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ABSTRACT

This thesis contains total 6 chapters along with two appendices including zero

chapter which provides an introduction to the topic of study and includes a

brief survey of the contribution made by many authors on the earlier matter

presented in the thesis. Besides the zero chapter there are five more chapters

whose outlines are as follows:

• In Chapter 1, we introduce a new Mittag-Leffler (M-L) type function

named E-function. Then we establish its conditions of convergence

and obtain two interesting special cases (generalized sine and cosine

function) which are believed to be new and important. Further derive

Mellin-Barnes type contour integral representation of E-function and

finally establish some integral transforms like Mellin transform, Laplace

transform, Euler-Beta transform and Whittaker transform of the newly

defined function.

• In Chapter 2, we prove efficiency and usefulness of the E-function,

by establishing relations of E-function with well-known special func-

tions such as generalized hypergeometric function, Fox’s H-function,

H-function and Wright function. Further we obtain known M-L type

functions as special cases of the E-function. Finally we obtain Bessel

function, Bessel Maitland function, generalized Bessel Maitland func-

tion, Bessel Clifford function, Lommel function, Hurwitz zeta function,

Riemann zeta function, Struve function, modified Struve function, Dot-

senko function, Rabotnov’s function and Mellin-Ross function as par-

ticular cases of the E-function.

• In Chapter 3, we define two fractional integral operators whose ker-

nels involve generalized multivariable polynomial and the E-function.

We define a pair of multidimensional fractional integral operators I and

J and give the conditions of existence. Then under these operators we

obtain images of important functions. After this, we prove two the-

orems connecting the multidimensional generalized Stieltjes transform

and the newly introduced integral operators here. Then, we establish

Mellin transform, Mellin convolutions and inversion formulae of these



operators. Finally, we study three composition formulae of the mul-

tidimensional fractional integral operators and obtain two dimensional

analogue of second composition formula.

• In Chapter 4, we establish Riemann-Liouville, Erdélyi-Kober and a

more generalized fractional integral transformation of the E-function

and then obtain various special cases. Finally discuss the second form

of Mellin-Barnes type contour integral representation of the E-function

and then obtain various special cases.

• In Chapter 5, we discuss essentials of fractional calculus and operate

a generalized Saigo-fractional derivative operator upon the E-function.

Finally establish some important theorems on fractional differentiation

of the E-function and at the end of the chapter we give a concluding

remark.
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CHAPTER 0

INTRODUCTION

The main object of this chapter is to provide an introduction to the topics of

study and include a brief survey of the contribution made by many authors

on the earlier matter presented in the thesis. A short chapterwise description

of the thesis has also been added at the end of the chapter.

Throughout this thesis, let C, R, N, Z−0 be the sets of complex numbers,

real numbers, positive and non-positive integers, respectively and N0 :=

N ∪ {0}.

0.1 THE GAUSSIANHYPERGEOMETRIC FUNCTION

AND ITS GENERALIZATIONS

The term ‘hypergeometric’ (from the Greek word νπερ for hyper, above or

beyond) first used by John Wallis in 1655 in the work Airthmetica Infinito-

rum, to present any series which was advancement of the ordinary geometric

series 1 + x+ x2 + x3 + ... . In particular, he studied the series

1 + a+ a (a+ 1) + a (a+ 1) (a+ 2) + ... .

A large number of functions of this kind have been defined and studied,

1



0. INTRODUCTION

but the most common are the hypergeometric functions. In 1812, the well

known mathematician C. F. Gauss defined and studied the following infinite

series which is an extension of the earlier defined geometric series and called

Gauss series or Gauss hypergeometric series

∞∑
n=0

(a)n (b)n
(c)n n!

zn = 1 +
a · b
1 · c

z +
a · (a+ 1) · b · (b+ 1)

1 · 2 · c · (c+ 1)
z2 + . . . (0.1.1)

where

(a)n =
n∏
r=1

(a+ r − 1) = a (a+ 1) . . . (a+ n− 1) (0.1.2)

a 6= 0, n ∈ N; (a)0 = 1; c 6= 0,−1,−2, ... .

