16)) and ([2.4.20))

for different values of the parameter v.
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300

250

| | L | |
0
10 1

Figure 1. Solutions y,(z) for different values of ;1 when C = 66.4
and A\=1
[Here y;(z) is the uppermost graph and y,(z) is approaching y;(x)

as [ — 1]
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1400

1200

1000

800

600

400

200

Figure 2. Solutions y,(z) for different values of v when C =88.4
and A =1
[Here v;(x) is the lowermost graph and y,(x) is approaching 1;(z)

as v — 1]

Remark 6: It is found that the graphs (see Figure 1 and Figure 2) given
here are quite comparable to the corresponding physical phenomena involving
ordinary calculus, especially when the parameters v > 0 and p > 0 get closer and

closer to an integer.
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A GENERAL FRACTIONAL
KINETIC DIFFERINTEGRAL
EQUATION ASSOCIATED
WITH AN INTEGRAL

M:«
OPERATOR S

The main findings of this chapter have been accepted for publication as given be-
low:

A General Fractional kinetic Differintegral Equation Associated with
an Integral Operator with the general class of polynomial in the Kernel,

Proceedings of the Jangjeon Mathematical Society.






In this chapter, we solve a general fractional Kinetic differintegral equation
involving the fractional operator D} and an integral operator whose kernel
involves the general class of polynomials S&. We make use of Laplace transform
method to solve the fractional kinetic differintegral equation.

On account of general nature of S occuring in the fractional kinetic equation,
a number of results involving simpler polynomials also follow as special cases
of our main result. We give here six special cases of the main equation. In
the first special case we give appropriate value to the function f(t) occuring
in the fractional kinetic differintegral equation. Second, third, fourth, fifth and
sixth special cases involve Laguerre polynomial, Bessel polynomial, Gould and
Hopper polynomial, Brafman polynomial and Cesaro polynomial in the kernel
of the integral operator occuring in the fractional kinetic differintegral equation
respectively.Our main findings generalizes the result obtained by Tomovski et

al.[56].
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3. A GENERAL FRACTIONAL KINETIC DIFFERINTEGRAL

EQUATION ASSOCIATED WITH AN INTEGRAL OPERATOR
S]V[ e

N8

3.1 INTRODUCTION AND DEFINITIONS

Fractional Kinetic equations have gained popularity during the past decade mainly
due to the discovery of their relation with the CTRW-theory in [2I]. These equa-
tions are investigated in order to determine and interpret certain physical

phenomena which govern such processes as diffusion in porous media, reaction

and relaxation in complex systems, anomalous diffusion, and so on [22], 23].

AN INTEGRAL OPERATOR INVOLVING S¥
POLYNOMIAL IN ITS KERNEL

In our present investigation we use the following integral operator with S4

polynomial[16] in its kernel

(885 ) (@)= [ o= S¥ (i = oteya (3.11)

By using the Convolution Theorem for the Laplace Transform, we find from the

definition (3.1.1) that
[N/M ]

L [(SNﬁ gp) } =57 Z MTANT L(B 4 ar)s " ®(s) (3.1.2)

where, for convenience,

52
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3.2 A FRACTIONAL KINETIC
DIFFERINTEGRAL EQUATION
INVOLVING 8}

In a recent investigation by Saxena and Kalla[44], the following fractional kinetic

equation was considered:
N(t) = Nof(t) = =c"(Igy N)(t)  (R(v) > 0), (3.2.1)

where N(t) denotes the number density of a given species at time ¢, Ny = N(0)
is the number density of that species at time ¢ = 0, ¢ is a constant and (for con-
venience) feL(0,00), it being tacitly assumed that f(0) = 1 in order to satisfy
the initial condition N(0) = Ny.

We consider the following general fractional kinetic defferintegral equation

associated with S¥ polynomial:

a (DEY N) () — Nof(t) = b (5%; N) (t) (3.2.2)

(O<u<1;0§u§1; §R(ﬁ)>0)

with the initial condition:
(15};”)(1‘” N) (04) = ¢, (3.2.3)

where a, b and ¢ are constants and f € L(0, 00).
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3. A GENERAL FRACTIONAL KINETIC DIFFERINTEGRAL

EQUATION ASSOCIATED WITH AN INTEGRAL OPERATOR
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N;B

Solution of (3.2.2) is given by:

(v/M]
< Zl ([N/M]aﬁ)kpul1>
=

d'f(t)

=No Z [N/M) dt!
T —1

>, (=[N/Mla = B)k, —

p=1

[N/M]
; < > (—[N/M]a—ﬁ)kp—u—V(l—u)—1>

[e.9]

* “CZ B

(3.2.4)

provided f®(0) =0 for 0 <i <[ — 1, [ being a positive integer

where

Ar:l > ( " ) [[ OpsMe=sys (3.25)

@ e that otk = k. Ky 1<p<[N/M]

and

Ay = b(_ZZ#AN,pF(ﬁ + ap) (3.2.6)

Proof. Taking Laplace Transform on both sides of ([3.2.2)), we get

B i A B
a[s"N(s) — Cs”’(l’“)} NoF(s) =s" Z EN)winAnn Nnp ['(B+an)s " N(s)
(3.2.7)
where N (s) is the Laplace transform of N (t)
Rearranging the terms in (3.2.7) we have
/M1 -
N(s) = NoF(s) + acs™ Z Aps—om=F (3.2.8)

where A, is given by (3.2.6)).
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consider,

IN/M] ! IN/M] -

Z Aps—anp =as " |1-— Z Aps—onp (3.2.9)

Using the following multinomial formula for any positive integer m and any non-

negative integer n, the multinomial formula is as follows:

(21 4+ Zo+ .. 4 x)" = > (kl’k%m’ ) IT = (3.2.10)

ki+ko+...+km=n 1<t<m

n B n!
ki, ko, ...,k ok lkol k!

is a multinomial coefficient.

where

The RHS of (3.2.9) takes the following form

[N/M] o (W ’
N . N g—an—B -2 A —an—f—p
(123 Iy (S
n=0 r=0
~ [N/M]
> —[N/M]a=pB |kp—p
= Aps\\ = (3.2.11)
r=0
[N/M]
provided | > \,s7o P < 1
n=0

where A, is given by (3.2.5))

Substituting (3.2.11)) in (3.2.8) we get

[N/M]

NOZATS<< =

[N/M)]
2 [N/M}aﬁ)kpuV(lu)>

s'F(s)+ac i ATS<( p=1

r=0

[N/M]aﬂ> kpul>

(3.2.12)
Taking Laplace inverse of (3.2.12) we get the required result (3.2.4)). O
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3.2.1 SPECIAL CASES

SPECIAL CASE 1
If we put f(t) ="~ in we get the following equation:
a (DEY N) (t) = Not"™' = b (Sffﬁ N) (t) (3.2.13)
with the initial condition:
(1&*”)“**” N) (04) = ¢, (3.2.14)

where a, b and c are constants.

whose solution is given by:

[N/M]
< > (= [N/M]a—ﬁ)kp—u—l—1)

=l F(p) p—1—1
N()Z ] F(p — l)t !
r ( > (- [N/M]a—ﬁ)kp—u—l>

(v
< Z:Z ( [N/M}Oé—ﬁ)kp—u—l/(l—u)—1>

+acZA Vi
it )

(3.2.15)
> (=[N/M]a = B)k, —v(1 — p)

p=1

where A, is given by (3.2.5) and )\, is given by (3.2.6)

SPECIAL CASE 2

If we reduce S& polynomial to Laguerre polynomial[4] we get the following equa-
tion:

a (DiY N) (t) — Nof(t) = b (L35 N) (¢) (3.2.16)
with the initial condition:

(151;””1‘“) N) (04) = ¢, (3.2.17)
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where a, b and ¢ are constants.

whose solution is given by:

[N/M]
( Z (=[N/M]a— )k‘p—u—l—1>

1
NOZ d

=0 < SN [N/M]O‘_ﬁ)’fp—u—l> dtl)f(t)

(mi/éw( [N/M]oa—B)kp—p—v(1—p)—1
+ A 3.2.18
acz (/0] (3.2.18)
T 2 (=IN/Mlac= B)ky = v(1 = pr)
p=
where A, is given by (3.2.5))
and
_ (=D (N
A= b () T(8 + an) (3.2.19)

SPECIAL CASE 3

If we reduce S polynomial to Bessel polynomial[4] we get the following equation:

a (Dgy N) (t) = Nof(t) = b (355 N) (1) (3.2.20)
with the initial condition:

(131‘”)(1“” N) (04) = ¢, (3.2.21)
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where a, b and ¢ are constants.

whose solution is given by:

(N/M]
< 2 (= [N/M]a—ﬂ)kp—u—l—1>

NOZA M dtl) (t)
r<z< [N/M]a—ﬁ)kp—u—l>

p=1

dl

[N/M]
< Z (=[N/M]a— )kp—#—V(l—M)—1>

+ acz Ay (3.2.22)
I 21 (=[N/Mlo = Bk, — v(1 = p)
p:
where A, is given by
and
N
Z NJF? T8+ an) (3.2.23)

=0

SPECIAL CASE 4

If we reduce S¥ polynomial to Gould and Hopper polynomial[4] we get the fol-

lowing equation:
a(Dg! N)(t) = Nof(t) =b (9?@”‘ N) (t) (3.2.24)
with the initial condition:

(151;”)“‘“) N) (04) = ¢, (3.2.25)
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where a, b and ¢ are constants.

whose solution is given by:

[N/M]
( > ([N/M]aﬁ)kpull>
$\ r=1

d'f(t)

N(t) = N, A,
( ) OZO ([N/M] ) d#
=0 p

>, (=[N/Mloe = B)ky — pp— 1

p=1

[N/M]
. t< ; ([N/M]aﬁ)kp#V(lﬂ)l)
+ ac A,
; IN/M]
I Zl (=[N/Mlo = B)ky — p— v(1 = p)
p:
(3.2.26)
provided f®(0) =0 for 0 <i <1 — 1, [ being a positive integer
where A, is given by (3.2.5))
and
“Nam
A = b#l“(ﬁ + an) (3.2.27)
n!