The function (a)n is called the factorial function (or Pochhammer sym-

bol).

Gauss denoted this series (0.1.1) by 2F1 (a, b; c; z), where a, b, c and z may

be real or complex. The function reduces to a polynomial, if either of the

numbers a or b takes a value as non-positive integer, but if c takes a value

as non-positive integer then the function does not remain defined since all

but a finite number of terms of the series become infinite.

If we replace z by z/b and let b→∞ in equation (0.1.1), then we get

(b)n z
n

bn
→ zn

and we obtain the following well known Kummer’s series

∞∑
n=0

(a)n
(c)n n!

zn = 1 +
a

1 · c
z +

a · (a+ 1)

1 · 2 · c · (c+ 1)
z2 + . . . (0.1.3)

it is known as confluent hypergeometric function and denoted by 1F1 (a; c; z).

2



0.1 THE GAUSSIAN HYPERGEOMETRIC FUNCTION AND ITS
GENERALIZATIONS

Note: If k is a positive integer and n is a non-negative integer, then

(α)kn = knk
(α
k

)
n

(
α + 1

k

)
n

. . .

(
α + k − 1

k

)
n

· (0.1.4)

Generalization of 2F1 is the generalized hypergeometric function pFq,

which is defined by this series

pFq

 a1, a2, . . . , ap;

b1, b2, . . . , bq ;

z

 =
∞∑
n=0

(a1)n . . .
(
ap
)
n

(b1)n . . .
(
bq
)
n

zn

n!
, (0.1.5)

where z is a variable and all the parameters a1, a2, . . . , ap; b1, b2, . . . , bq are

real or complex numbers such that no denominator parameter is negative

integer or zero, and p and q are either positive integers or zero, and an

empty product is interpreted as unity,

The conditions of convergence of the function pFq are as follows:

1. When p ≤ q, then the series on the right hand side of eqution (0.1.5)

is convergent for all values of z.

2. When p = q + 1, then the series (0.1.5) is convergent if | z |< 1 and

divergent when | z |> 1, and on the circle | z |= 1, the series (0.1.5) is

(a) Absolutely convergent if < (w) > 0;

(b) Conditionaly convergent if −1 < < (w) < 0 for z 6= 1;

(c) Divergent if < (w) ≤ −1,

where

w :=

q∑
j=1

bj −
p∑
j=1

aj

3



0. INTRODUCTION

3. When p > q + 1, then the series (0.1.5) never converges except when

z = 0 and the function is defined only when the series terminates.

A detailed description of the functions 2F1,1F1, and pFq can be found

in the works of Exton [39], Luke [112], Rainville[156], and Slater [186]

and their applications can be found in Mathai and Saxena [125].

0.2 THE FOX H-FUNCTION

To explore the study in the direction of condition p > q + 1, in the series

(0.1.5), C.S. Meijer defined and studied a more generalized function which

are now well known in the literature as G-function [125]. Although the G-

function contains many special functions as its particular cases, even though

many functions such as Lorenzo Hartley R and G-functions [110], reduced

Green function [116], Mittag-leffler function [133], Wright generalized hy-

pergeometric function [216], Wright generalized Bessel function [217], and

many other functions do not form its particular cases.

In 1961, Charles Fox [43] introduced and studied a more generalized func-

tion, named H-function, since then it has become well known in literature.

Usefulness of this function has been published in many research articles and

books during the last five decades and a vast collection of the work on H-

function can be seen in the literature by Kilbas and Saigo [90], Mathai and

Saxena [126], and Srivastava, Gupta and Goyal [196].