SPECIAL CASE 5

If we reduce S polynomial to Brafman polynomial[4] we get the following equa-

tion:

a (DEY N) (t) — Nof(t) = b (B%g" N) (t) (3.2.28)

with the initial condition:

(131‘”)(1“” N) (04) = ¢, (3.2.29)
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S

where a, b and ¢ are constants.

whose solution is given by:

[N/M)]
< > ([N/M]aﬁ)kpull>
t\ p=l

d'f(t)

N(t) = N, A,
( ) 0 Zo ([N/M] ) dt!
= 1—\

>, (=IN/M]a =)k, —p—1

p=1

[N/M]
N t( 3} ([N/M]aﬁ)kpuvuu)l>
+ A,
ac; /]
r Zl (=[N/M]a =)k, —p—v(1 = p)
p:
(3.2.30)
provided f®(0) =0 for 0 <i <1 — 1, [ being a positive integer
where A, is given by (3.2.5))
and
—N) v —_— n
Ny = b TN (@ O gy (3.2.31)

SPECIAL CASE 6

If we reduce S polynomial to Cesaro polynomial[4] we get the following equa-

tion:

a (DEY N (t) — Nof(t) = b (e?v{g N) 0 (3.2.32)

with the initial condition:

(151;”)“‘“) N) (04) = ¢, (3.2.33)
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where a, b and ¢ are constants.

whose solution is given by:

- &
Nt):N();A <;( . —u—z)

A

HMZ

(—Na—B)k,— ull)
d'f(t)
dt!

(—Na—ﬂ)kp—u—l/(l—u)—1>

o

tacy A —— (3.2.34)
(S Na - a1
p=1
provided f®(0) =0 for 0 <i <1 — 1, [ being a positive integer
where A, is given by (3.2.5))
and
—N), (S+1)yn!
dy = p T (S Dt pp (3.2.35)

n!  NI(-=S—N),
Finally, it may be noted that if we reduce S¥ polynomial involved in the R.H.S of
to unity, we get the results obtained by Tomovski, Hilfer and Srivastava[56],
p.813].
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4

A STUDY OF FRACTIONAL
DIFFERENTIAL INTEGRAL
OPERATOR

The main findings of this chapter have been published as detailed below:
A Study of Fractional Differential Integral operator,Proc.of the 12th an-
nual conf. SSFA | 12 (2013), 73-77.






4.1 INTRODUCTION AND DEFINITIONS

In this chapter we introduce and study a fractional differential integral op-
erator. First, we define the operator of our study and then obtain image of a
product of H-function and H— function under this operator. Fractional integrals
involving a number of simpler functions follow as its special cases. we record here
four special cases.

Next we derive two new and interesting composition formulae for the fractional

w;m,n;o

arpgpe Then we give the com-

integral operator I} and the integral operator H
position formulae for the fractional integral operators I, D!, and integral oper-
ator 3,75, Further, we find that the results obtained by Srivastava et al. [56]

follow as particular cases of our composition formulae.

4.1 INTRODUCTION AND DEFINITIONS

The main aim of the present chapter is to introduce and study the following

generalized form of fractional integral operator studied earlier by Hilfer[22].

o) =(50 0 (1) D)@

with0<pu<land0<v <1

where

(I7F f)(z) = (x —FEL/)L)‘“‘W /“” (xtif;)tl)udt (R(y) > -1, R(p)>0) (4.1.2)

We shall also assume throughout this chapter that A denotes the class of functions

f(t) for which

1501 < o (113)
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for every bounded region w excluding the origin

and
0{[[*} ,max{[t|} — 0

f(t) = (4.1.4)

\ of|t|“rew2lY  min{[t|} — oo

Such a class of functions will be represented symbollically as f(t) € A.

Form = land~y = 0, reduces to the Hilfer fractional derivative operator[22,
p.43, see 11]

4.2 IMAGE OF A PRODUCT OF H-FUNCTION
AND H-FUNCTION

vl _ —M>,N. —
DY | (& — )" HH ) ™ o = p) T H oy [ = )] = ZZ 30(se)

. )6+o’styh72'yfmfl

(z—p)" A (aja Oéj)l,Pu - —; (1 + v, 1)
pA
0,4:My,N1;1,051,1 o
H43P11Q1{&-101 1,1 (z=p)
(z=p)
] p B . (bj7/6j)1,Q17 (1+T+’y’ A)’ (O’]_)’ (071) |
(4.2.1)

where,
A=(1—-0—osgp+v+m;n,1,1),(1 =6 —os,, +7;n,1,0),

(1 - 5_05t,h;77>150)7(1 +Py+7’;)‘7170)
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B=(1-6—0ostp +7v+m—v(l—p)n1,1),

(1—=6—0osen+v+m;n,1,0),(1 =0 —osep, — (1 —v)(1 —p);n,1,0)

provided the following conditions are satisfied
§R((1 —v)(1—p)— 1) > 0,

%(5—1—7) mm [( )/B )+ o min [(f;/F})] — >>0and

1<j<M>
arg(“F) <

Proof. To prove 1} first of all we express I er(lfy)(k“ ) involved in the right
hand side of (4.1.1)) in the integral form with help of (4.1.2)). Then, we express

H-function and H function in contour form and series form respectively with help

of (1.1.1)) and (1.1.34)) respectively. Next, we change the order of integration and

summation therein (which is permissible under the conditions stated), we arrive

at the following expression (say A)

(x — p>_(1_u)(1_u)_'y

N 1
N = 2 25 ), 1)

/m (LL‘ _ t)(lfu)(lf,u)flt'yﬂ"f)\&l (t _ p>571+77§1+ast7hdtd£1 (4.2.2>
p

Now, substituting (¢t — p) = U in the above equation and then evaluate the inte-
gral using [13] p.299]. Next, expressing o F} thus obtained in its contour form we

arrive at the following equation (say As)
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/ 0(51 )pT_A§1+’7_£2
L1

1 / D(=&)T(—r+ A — 7+ &)
2mws J1o T[(1 — v) (1 — p) + 6 + néi + o8 + &

L(0+n& +osen +&2)

Forag—o] 77 e dgydgy (4.2.3)

Next, we Take the mth derivative with respect to x of the above equation (4.2.3]),

we get the following:

oo My 1
As = ] S, 0 r—A&1+y—&2
=33 TSz [ e
1 / P(=&)0(=r + M — 7 + &)
21wy Jpp T(1 —v)(1 — p) + 6+ & + o50p + & — m]

L0+ n& + osen +&2)

F[_T + )\51 - P}/] (l' _ p)(l—V)(l—H)+5+77€1+0’St,h+§2—m—1d§2d€1 (424)

) operator to the above expression, with the help of (4.1.2)) and

. wv(l—
Applying I +( a

interchange the order of contour integration and t-integral using[13] p.299]. Sub-
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stitute (¢t — p) = U and evaluating the integral we get the following.

oo My
— @ S r—A1+7—E2
g hgz t,h 27Tw1/ (&)p

1 / D(=&)0(=r + 2 — 7 + &)
2wy Jpo T[(1 — p) + 0 +né1 + 054, + & — m]

F(5 +n& + 0S¢+ 52)
Cl—r 4+ A\ — 9]

(z — p)(1_M)+6+77§1+05t,h+§2—m—1

oFi [, (1 =v)(1 =)+ 0 +né+osep +& —m

déadé, (4.2.5)

_l‘_
1—M+5+U§1+08t,h+§2—m,¥

Thereafter, express o F} in its contour form. Finally, reinterpreting the result thus
obtained in terms of multivariable H-function [49, P. 251-252|, we easily arrive at

the required result. O

4.2.1 SPECIAL CASES

FIRST IMAGE

If we let r=0, A = 0, and reduce H function to unity[24], in the main result we

get the following:
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2y
Y —177M,N p —2v—m—1 770,3:M,N;1,1;1,1
D;f (z — p)5 1HP,Q [(x —p)"]| = m(w _p)6 2 1H3,3:P,Q+1;1,1;1,1
C: (ajaaj)l,P7 ) (1_'_771)7 (1+77 1)
(x —p)"
(z—p)
p
(z—p)
7 D: (b, 8)1e. (1—=46,n);  (0,1); (0,1)

(4.2.6)
where,

SECOND IMAGE

if we let r =0, and reduce H function to unity [49], in the main result we get the

following:

Ay 1M n| — S p 54nsy p—2y—m—1
Dy [(95 —p)" Hpg [(z—p) ]} = ; ; Q(St,h)m(iﬁ —D)

FOLL311 (eop) | Ax o (T+9,1); (T+9,1)
e g o 0 0
(4.2.7)

where

A =1 —=6—nsgp+v+m;1,1)
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B'=1—-v(l—p)—0—nsin+v+m;1,1)

Cc* = (1 —0— NSt,n + 7, 1)7 (]‘ —0— N15t,h; 1)

D'=(1=6=nsgp+v+m,1),(1=8—=nstp— (1 —v)(1—p),1)

Following two interesting results of Polylogarithm function[4], p.195-196, eq.C.23]

were found

THIRD IMAGE

Further in second image (4.2.7)), if we reduce H— function to polylogarithm func-
tion F'(z — p, ), p.195-196, eq.C.23] we get the following:

— 2y —m— b
D%u,v[(x . p)é 1F(x —p, a)] — (JI . p)6+r 2y—m—1
p+ ; (r+1)2T(=y)(=7)
oL (x;,p) (1=6—r+y+m11): C*x; (147,1)
113311 | .
ED (1= —r+y+m—v(l—p);l,1): D% (0,1)
(4.2.8)
where

C'x=(1—-0—r+v1),01—-0—r1),(1+~,1)

D's=1-0—-r+~v+m,1),1-1-v)((1—p)—35—r1),(0,1)
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FOURTH IMAGE

when v = 0 in the above result (4.2.8) we get the following:

D[z~ p)°*  F(z — pa)] =(x — p)* VH 5 [~ (z — p)
(0,L;a4+1), (=X1:1)
(0.1,  (~LLia), (u—A\L1)
(4.2.9)

4.3 COMPOSITION FORMULAE

COMPOSITION FORMULA FOR THE OPERATORS
e AND 1)

a+;p,q;8

(B e) (0) = [t -y B
e a L +7)

(1_Baa71) : (ajaaj)Lp;(l_yJ_’%l)

_ 6%
OLminil 1 w(z —u)
1,1:p,q;1,1 o
- r—a

(1—p—pFa,1): (bj; Bj)1,45(0,1)
¢(u)du (4.3.1)

where 37" is given by (22.2.1)) and I, is given by (4.1.2)

provided [=%] < 1,R(v) > —1

Proof. To prove (4.3.1)), we first express both 3,75 and 1, involved in its left

a+;p:a;8
hand side, in the integral form with the help of (2.2.1) and (4.1.2)) respectively,

we have

W3MLNQ 7Y, [ ’ — m,n e t—a) " ! 7
(FmS I ) (x) = / (z—t)""" H" w(z—t) ]( F?L) / i _uu)lﬂ¢(u>dUdt

(4.3.2)
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Now, we interchange the order of u—integral and t—integral, which is permis-

sible under the conditions stated, we easily arrive at the following after a little

simplification:
wW;Mm,n;a 77, o
(st d) (x) = /a F(M)A¢(u)du (4.3.3)
where
A= / (t — )z —t) 1t - a) "V H ) w(w — t)]dt (4.3.4)

To evaluate A, we first replace the H— function occuring in it in terms of its
Mellin-Barnes contour integral with the help of and interchange the order
of contour integral and t—integral, which is permissible under the given condi-
tions.

The above equation now takes the following form after a little simplifica-

tion:

271

Ao L /L p(&ut / $(t — )N (@ — )P (¢ — @) dtdE (4.3.5)

On setting z = 2=L in the t—integral involved in (4.3.5) and evaluating the
resulting z—integral with the help of the known result [13| p.286, eq.(3.197(3))],

we arrive at the following result after a little simplication:

A =1 [ p(@u(@ — 0 (@ = a) B, 5+ ag)
277'@ L
Ry {M+%ﬁ+ ag i+ B+aG—=—|df  (430)

Now, writing o[} in terms of its contour and reinterpreting the above equa-
tion(4.3.6) in terms of the H—function of two variables and on substituting the
value of A thus obtained, in (4.3.3)), we easily arrive at the desired result (4.3.1])

after a little simplification. n
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OPERATOR

COMPOSITION FORMULA FOR THE OPERATORS

Yotk w;m,n;a
Ii AND a+;p,q;0

s 2 (x —a) H /x _
I(;y,yj_(-w,rln,n,.a T) = 2 (r — y)HtB-1
(aF Helpina0) (@) oGt J, T

- (]- - 67 O[), (aj7 aj)l,p; (1 + Y, ]-)7 (1 - K, 1)
0,00m,n+1;1,2
HO,l:erl,Z;Q,l

(1 o ﬁ; o, 1) : (bj,ﬁj)l,q; (07 1)
S (4.3.7)

where 37 is given by (2.2.1)) and 1,7} is given by (4.1.2)

provided ’%‘ <1

Proof. To prove (4.3.7)), we first express both 3(; 77" and 1,7} involved in its left

hand side, in the integral form with the help of (2.2.1)) and (4.1.2)) respectively,

we have

(x —a)™"

s w;m,n;x ) H ! — ! — m,n o
(]ZJrug_CaJr;p,q;ﬁ )(ZL‘) = T . t’Y(l‘_t)M ! ; (t_u)ﬁ al,é [w(m—t) ]¢<u)dUdt
(4.3.8)
Now, we interchange the order of u—integral and t—integral, which is permis-

sible under the conditions stated, we easily arrive at the following after a little

simplification:
wW;Mm,n;o r—a) 7 ’
(12e36y350) (@) = S [ Aot (439)
where
A- / £t — ) (& — 0 B e — £)°de (4.3.10)

To evaluate A, we first replace the H— function occuring in it in terms of its

Mellin-Barnes contour integral with the help of (1.1.1)) and interchange the order
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4.3 COMPOSITION FORMULAE

of contour integral and t—integral, which is permissible under the given condi-
tions.
The above equation (4.3.10) now takes the following form after a little simplifi-

cation:

A- b / H(E)ut / Pt = ) (g — 1 dde (4.3.11)

2mi
On setting z = ;”%5 in the t—integral involved in and evaluating the
resulting z—integral with the help of the known result [I3], p.286, eq.3.197(3)], we
arrive at the following result after a little simplication:

A=L Pt (x — w) B, § + af)
21 L
Tr—Uu

}dﬁ

(4.3.12)

o Fy [—%u;u+ﬁ+a§;—

Now, expressing oF} in its contour form and reinterpreting the above equa-
tion(4.3.12]) in terms of the H—function of two variables and on substituting
the value of A thus obtained, in (4.3.9)), we easily arrive at the desired result

(4.3.7) after a little simplification. O

COMPOSITION FORMULA FOR THE OPERATORS

W3, TV X o
:HaJr;p,q;B AND I,

For m =1 and v = 0 in (4.1.2)),under the various parameteric constraints listed
already with the definition (2.2.1)), the following composition relationship is ob-

tained as special cases of (4.3.1) and (4.3.7):

(FHEmmeh g) () = (HEmIEEe ) (x) (4.3.13)

a+;p,q; B~ a+ a+;p+1,g+1;8+u

Proof. To prove (4.3.13)), we first express both 37" and I, involved in its left

hand side, in the integral form with the help of (2.2.1)) and (2.1.1]) respectively,
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we have
1

XM /a (t — u)* " p(u)dudt

(4.3.14)

OT5) 0= [ (o= 0" Hute -0

Next, we change the order of u—integral and t—integral, which is permissible
under the conditions stated, we easily arrive at the following after a little simpli-

fication:
w;m,n;a 1 *
(j{a%p:q;ﬁlcirqﬁ) (z) = m/a Ap(u)du (4.3.15)
where

A= /x(t —w)* N — )P H w(w — t)*]dt (4.3.16)

To evaluate A, we first replace the H— function occuring in it in terms of its
Mellin-Barnes contour integral with the help of and interchange the order
of contour integral and t—integral, which is permissible under the given condi-
tions.

The above equation now takes the following form after a little simplifi-

cation:

A= L o(Owt /I(t — )N — )T gta¢ (4.3.17)

C 2,
On setting z = ;’T_i in the t—integral involved in (4.3.17)) and evaluating the
resulting z—integral, we arrive at the following result after a little simplication:

g i T(B+0ag)
A= 5 Lgp(f)uﬁ(x—u)‘“rﬁJr ¢ 1F(M+5+04§)d§ (4.3.18)

Now, reinterpreting the above equation(4.3.18)) in terms of the H—function and
on substituting the value of A thus obtained, in (4.3.15)), we easily arrive at the
desired result (4.3.13) after a little simplification. O]

on similar lines we can also prove the following:

(IF, 00 () = (HEmLe o 6) (x) (4.3.19)

a+;p,q;8 a+;p+1,g+1;8+u
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4.3 COMPOSITION FORMULAE

COMPOSITION FORMULA FOR THE OPERATORS

WS, 10 W
U-CaJr;p’q; AND D,

DE (HEm50) (a) = (12, 10) (@) (1.3.20)

where Dy is given by (2.1.2) and F;77 "% is given by (2.2.1)).