The Fox H-function is introduced by means of the following Mellin-

Barnes type of contour integral as follows:

4



0.2 THE FOX H-FUNCTION

Hm,n
p,q

z
(aj, Aj)

p

1

(bk, Bk)
q

1

 =
1

2pi

ˆ
L

Λ(s)zsds, z 6= 0. (0.2.1)

Here

Λ(s) =

m∏
j=1

Γ
(
bj −Bjs

) n∏
j=1

Γ
(
1− aj + Ajs

)
q∏

j=m+1

Γ
(
1− bj +Bjs

) p∏
j=n+1

Γ
(
aj − Ajs

) , (0.2.2)

where m,n, p and, q are non-negative integers satisfying 0 ≤ n ≤ p, 0 ≤

m ≤ q and empty products are taken as unity. Also, Aj(j = 1, . . . , p)

and Bj(j = 1, . . . , q) are positive real numbers for standardization purpose,

aj(j = 1, . . . , p) and bj(j = 1, . . . , q) are complex numbers satisfying Aj(bh+

n) 6= Bh(aj−l−1) for n, l = 0, 1 . . . ;h = 1, . . . ,m; j = 1, . . . , n. The contour

L in C is such that the poles of G(bj−Bjs)(j = 1, . . . ,m) are separated from

the poles of G(1−aj +Ajs)(j = 1, . . . , n) such that the poles of G(bj −Bjs)

lie to the left of L, while the poles of G(1−aj + Ajs) are to the right of L.

The poles of the integrand are assumed to be simple. The H-function is an

analytic function of z for every |z| 6= 0 when µ > 0 and for 0 < |z| < 1/b

when µ = 0, where µ and b are defined as

µ =

q∑
j=1

Bj −
p∑
j=1

Aj (0.2.3)

and

b =

p∏
j=1

A
Aj
j

q∏
j=1

B
−Bj
j . (0.2.4)

5



0. INTRODUCTION

A large number of special functions of one variable are special cases of

the H-function, so each formula derived for the H-function becomes a key

formula from which several results involving other simple special functions

can be developed by suitably specializing the parameters involved.

0.3 THE H-FUNCTION

A function more general than the Fox H-function has been defined in 1987

by Inayat Hussain [79]. A comprehensive account of this function can

be found in the work by Buschman and Srivastava [14], Gupta, Jain and

Agrawal [67], Rathie [158], Saxena [165], and Saxena et al. [168, 172]. This

function is called H-function and defined as follows:

H
m,n

p,q

z (aj , Aj ; αj)
n

1
; (aj , Aj)

p

n+1

(bj , Bj)
m

1
; (bj , Bj ; βj)

q

m+1

 =
1

2pi

ˆ
L

χ(s)zsds, (0.3.1)

z 6= 0; i =
√

(−1);χ(s) :=

m∏
j=1

Γ
(
bj −Bjs

) n∏
j=1

{
Γ
(
1− aj + Ajs

)}αj
q∏

j=m+1

{
Γ
(
1− bj +Bjs

)}βj p∏
j=n+1

Γ
(
aj − Ajs

) ,
(0.3.2)

where ai, bj are complex parameters andm,n, p and, q are integers satisfying

0 ≤ n ≤ p, 0 ≤ m ≤ q, it contains fractional powers of some of the Gamma

functions involved. Here, and in what follows, the parameters

Aj ≥ 0 (j = 1, . . . , p) and Bj ≥ 0 (j = 1, . . . , q) ,

6



0.4 GENERAL CLASS OF POLYNOMIALS

not all zero simultaneously and the exponents

αj (j = 1, . . . , n) and βj (j = m+ 1, . . . , q) ,

can take on noninteger values, and L = L(it;∞) is a Mellin-Barnes type

contour starting at the point t − i∞ and terminating at the point t + i∞

(t ∈ R) with the usual indentations to separate one set of poles from the

other set of poles. The sufficient condition for the absolute convergence of

the contour integral in (0.3.1) was established by Buschman and Srivastava

[14, p. 4708] as follows:

Ω =
m∑
j=1

∣∣Bj

∣∣+
n∑
j=1

∣∣αjAj

∣∣− q∑
j=m+1

∣∣βjBj

∣∣− p∑
j=n+1

∣∣Aj

∣∣ > 0 , (0.3.3)

which provides the exponential decay of the integrand in (0.3.1), and the

region of absolute convergence of the contour integral in (0.3.1) is given by

|arg(z)| < 1

2
πΩ,

where Ω is defined by (0.3.3).