Proof. To prove (4.3.20) we make use of definition (2.1.2)) of D!, involved in the

left hand side of (4.3.20)), we get
n w;m,n;o d " n—A>\ w;m,n;0
Doy (j{aJr;p,q;ﬂ ) () = dx i (%a+;p,q;ﬁ¢) (4.3.21)

With the help of result (4.3.13)) the above equation (4.3.21)) takes the following

form:
d n
sm,m; smynA+-1;
Dy, (%fﬁ}z;ﬁ ) (z) = (da:) (%zﬁzziqfl;@m—)\gb)

d n x
_ (z) [ @t e = ot

- / “(w— P TERI, L — 1) ()de

= (M, o 0) (x) (4.3.22)

a+;p+2,q+2;8—

On similar lines we can prove the following:

(HEmma D, 8 (z) = (HEmHE - 6) (x) (4.3.23)

a+;p,q;8 a+;p+2,q+2;6—p
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COMPOSITION FORMULA FOR THE OPERATORS
S AND DEY

a+3p,q;

DR (HEmmag) () = (HEmEe  6) (x) (4.3.24)

a+;p,q;8 a+;p+3,q+3;8—p

where Dy is given by (2.1.3) and 3775 is given by (2.2.1)).
Proof. Making use of the composition relationships asserted by (4.3.20) and
(4.3.13), we find that

+v—pv wW;Mm,n; 0 - w;m,n+1;a
Dg—&- g (U_Ca+;p,q;ﬁ ) (x) o (U_Ca+;p+1,q+3;6—u—u+uu¢) (x> (4-3-25)
and
NZ WM, M50 v(l— v—puv wW;m,n;o
Dg—i— (}Ca-i-;p,q;ﬁ ) (.T) = Ia—(i- M)Dg-_: g (:H:a—i—;pg;ﬁ ) ('T>
_ qv(l=p) wi;m,n+1;a
- Ia—l— ! (%a+;p+1,q+3;ﬂ—y—u+m/¢) (:E)
w;m,n+3;x
- (g{a+;p+;—,q+3;ﬁ—u¢) (I) (4'3'26)
which would complete the proof of (4.3.24]). O

W3, M50
a+;p,q;8 to

Mittag-LefHler function in (4.3.13)), (4.3.20) and (4.3.24) we get the results ob-
tained by Srivastava et al.[56, p. 7, eq.(2.23), (2.24) and (2.25)] respectively.

If we reduce the H— function involved in the integral operator JH
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gral Operator involving the product of S¥ and multivarible H-Function
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The object of this chapter is to find solutions of the Volterra-type integral
equations associated with integral operators whose kernels involve various special
functions and polynomials.We make use of convolution technique to solve the
equations.

We first give solution to general Volterra-type integral equation associated with
an integral operator involving H-function in its kernel. Since H-function is gen-
eral in nature we can obtain a number of special cases of the Volterra-type integral
equation, by specializing the parameters involved.First special case is a Volterra-
type integral equation associated with an integral operator with H-function in
its kernal. On account of general nature of H-function occuring in the operator
herein we can obtain a number of special cases by specializing the parameters
of the H-function. We record here five such special cases which involve Fox-
Wright function ,V,, Mittag-Leffler functionEg:g, hypergeometric function ,F,,
Bessel functiong§ and giving appropriate value to g(x). Thereafter we give
two special cases involving Riemann Zeta function ¢(¢, i, &) and Polylogarithm
functionF'(¢, p).

Further, we solve a general Volterra-type integral equation involving a product of
general class of polynomials S and multivariable H—function occuring as ker-
nels in the integral equation. We can obtain a large number of integral equations
involving products of several useful polynomials and special functions as its spe-
cial cases. We record here only two such special cases which involve the product
of general class of polynomialsSY & Appell function F3 and a general class of
polynomials.

The importance of the findings of this chapter lies in the fact that both the
Volterra-type integral equations associated with integral operators involving
several special functions and polynomials in their kernel are quite general in

nature and generalize the results obtained by Srivastava et al.[49] and Rashmi
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Jain[26] [27] respectively. A large number of special cases of these equations, in-
volving useful and simpler special functions and polynomials can be obtained by
specializing the parameters, find practical importance in the fields of Physics and

Engineering science.

5.1 INTRODUCTION AND DEFINITIONS

The H-function occurring in the present work will be defined and represented

here in the following manner [24]

(% Qs Aj)l,n, (aj, O‘j)n+1,p
Hp(’l 2] Hp’:] z
(b5, Bi)ims  (bj, 553 Bj)mt1q
= [T et (5.1.1)
T 2nw o

—Woo

where, w = v/—1,2 € C\ {0}, C being the set of complex numbers,

(b - 4,6) [T T - a + 0,0}

Il
= (5.1.2)
I1

(P =b; + 8O 11 T(a; — as)

The sufficient condition for the absolute convergence of the integral have been
established by Bushman and Srivastava[bl, p.4708] The series representation for

the H—Function is as follows:

(aj, 05 A) 10, (4,0 nt1p

(bj, 5j)1,m, (bj, 5;‘; Bj)m+1,q
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where,
[T T~ Bisen) [T T — a; + ajse)} ™
— =1,j#h =1
Osen) = 77 — (5.1.4)
[T {0 =0+ 85:0)} " I Tla; —a;sen)
j=m1 j=n+1

The multivariable H-function occuring in this chapter is a special case of H-

function of r-variables and is defined as follows:[52, p.271, eq.(4.1)][50, p.64,
eq.(1.3)]

Z1
0,0:1,n1;...;1,np
H : - Hp q:p1, q1+1 ,,,,, iprogr+1
2
[ ) Dy ) () ]
21 (aj,ozj e O )LP‘(Cj Y )Lp1w~7<cj Y )1p,

Zr ( a/B 1)7 )/B(T ) ( ) (d§1 75]( )l,ql; e (07 1) (dg"’ 75J(T))1,Qr i

r

! (5.1.5)
(5.1.6)
-2 k1 —2, kr
Z 61 (k) 6y (kY Ry 2 (22) (5.1.7

k! k!
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where w = v/—1 and

T

L0 = e” 957k
¢i(ki) = — 0 o - o (i=1,..,7) (5.1.8)
H F(l - dj + 53’ kz) H F(Cj - kz)
Jj=1 Jj=n;+1
1
Wk, . k) = (5.1.9)

q T . p r X
._lm — b+ ;By)ki) _lr(aj - ;ay)ki)

J

J

AN INTEGRAL OPERATOR INVOLVING H-FUNCTION
IN ITS KERNEL

In this chapter, we make use of the following integral operator with H-function

in its kernel

(Fo T ) (@) 1= /0 =tV (o — 00t (5.1.10)

R(p) > 0 By using the Convolution Theorem for the Laplace Transform, we find

from the definition ((5.1.10]) that

(T e @) @] () = £ |2 0] () - £lipl))(s)

(1—p,0:1), (aj, j; Aj)1n, (aj, 05)nt1p
P CI)(S)
(0,1), (b, Bj; Bj)2q
(5.1.11)

_p—l,n+1
p+l,q

where R(s, p,0) >0
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5.1 INTRODUCTION AND DEFINITIONS

AN INTEGRAL OPERATOR WITH THE H-FUNCTION
IN ITS KERNEL

In our present investigation, we make use of the following special case of the
operator given by ([5.1.10) i.e. the integral operator with the H-function in its
kernel [66):

(}C&lp”qaﬁ gp) (x) := /Ox(x — )Pt H;’;‘[w(:p — )*](t)dt (5.1.12)

<%(5)>0; w e C\ {0}; 0§n§p;>-

By using the Convolution Theorem for the Laplace Transform given by (2.1.5)) we
find from the definition (5.1.12)) that

L [(H s ©) @)] () = £ [277 Hygfwa®]] (s) - Lo()](s)

(1 - 67 Oé), (aja aj)l,p
= s PHM s D(s)

p+1,q
(07 1)7 (bj7 ﬁj)Q,q

(é)%(s) >0; a>0; R(B) > O),

where, for convenience,
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AN INTEGRAL OPERATOR INVOLVING THE
PRODUCT OF GENERAL CLASS OF

POLYNOMIALS AND MULTIVARIABLE H-FUNCTION
IN ITS KERNEL

The following integral operator involving a product of general class of polynomials

and multivariable H-function in its kernel will be used in this chapter[16]:

i z1(z —1t) ]
/x(a: — )P [~z (2 — )| H - B(t)dt (5.1.14)
0
I z(x —t) |
R(5) > 0. _
z1(x —t)
where H ) is given by (|5.1.5) and ([5.1.7]
I z(x —t) |

5.2 GENERAL VOLTERRA-TYPE INTEGRAL
EQUATION ASSOCIATED WITH THE

—1,no

OPERATOR T,/

A general Volterra-type integral equation associated with an integral operator

with the H-function in its kernel ([5.1.10)) is given by

(s ) @)+ i [ o=t 00 i=g@) (52)
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ASSOCIATED WITH THE
OPERATOR 7,

0+;p,q;p

R(p,0,m) >0;0<n<p

has the solution

r > T — oA
o) = [ty I Dlay, (22

where [ is a positive integer such that R(I — ok — p) > 0, where k denotes the
least v for which C, # 0 where

L(p+ov) ﬁ {T(1 - a; + a;v)}
O, =~ = . (—1)" (5.2.3)
E[Q{F(l —bj+Bv)}5 I] T'(a; — ajv)v!

j=n+1

J

g is prescribed such that ¢t (0) =0 for 0 <u <1 —1

C), are given by

Cy = (—1)NC,) " det

Chix Chirot - (Clwr%"‘a) o G
(5.2.4)
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Proof. To solve ([5.2.1]) we first take the Laplace transform of its both sides. Using
(5.1.11)) we get

(1= p,031), (@, a5 Aj)1n, (@5, @) nt1p
s s Y (s)+aS™Y (s) = G(s)

p+1,q
(0,1), (bj, Bj; Bj)ag
(5.2.5)

Now, expressing H- function involved in the left hand side of the above equation

in terms of series with the help of (5.1.3) we have

5P ZC;S*"” +as "™ Y(s) = G(s) (5.2.6)
v=0
where C', is given by (5.2.3).
Again, (5.2.6) is equivalent to
~ -1
Y(s) = s” [Z C' s + asWI G(s) (5.2.7)
v=0
If k£ denotes the least v for which C!, # 0 the series given by ([5.2.7) can be
reciprocated.
Writing
-1 oo
Z s 7+ as W] => s (5.2.8)
A=0
(5.2.7) takes the followmg form:
s) = s " O[S G(s)] (5.2.9)
A=0
(5.2.9) can be written as

l—p—ok+oi—1

Liy(x); s} = L{qu_g,ﬁw ot }L{g<’<> st (520

Now using the convolution theorem in the RHS of ((5.2.10]) we get (using (2.3.30)))

L{y(x);S}:L{ [Sobt s pl)g@(:c);s} (5:2.11)

A=0

]
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ASSOCIATED WITH THE
OPERATOR 7(,

0+pqp

Finally, on taking the inverse of the Laplace transform of both sides of ([5.2.11])
we arrive at the desired result (5.2.2)).

If we take 0 =1, A;(j = 1,2,....,n) = B;(j = 2,..¢) = 1 and a = 0 in ((5.2.1))
we arrive at the result derived by Srivastava and Bushman[47][48] and If we take

a =0 in the (5.2.1) we arrive at the result obtained by Jain [26, theorem 2.

5.2.1 SPECIAL CASES

1. General Volterra-type integral equation associated with an integral operator

with the H-function in its kernel (5.1.12)) is given by

(Uféufpnqaﬁ y) (x) + W/o (z — )" y(t)dt := g(x) (5.2.12)

(ﬁ(ﬁw)>0; w e C\ {0}; 0§ﬂ§1);)

has the solution

r X —t ar+l—pB—ap—1
/ Z (z gD (t)dt (5.2.13)
—0

ozr—i—l—ﬁ—oz,u)

where R(l — 5 — ap) >0
provided that

gD(0) =0 for 0 < i <1—1,1 being a positive integer and v — B(< r) is an
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integer. Also

B, =(—=1)"(A\) " "w" det

Ais1 Ao 0 0
Ais2 Mgt . 0 0

)\M+T )\N+T_1 v WY <)\u+u—ﬁ + yafﬁ ) >\N+1

and g is the least k for which

DB+ ak) [I T(1L - a; +ajk)
A= = (—1)% #£0 (5.2.15)
F(l — bj + ﬁjk‘) ?:n-i—l F(aj — Oé]k’)k"
=2

J

SPECIAL CASES OF (5.2.12)

2. Reducing H-function in the R.H.S of (5.1.12) to the Fox-Wright function|33]

and defining the integral operator as

i (@5, a5)1,p;
(U220, 0) @)= [ (=0, wia—1)° | p(t)dt (5.2.16)
(b5, Bj)1.q;

(R(B) > 0; we C\{0}; p=q+1),
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0+ D.q;0
We find that Volterra-type equation (5.2.12]) takes the form as
w;p;a a * e
(Wos v) () + —/ (z — )" ty(t)dt = g() (5.2.17)
L(v) Jo

(R(B) > 0w e C\{0}ip= g+ L;R(v) >0)

whose solution is given by

_ )a'r+l—,8—a,u—1 .
/ Flar 17— au)g< )(t)dt (5.2.18)

where R(l — 5 — ap) >

provided that

g" =0 for 0 <43 <1 — 1,1 being a positive integer and v — B(< r) is an integer,
E, is given by (|5.2.14)) and p is the least n for which

I'(a; + aqn)..I'(ap + apn)I(8 — an)
3. Again reducing H-function in R.H.S of (5.1.12)) to Mittag-Leffler function [56]

An =

£0 (5.2.19)

and defining the integral operator as follows:

@&Tw)<%=A7w—ﬂ“ﬂﬂﬂw@—wﬂmwﬁ, (5.2.20)
(v, w € C;R(a) > max{0,R(k) — 1}; min{R(B), R(k)} > 0)

then (5.2.12)) can be written as

(fé’fjﬁy) (x) + W /0 (x — )" y(t)dt = g(z) (5.2.21)

(v,w € C;R(a) > max{0,R(k) — 1}; min{R(L),R(k)} > 0;R(v) > 0)

whose solution is given by

I _ t)Oﬂ“i’l*,B*Oz,u,fl 0
£)dt 2.92
/ Bttt (5.2.22)

where R(l — 5 — ap) >
provided that
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g% =0 for 0 <i <1 — 1,1 being a positive integer and v — 3(< r) is an integer,
E, is given by (|5.2.14)) and p is the least n for which

(v +kn)
S T()n!

4. Reducing H-function in R.H.S of (5.1.12)) to hypergeometric function [49] p.18,

Ap = 20 (5.2.23)

eq.(2.6.3)] and defining the fractional operator as follows:

Ay, Qp;

(3%+qﬁ ‘P) (x) = /I(x — )" F, w(z —1)* | e(t)dt  (5.2.24)
b17 cee bq7

(R(B) > 0; we C\{0}; p< q+1),

then (5.2.12)) can be written as

(Falits y) (x) + X0 /0 (z — )" 'y(t)dt = g(x) (5.2.25)
(R(B) > 0;w e C\{0};p = g+ 1;R(v) >0)

whose solution is given by

y() Z/Ox(x—t —on )l gV (t)dt (5.2.26)

where R(l — 5 — ap) >0

provided that

" =0for 0 <i <1 — 1,1 being a positive integer and v — (< r) is an integer,
E, is given by and g is the least n for which

I'(a; +n)..T'(ap + n)I'(B — an)
I'(by +n)...I'(by + n)n!

Ap = £ 0 (5.2.27)

5. Reducing H-function in R.H.S of (5.1.12]) to Bessel function [49] p.19, eq.(2.6.10)]

and defining the integral operator as follows:

(Taioms @) (@) = /x(-f = 1)1 (w(x — )*)p(t)dt (5.2.28)
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5.2 GENERAL VOLTERRA-TYPE INTEGRAL EQUATION
ASSOCIATED WITH THE
OPERATOR 7,

0+:p.g;p

(EFE(B) >0; we C\{0}R(v) >0)

then can be written as
w; 1,05 a * v—

850 @+ i [ =g 29

(R(B) > 0;w € C\{0}; R(v) > 0)

whose solution is given by
[ e . (x =) 0

y(x) /0 (z—1) ; ETF(M 5o’ (t)dt (5.2.30)

where R(l — 5 — ap) >0
provided that

g™ =0 for 0 <i<1—1,1 being a positive integer and v — S is an integer,

E, is given by (5.2.14]) and p is the least n for which

_ I'(B+an)
An = I'(1+ A+ on)n! 70

6. Substituting g(z) = 2 in (5.2.12) we get

w;l,n;a a * v—
(63 ) (@) + s [ (=00 o= a2

(9‘?(6)>0; w e C\ {0} 0§n§p;§fﬁ(V)>0)

has the solution

T — t)arfﬁfa;H»l

o [
y(x)—Q/O ;ETF(ar—ﬁ—a,u—FQ)dt’

RI—B—au) >0

where E, is given by ([5.2.14) and g is the least k for which A, (# 0) is

given by ([5.2.15|)

v — (< r) is an integer.
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5. SOLUTION OF GENERAL VOLTERRA-TYPE INTEGRAL
EQUATIONS

SPECIAL CASES OF (5.2.1)

7. If we reduce the H-function involved in (5.2.1) to the generalized Riemann
Zeta function, ¢ ((z — )7, 1, &), [9, p.27], we arrive at the following result:

/0 =t (= 1) &) y(0)dt + o / = (1) de = g(x) (5.2.34)

has the solution given by

! l ck—p—1 t i l
o) = [ (o= o TS D0} (5235)

provided that minR(p, 0,0 — p — ok) > 0,1 is a positive integer and C) is given

by GZ0)

where
+ T(p+ov)
C=——=
(T

Also g(“)(O) =0for0<u<l—-1
8. Again, if we reduce the H-function involved in (5.2.1)) to the Polylogarithm

=0,1,2, ... (5.2.36)

function F'(t, ) of order pf9, p.30,p.315], we get the following result:

/Ox(x PR (= )7, ) y(t)dt + % /Ox(x — Yy (8)dt == g(z) (5.2.37)

has the solution given by

y(z) = /Om(x — )ty T ?O(Z ; ?; — Di{g(t)}dt (5.2.38)