0.4 GENERAL CLASS OF POLYNOMIALS

Jacobi, Laguerre, Hermite, Konhauser polynomials are the classical orthog-

onal polynomials and extended Jacobi polynomials, Brafman polynomials

are hypergeometric polynomials and also several other polynomials play vi-

tal role in the study of many branches of mathematical sciences and other

sciences. Almost all the above given polynomials can be obtained as partic-

7
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ular cases of the following general class of polynomials defined by Srivastava

[188]

SUV [x] =
∞∑
k=0

(−V )Uk AV,k
k!

xk, (V = 0, 1, . . .) , (0.4.1)

where the coefficients AV,k are arbitrary constants (real or complex) and U

is an arbitrary positive integer. At the end of this thesis a detail of some of

the particular cases of the above given class of polynomials has been given

in the Appendix-B.

0.5 THE MULTIVARIABLE GENERALIZATIONS OF

THE SUV POLYNOMIAL

In the present thesis we shall study the following generalization of the SUV

polynomial (0.4.1) introduced and defined by Srivastava and Garg [195,

p. 686, Eq. (1.4)] as follows:

SU1,...,Uk
V [x1, . . . , xk] =

k∑
i=1

UiRi≤V∑
R1,...,Rk=0

(−V ) k∑
i=1

UiRi
A (V,R1, . . . , Rk)

xRii
Ri!

, (0.5.1)

where V= 0,1,. . . ; U1, . . . , Uk are arbitrary positive integers and the coeffi-

cients A (V,R1, . . . , Rk) are arbitrary constants (real or complex). Several

single and general multivariable polynomials can be obtained as special cases

of general multivariable polynomial SU1,...,Uk
V (x1, . . . , xk) by replacing coeffi-

cients A (V,R1, . . . , Rk) occuring in (0.5.1) with a suitable function. Further

details of this polynomial and its special cases can be seen in Appendix B.

8
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0.6 FRACTIONAL CALCULUS

In the year 1695, Marquis de L’Hospital asked a question to Gottfried Wil-

helm Leibniz regarding a solution of derivative dny
dxn for n = 1

2 . On September

30th of 1695, Leibniz replied to L’Hospital “This is an apparent paradox from

which one day, useful consequences will be drawn”. It was the begining of

a new concept of fractional calculus (calculus of integrals and derivatives of

any arbitrary real or complex order). Between 1695 and 1819 several math-

ematicians such as Euler in 1730, Lagrange in 1772, Laplace in 1812 and S.

F. Lacroix in 1819, had studied it. The real journey of progress of fractional

calculus started in 1974, when the first article on fractional calculus was

published [141].

A detailed description of the development and applications in the field

of fractional calculus can be seen in literature by Caputo [18], Gorenflo

and Vessella [53], Kiryakova [94], McBride [129], Miller and Ross [132],

Nishimoto [135], Podlubny [146] and Samko, Kilbas and Marichev [164].

The fractional calculus is useful in several fields of science and engineer-

ing, including the quantitative biology, fluid flow, rhelogy, electromagnetic

theory, electro-chemistry, scattering theory, electrical networks, chemical

physics, diffusion transport theory and statistical probability theory, poten-

tial theory and many more branches of mathematical sciences like integral

and differential equations, univalent function theory and operational calcu-

lus.