A=0

provided that min®(p, 0,0 — p — k) > 0,1 is a positive integer and C) is given

by (52.4) where
o I'(p+o0+ov)
o O

Also g(“)(O):OforOgugl—l

v =01,2,.. (5.2.39)
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INVOLVING A PRODUCT OF GENERAL CLASS OF
POLYNOMIAL AND MULTIVARIABLE H-FUNCTION

5.3 GENERAL VOLTERRA-TYPE INTEGRAL
EQUATION INVOLVING A PRODUCT OF
GENERAL CLASS OF POLYNOMIAL AND
MULTIVARIABLE H-FUNCTION

The second volterra-type integral equation involving the operator (5.1.14)) is given
by:

[ z(x —t) ]

[ et isyisa-nn | a0 [ ety o)

(5.3.1)
R(B,v) >0

has the solution

y(z) = /Ox(:v — 1) ]Z:; F(j.b:i(lw__;)i AL (5.3.2)

whereR(l — 3 — p) >0
provided that
gD(0) =0 for 0 < i <1 —1,1 being a positive integer and v — B(< j) is an
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integer. Also

Aut1 Ao 0 0
Auto Nt - 0
B e
ptv—p T @
)‘}H-j >\u+j—1 ()\/H_,/_,g—{—a) >\,u+1_
(5.3.3)

and g is the least B for which

k’l kr+1

2t 2,
)\B = (_1)B Z A<k17"'7kr+l)k1!...er+ll! (534)
ki+...+kr41=B
where
Aty s b)) = G1(k1)ethrsn (b + D)0 (R oo rsr) (5.3.5)

D r q r -1
W(ky, .o k1) = T(B+ki+...+k11) {HF <aj — Zagl)k2> HF (1 — b+ Z/BJ(M’) }

=1Te (-0 +00) { 1 (- )fp@_dﬁapki)}_l

Jj=n;+1 J=1

(i=1,..,r) (5.3.7)
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5.3 GENERAL VOLTERRA-TYPE INTEGRAL EQUATION
INVOLVING A PRODUCT OF GENERAL CLASS OF
POLYNOMIAL AND MULTIVARIABLE H-FUNCTION

and
)

(=N)arkrs1 Ang s 0 <k <[]

Gri1(kry1) = (5.3.8)

\ 0, Bt > []

Proof. To solve (j5.3.1]) we first take Laplace transform of its both sides. We easily

obtain by definition of Laplace transform and its convolution property stated in

(2.1.5)), the following result

_ i, -
/ T @) M | | deY(s)+asY(s) = Gls)  (5.3.9)
0
[ T
_ Y -
Now expressing the S¥ [—z, 2] and H ) involved in ([5.3.9)) in series using
2T

(1.1.50) and (|5.1.7)), changing the order of series and integration and evaluating

the r—integral, we obtain

00 _Zkl _Zkr+1
Z Alky, ooy k) — L =B (bitethen) g6V | Y (5) = G(s)
k! Ekegq!
kiyeer, k:r+1—0
(5.3.10)
where A(ky, ..., k.41) is defined by ([5.3.5)).
Re-writing (5.3.10), we get
s [Z Aps B +as™P| Y(s) = G(s) (5.3.11)
B=0
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where \p is given by (5.3.4)).
Again, (5.3.11)) is equivalent to

-1
== [Z Aps™P +as™t ] G(s) (5.3.12)
If ;o denotes the least B for which Ag # 0, the series given by ([5.3.12) can be
reciprocated.
Writing
o] -1 00
[Z Apips P+ as_l”“ﬁ] = Z E;s77 (5.3.13)
B=0 §=0
(5.3.12)) takes the following form:
Y(s) =" " Eis[s'G(s)] (5.3.14)
§=0

(5.3.14) can be written as (using ([2.3.30))

© pitl—p—B-1
L{y(x);s}:L{ZOE T E— }L{g”( ); s} (5.3.15)

Now using the convolution theorem in the RHS of ((5.3.15)) we get

x— JHl—p—p-1
Liy(x); s} = L{/ Jr G Jj)z—u 59 (l)(t)dt;s} (5.3.16)

Finally, on taking the inverse of the Laplace transform of both sides of ([5.3.16|)
we arrive at the desired result (5.3.2)). O

It is interesting to note that, if we put a = 0 in (5.3.1) we get the result
obtained by Gupta et al.[16].

5.3.1 SPECIAL CASES

1. If we put r = 2 in (5.3.1) and reduce the H-function of two variables thus
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POLYNOMIAL AND MULTIVARIABLE H-FUNCTION

obtained to Appell’s function F3 [49] p.89, eq.(6.4.6)] we find after a little simpli-

fication that the Volterra-type integral equation given by

/ (ZL’ - t)B_ISN [ zr—f—l(x - t)]F3[Cl )7 C?)? Cg : CéQ), b7 Zl(x - t)u _22(1‘ - t)]y(t)dt
0

has the solution

F(Cgl))r(c?))l“(cél))F(C§2)) /x(x _ t)l—ﬂ—u—l i I‘(jlj];<lx—_;)i 1) g(l)(t)dt

(5.3.18)
whereR(l — 8 —p) > 0,R(5) > 0,| z1(x —t) |< 1,| za(x — t) |< 1
provided that
g (0) =0for 0 < i <1—1,1being a positive integer and v — B(< j) is an integer
and E; are given by the relation and p is least B for which Ag # 0

kl k:g k3
Mg = (—1)F Z A(ky, ks, k3) o] k‘g' k3! (5.3.19)

ki+ko+k3=B
where in (5.3.19)

D(AY + kDD + ko) D(eS) + k)T (S + k)T (B + ki + ko + k)
L'(b+ ki + k2)

A(ky, ko, ks) = ¢3(ks)
(5.3.20)

and
4

(—=N)aksAngs, 0< ks < [57]

d3(ks) = ¢ (5.3.21)

. k> (4]

2. f weput r=1,p=¢q=0,20 = —1 in the LHS of (5.3.1)), and further reduce
the H-function thus obtained to e=*'[49, p.18, eq. (2.6.2)] and let z; — 0, the
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H-function reduces to unity then we arrive at the following special case of (5.3.1)):

a

/j(x — )PLSY (2 — )]y (t)dt + o0 /Ow(x — )" y(t)dt = g(x)  (5.3.22)

has the solution

y(z) = /0 w(w o ; - (jl?i(lx__ ; )i m gD (t)dt (5.3.23)

whereR(l — 8 —p) > 0,R(8) >0

provided that

g (0) =0 for 0 < i < 1—1, 1 being a positive integer and v — (< j) is an integer
and E; are given by the relation and g is least k for which A, # 0

(—=N)mkAniL(B + k)

Ak = k!

(5.3.24)

k=0,1,..[N/M,N=012,..,

If we put a = 0 in (5.3.22)) we get the result obtained by Jain[27, p. 102-103, eq.
(3.5),eq.(3.6)]

Similary, on account of general nature of S and multivariable H—function in-
volved in the R.H.S of , we can obtain a number of special cases of

by specializing the parameters involved therein.
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UNIFIED FINITE INTEGRAL
INVOLVING THE FUNCTION
A7) THE MULTIVARIABLE
H-FUNCTION AND S/
POLYNOMIALS

The main findings of this chapter have been communicated as detailed below:
A Study of unified finite integral involving generalized modified Bessel
function of third kind, general class of polynomials and the multivari-

able H-function, J. of the Ind. Acad. of Math. (Communicated)






In this chapter we first define the functions and polynomial required to es-
tablish our main integral. Next, we evaluate a unified and general finite integral
whose integrand involves the product of generalized modified Bessel function
)\,(Z,),,general class of polynomials S¥ and the multivariable H—function. The ar-
guments of the functions occurring in the integrand involve the product of factors
of the form x#~1(a — 2)7(1 + (bx)*)~.

Main integral is believed to be new and is capable of giving a large number of sim-
pler integrals (new and known) involving several special functions and polynomi-
als as its special cases.For the sake of illustration we record here six new integrals
as its special cases. The first, second, third, fourth fifth and sixth special cases
of the main integral are integrals whose integrands involve the product of the
modified Bessel function of the third kind, Laguerre polynomial hypergeometric
function; the product of Meijer G-function, Jacobi polynomial and Appell func-
tion; the product of generalized modified Bessel function of third kind, Gould &
Hopper polynomial and Mittag-leffler function; the product of generalized mod-
ified Bessel function of third kind, general class of polynomials, reduced Green
function and Lorenzo-Hartley R-function; the product of generalized modified
Bessel function of third kind, general class of polynomials and Miller-Ross func-
tions and the product of generalized modified Bessel function of third kind, Cesaro
polynomial and Lorenzo-Hartley G-function respectively. Several basic integrals

obtained earlier by several authors also follow as special cases of our main findings.
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6. UNIFIED FINITE INTEGRAL INVOLVING THE FUNCTION
)\,(f,’l),, THE MULTIVARIABLE H-FUNCTION AND S¥
POLYNOMIALS

6.1 INTRODUCTION AND DEFINITIONS

For the sake of continuity, completeness and to avoid frequent reference to other
works we shall first briefly describe the polynomial and functions occuring in this

chapter.

GENERALIZATION OF THE MODIFIED BESSEL
FUNCTION

Generalization of the modified Bessel function of the third kind or Macdonald

function will be represented by the following form:[I0, p.152, eq.(1.2); p.155,

eq.(2.6)]

NI = o= [ (= e
0| (1= (v+1)/n,1/n) 6.11)
(0,1), (—p—v/n,1/n)

(>0, Rp)>1n-1 veR NR()>0)

The function in (6.1.1)) was introduced by Kilbas et al.[31]. Such a function
was used by Bonilla et al.[2] to solve some homogeneous differential equations of

fractional order and Volterra integral equations.

SPECIAL CASES OF GENERALIZATION OF
MODIFIED BESSEL FUNCTION

1. If we take n =2 and v =0, in (6.1.1)), we get

A== (2) wae (R0 ), (6.1
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6.1 INTRODUCTION AND DEFINITIONS

where K_,(z) is the modified Bessel function of third kind or Macdonald
function[7, Section 7.2.2]
2. If we take n =1 in (6.1.1]) we get

—V
Nuwlz] = GT5 |2 (6.1.3)
0,—p—v

where Gig is Meijer G-function[36], p.10,eq.(1.7.1)].

MULTIVARIABLE H-FUNCTION

The multivariable H—function occuring in the thesis was introduced and studied
by Srivastava and Panda [52) p. 130, eq. (1.1)]. This function involves r complex
variables and will be defined and represented in the following contracted form

[49, p. 251-252, eqn. (C.1-C.3)]

i 1 r 1 1 r r
2 | (a8, al) g s (@YY s (7 ),

0,m:m1,m1;5..iMp T
Hpaq:pl »q15--3Pr,qr

P
—
N2
=
—
—
N2
SN—
—
Q
=
~~
QU
o~
3
N
Soo~
=
N
S~—
—
2
3

2 | 0B e B g s (@0

r

/L o [ ) TI0)5 sy (= 1) (614

=1

1
(27mw)"

where w = v/—1,

n

[0 = 7€) TIT0 - ¢ +97)

1= 7=1

¢i(&i) = —; : — : : (i=1,..,7) (6.1.5)
[I ra—d’+5%) I 1 =)

Jj=m;+1 J=n;+1
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n

00— a;+Y d%)
=1

J=1

P&y &) = — — > — (6.1.6)
le(l — b+ Zlﬁj(-l)&) [T T(a; - 21 a;-z)é})
j= i= i=

Jj=n+1

All the greek letters occuring on the left-hand side of are assumed to be
positive real numbers for standardization purposes; the definition of the multi-
variable H —function will, however, be meaningful even if some of these quantities
are zero. The details about the nature of the contours L, ..., L,, conditions of
convergence of the integrals given by the equation , the special cases of
the multivariable H—function and its properties can be referred to in the paper
cited above. Throughout the thesis it is assumed that this function satisfies its

appropriate conditions of existence and convergence[49] p.252-253, eq.(C.4-C.6)].

THE H-FUNCTION

By taking r = 1, the multivariable H—function (6.1.4]) reduces to the H —function.
The function H[x] occurring in the present work stands for H-function[§] or simply

the H-function will be defined and represented in the following manner[49, p.10].

(aj, j)1p (a1, a1),--- , (ap, ap)
ng’q’" [2] = H;’;‘q’” z = Hgfq’” z
(bjaﬁj)l,q (blaﬁl)a"' 7<bq7ﬁq)
— L [ O@)* ds (6.1.7)
=g g 2° ds, 1.

where i = /=1, z € C\ {0}, C being the set of complex numbers,

=1

ﬁ F(bj — ﬁjﬁ) ﬁ F(l —aj + ijﬁ)

L p , (6.1.8)
[T T(A—0b;+ps) II I'la; —ays)
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6.2 MAIN INTEGRAL

1<m<gq and 0<n<p (m,ge N={1,2,3,---}; n,p € Ny = NU{0}),

The definition of the H-function given by will, however, have meaning
even if some of these quantities are zero, giving us in turn simple transformation
formulas.

The nature of contour L in , a set of sufficient conditions for the con-
vergence of this integral, the asymptotic expansions of the H-function, some of

its properties and special cases can be referred to in the book by Srivastava et al.

9],

GENERAL CLASS OF POLYNOMIALS

Srivastava [46], p.1 eq. (1)] has introduced the general class of polynomials

[N/M]

_ R
SNEESY ( N)MRR,AN’R ’ (N=0,1,2,..), (6.1.9)
R=0 )

where M is an arbitrarty positive integer, and the coefficients Ay g(N, R > 0)
are arbitrary constants, real or complex. On suitably specializing the coefficients
An g, SN [z] yields a number of known polynomials as its special cases. These

include, among others, Jacobi polynomial, Laguerre polynomial and several others

[, 55, 57].

6.2 MAIN INTEGRAL

/ 2 —2)7[1+ (b2) ] A (2 (@ — 2) 7 L+ (b))
0
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)\(77)
POLYNOMIALS

ivs THE MULTIVARIABLE H-FUNCTION AND S¥

7

0,n:m1,n1;...;mp,ny
prq:m sq15--3Prdr

SMY 2 (a — x)7 [1 + (bz)"] N ]dz

[N/M] '+o'\\R
_ gt (_N)MRAN,R(Ya(p )) OB 2,0:1,0
- R! p+3,q+2:p1,915...5pr,qr;1,250,1
R=0 '
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21z (a — x)7 1+ (bz) ™™ | (ay; oM a-r))ljp :C

(
J

g (o= 2) L+ 02) 7 | (05387 B g D

2 aP? +o1

Z.aftor
Zppq Pt
(ab)*
(6.2.1)

B:

O

D*




6.2 MAIN INTEGRAL

where

A=(1—=X=RN; i, .., M, Ma, 1), (L= p— R p1y ooy iy Prgns £)

(=0 — Ro';01,...,0.,0,41,0), (a;; ozgl), s ay), 0,0)1,

B = (_:0 — 0 — R<pl + U/); (pl + 01)7 sy (pT‘ + UT)? (pTJrl + 0'r+1),£),
(1 - )‘_R)‘/;Ala-"7/\7“7>\7"+1a0)7(bj;ﬁ('1)>"'76j('r)7070)1,q

C*=C;(1—(w+1)/n,1/n);—  D*=D;(0,1),(—p—v/n,1/n);(0,1)

1 1 T T 1 1 r I
C = (" A i (&0 e D= (05 s (06 g,
provided
(i) R(A) > 0,min(p’, o', N, pi, 00, M) >0 (i=1,.,7+1)
(not all zero simultaneously)

(i) min R(p -+ 32 pi(d")/0)" = praa(pen +v) > 0,

min R(o +1+ > O'i(d;i))/(sj(i) —or(pn+v)) >0 (j=1,....,m;)

=1

Proof. First we express the modified Bessel function /\,(37,), in terms of the H —function
of one variable[10} p.155,eq.(2.6)] and the S¥ [x] polynomials in terms of the series
with the help of occuring in the left-hand side of . Now, we express
the multivariable H—function and H—function of one variable in terms of their
respective Mellin-Barnes type contour integrals. Then we change the order of the
series and &1, ..., &1 contour integrals with the x—integral which is permissible

under the conditions stated. The left-hand side of (6.2.1)) takes the following form
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(say A):

T

. R
A=y ! N)Mf;N’RY <27r1w>r /L e e [0l

=1

1 / D& ) (=p = (v +&41) /1) S
Lyt

o TNy
r Y ot Ry -1 Ro'+'S" oi¢ ARN =S A
i&it+p+Rp' — o+Ro'+ 3 0i&i —A—RN— iSi

/ w= T 0= )T AT L+ (b)) S dude, .. dE g

i (6.2.2)

Finally, on evaluating the above x—integral with the help of the following result

[25, p.47, eqn.(1.3.3)]:

T (1—=p,0),(1=X1)
r 1
/:Ep_l(T—m)U(l—F(Dx)e)_)‘dx = —(FU&_) )T”+UH217’22 (DT)¢
’ (071)7(_p_0a E)
(6.2.3)
where
R(p) >0, Ro+1)>0
the right-hand side of (6.2.2)) takes the following form:
[N/M] r
(—N)MRANRYR 1 / 13
A = : ey QO A« >t
> o Gy ), ), ) TTie)=)
R=0 1 r i=1
L [ D&ud)D(p— 0t &a)/n) e, pHos S oroisor e
za i (6.2.4)
21w Jp, ., P —(@+1+8&41)/n)
r r+1 r+1 ]
(L=p—Rp' =3 pi&i,0),(1 = A= RN = 3" \&;, 1)
i=1 =1
Hyj | (ba)e d&,...d& d,
r41
(0,1),(=p = Rp' = >_(pi + 0:)& — 0 — Ro', [)
(6.2.5)
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6.2 MAIN INTEGRAL

Now we express the H—function thus obtained in terms of its Mellin-Barnes
type contour integral and re-interpret the result in terms of (r + 2)—variable

H —function, we easily arrive at the desired result after a little simplification. [J

6.2.1 SPECIAL CASES OF THE MAIN INTEGRAL

FIRST INTEGRAL

If we reduce )\,% into modified Bessel function of third kind K_, [10, p.152,
eq.(1.3)], S¥ into Laguerre polynomial[4, p.164, eq.(A.8)], and the H—function
into pF, by taking r = 1[49] p.18, eq.(2.6.3)] in the main integral, we arrive at

the following integral after a little simplification:

[ @ a0 L )| O ) (b)) )

L?V[Ya:pl(a — x)al[l + (bx)f]—X]qu[(Cj)p; (d;)g : —212” Ya — 2)[1 + (ba)]] " M]dx

q
F(d]) N Iy
: ' )\R
_ 2—(u+1)ﬁ Zg J=1 ap-i—az (_N)R(Ya(p+ )) (N-i-a)CN
p |
F(Cj) =0 (Oé + 1)RR
j=1
A* (1 —c¢j,1)1,; (1/2,1/2); —
Zlapl“l‘o'l
0,3:1,p;2,0;1,0 p
H3,2:;,5+1;1,2;0,1 290>t

(ab)"

B*: (071)’(1_dj71)1,q; (071)’(_:“’1/2); (071)

(6.2.6)

where

A= (1—=X—=RN; )\, 00, 1), (1 — p— Rp; p1, p2,0),(—0 — Ro’; 01, 09,0)
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B*=(—p—R(p'+0")—0;(p1 +01),(p2 +02),£), (L = X = RXN; A\, A2, 0)

provided that the conditions easily obtainable from (6.2.1)) are satisfied.

SECOND INTEGRAL

If wetaker =2,/ =1,N =0"=0;, =X\, =0,(: =1,...,7+1) in the main integral

87,), to Meijer G?:g by taking n = 1, S into Jacobi poly-

and further reduce A
nomial P*#[55, p.159, eq.(1.6)]and the H—function of two variable into Appell

function Fy [49, p.89,eq.(6.4.6)], we arrive at the following integral after a little

simplification:
a 1% /
/ " Ha—x)°[1 + (bx)]”\Gig 232" PYP[1 — 2z
0 0,—p—v
Fylky, by, ko, hoy s 228 zpah?]da
N ’
IO CL L) i3 ENploct B4 N+ DY) v,
L(ky)T (ko)L (hy)L(ho)T'(N) — (a 4+ 1)grR!
A= O (1= A\ 1)
_Zlapl
HY i |7 (6.2.7)
Zgap’i
(ab)
B*: D*;(0,1)

where

A™ = (1= p—p'R;p1,pa,p3,1)

B* = <_p — 0 = lev P1, P2, P3, 1)7 (1 — S5 17 17070)
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6.2 MAIN INTEGRAL

C™ = (1 =k, 1), (1 = k2, 1); (1 = hy, 1), (1 = ho, 1); (=, 1)
D™ = (07 1); (07 1); (Oa 1)7 (_:u -V, 1)

provided that the conditions easily obtainable from (6.2.1]) are satisfied.

THIRD INTEGRAL

Ifwetaker =1, =1, =0"=0;,=X;=0,(i=1,...,7+1) in the main integral
and further reduce the general polynomial S into Gould & Hopper polynomial
gN' 4, p.164, eq.(A.10)] and the H—function of one variable into Mittag Leffler
function[56, p.193, eq.(1.15); p.192, eq.(1.9)] we arrive at the following integral

after a little simplification:

[t a0 T )AL ) () M e

Yar
DY by R NV e) R T o)
=Ty e 1;) Rl ey

(L=p—=p'Ripi,pa, 1) O™ (1=A1)

—za”
0,1:1,1;2,0;1,1

Hivabiznn | 20 (6.2.8)

(ab)

(=p—0 —p'R;p1,p2,1): D™ (0,1)
where

D — (0, 1)7 (1 — 5’04); (O, 1), (—[L - V/nv 1/77)

provided that the conditions are easily obtainable from (6.2.1]) satisfied.
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FOURTH INTEGRAL

If in the main integral, we reduce the multivariable H-function into a product of
two H-function by taking p = ¢ = 0;r = 2,further reduce H}'" to the reduced
Green function K? ;[19, p.11, eq. (10)] and H}'>" to the Lorenzo-Hartley R-
function R,,[19, p.14, eq.(24)][35, p.3,eq.(13)], S¥ to Konhauser biorthogonal
polynomial Z4d, p.165,eq.(A.12)] and take £ = 1,0y = 09 = Xy = \3 = 0’ =

A =0 we arrive at the following integral after a little simplification:

/o 2P0 (@ — )7 [1 4 (b)) (5 (0 — ) ) ZR[(V )

(6.2.9)
Kzﬁ[zlxpl(l + bx)_’\l]Rq,u(ZQ, xP?)dx
N /
1§ NI Ay
az NII'(14+ A+ EkR)R!
[ At OF; — ]
Zlapl
0,2:2,1;1,1;2,1;1,0 (—22)ar?
Hy 1341252201 (6.2.10)
”””” Z3ap3+03
(ab)
B# . D#:(0,1)
where
A% = (1= X X1,0,0,1), (1 — p— Rp'; p1, pag, p3, 1)
B# = (_p — 0 — Rp,v P1, P24, (p3 + 03)7 1)
a—0
C* = (1,1/a),(1,8/a), (1, W); (0,1);(=0,03),(1 = (v +1)/n,1/n)

) A A (0,1), (=g, 0): (0,1), (—a—v/n, 1)

D* = (1,1/a),(1,1), (1,

provided that the conditions easily obtainable from (6.2.1)) are satisfied.
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6.2 MAIN INTEGRAL

FIFTH INTEGRAL

Again, if in the main integral, we reduce the multivariable H-function into a
product of two H-functions by taking p = ¢ = 0;r = 2, and further reduce
Hyem Hm2nz into Miller-Ross £y & O functions[19, p.14, eq. (21,22)] respec-
tively, S¥ to Brafman polynomial B[4, p.165,eq.(A.11)] and take £ = 1,0, =

09 = A = A3 =0 = XN =0 we get the following new integral involving the

product of )\,%, BY | E; and C; after a little simplification:

/0 m”_“*(pﬁp?)_l(a —z)7[1+ (b:v)]_’\Jr’\”)\gl),(z;;xpi‘ (a—2)7) B [a1, s ap; By vy By - Y:vp’MM]

Eoor (7, 21) Cooa (1460) 22 (7, 22)d

[N/M] /
—te Y (=N)ur(o)r---(ap)r(Yar )"
2 (Br (B ) R
| A O — |
_Zlapl
111191 29aP?)?
mgzistszsy | O 62.11)
23&173—‘:-03
(ab)
B :D'’;(0,1)

where

A= (1=X0,X%,0,1),(1 = p—Rp'; p1, p2, p3, 1)
B' = (—p—o0—Rp;p1,p2 (p3+03), 1)
C" = (0,1);(0,1); (=0, 03), (1 = (v + 1)/, 1/n)
D" =(0,1), (=7, 1); (0, 1), (=7,2), (1 = X, A3); (0, 1), (= — v/, 1/1)

provided that the conditions easily obtainable from (6.2.1)) are satisfied.
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SIXTH INTEGRAL

Now, we take r = 1,/ = 1,p = ¢ = 0 in the left hand side of (6.2.1) and further
reduce H"-™ to Lorenzo and Hartley G, ,, function[35][14, p.64, eq.(2.3)] and

p1,q1

S¥ to Cesaro polynomial gj(\?) [4, P.167, eq. (A.18)], we arrive at the following

result after a little simplification:

/

/0 2D o — )L (b)) NI OND (202 g [V e (0 — )7

]

(6.2.12)
Gourlzr, 77 (1 + bx)™™]dx
N ’o
1 (=N)r(s + Dn(Ya" o)
= ad r 'R+ 1
I‘(r)a ; NI(—s — N (0 +0’'R+1)
[ A O — i
_Zlaplq
HyPansor | (z)a (6.2.13)
(ab)
B":D";(0,1)

A" =(1-XXq,0,1), (1 —p—Rp'; prq, p2, 1)
B"=(—p—0—0dR~pR;piq,p21)
C"=1-r1);(1—-(+1)/n1/n)

D" =(0,1), (1 +u—rgq), (1 = A Xiq);(0,1), (= —v/n,1/n)

provided that the conditions easily obtainable from (6.2.1]) are satisfied.

If we take ¢ = 1,A = XN =\, = 0(: = 1,...,r) and reduce )\EL",), to unity in
the main integral (6.2.1)), we get a known integral obtained by Gupta, Goyal and
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Vermal[l5], p.69, eq.(3.1)].
Againif weputa =Y =0l =p =1r=2Ax=XN=0d=X\=06=1,..,7),
reduce )\,% to unity and general class of polynomial into Jacobi polynomial in

the main integral (6.2.1)), we arrive at an integral by Prasad and Singh[39, p.126]

The importance of the findings of this chapter lies in the fact that the main
integral as well as all of its six special cases given here are unified in nature and
of interest in themselves. Moreover, the function )\87,), involved in the integrand
of the main integral has been used by several authors to solve some homogeneous
differential equations of fractional order and Volterra integral equations. Further,
they may find applications in practical problems occurring in several branches of

engineering.
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