The analysis of fractional calculus is based upon the study of the known

9
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fractional integral operator aDα
z introduced by Lavoie et al. [111] and Ross

[159] as follows:

aD
α
z f (z) =

1

Γ (−α)

ˆ z

a

(z − y)
−α−1

f (y) dy, < (α) < 0, (0.6.1)

=
dm

dzm
aD

α
z f (z) , < (α) ≥ 0, (0.6.2)

where the above involved integral exists and m is the least positive integer

greater than < (α).

For a = 0, the fractional integral operator defined by (0.6.1) becomes the

classical Riemann Liouville fractional integral operator of order (−α) and

when a → ∞, it can be reduced to the definition of the well known Weyl

fractional integral operator of order (−α).

On account of the significance of the fractional calculus operators (FCO)

in many problems of mathematical physics and applied mathematics, several

generalizations of the FCO defined by Riemann–Liouville and Weyl have

been analysed from time to time by many authors like Erdélyi [31, 32],

Garg [49], Garg and Purohit [48], Gupta [64], Kalla [83], Kalla and Saxena

[85], Koul [100], Kober [98], Manocha [122], Raina and Kiryakova [155],

Saigo [160], Sneddon [187].

Details of several fractional integral operators studied by many researchers

can be seen in the work of Srivastava and Saxena [202]. In the present work

we have defined and studied two unified fractional integral operators whose

kernels involve the product of a multivariable polynomial SU1,...,Uk

V and a

newly defined Mittag-Leffler type E-function in this thesis.

10
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0.7 MITTAG-LEFFLER FUNCTION

The H-function [126] is the generalized solution of integer order differential

equations. On the other hand, Mittag-Leffler function [133] is recognized as

solution of fractional differential and fractional integral equations [132].

The Mittag-Leffler (M-L) function introduced in 1903 due to Gösta Mittag-

Leffler is a generalization of the exponential function ez. The first signifi-

cance of this function was noticed in 1930, when Hille and Tamarkin [76]

provided a solution of the Abel-Volterra type integral equation of the 2nd

kind in terms of the M-L functions.

Barret [7, (1954)] has proved the most remarkable application of M-L

type functions by presenting the general solution of the linear fractional

differential equation with constant coefficients in terms of the M-L type

functions. Caputo and Mainardi [20, 21, (1971)] have shown that when

constitutive equations of linear viscoelastic body involve derivatives of frac-

tional order, then they provide a solution in the form of M-L type functions.

Recently some pioneer work on M-L type functions has been done by

Camargo et al. [16], who studied the fractional Langevin equation in terms

of the three-parameter M-L function, and also presented the corresponding

relaxation function in terms of the convenient M-L functions.

Mittag-Leffler type functions of several parameters have been studied by

many authors due to its applications in certain problems such as telegraph

equation [17], random walks and anomalous diffusion [131] and kinetic equa-

tion [146] in a fractional version and many other problems of mathematics,

11
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Physics, Biology and other sciences [105, 106, 116, 119, 219].

The journey of M-L function started as a generalization of exponen-

tial function and later its many generalizations were developed and stud-

ied by Kiryakova [95], Prabhakar [148], Shukla-Prajapati [180], Srivastava-

Tomovski [204], and many other authors and they have proved its impor-

tance in many physical phenomena.

0.7.1 Journey of Mittag-Leffler Type Functions (1903-2015)

• In 1903, Gösta Mittag-Leffler [133] introduced the function Eα(z):

Eα(z) :=
∞∑
n=0

1

Γ (αn+ 1)
zn , (0.7.1)

where z, α ∈ C;<(α) ≥ 0 and |z| <∞.

• In 1905, Wiman [215] extended (0.7.1) in the form

Eα,β(z) =
∞∑
n=0

1

Γ (αn+ β)
zn , (0.7.2)

where z, α, β ∈ C;< (α) > 0 and < (β) > 0.

• In 1953, Humbert and Agarwal [78] have studied the properties of a

slightly more general function defined by

E∗α,β(z) = z
β−1
α

∞∑
n=0

1

Γ (αn+ β)
zn , (0.7.3)

where z, α, β ∈ C;< (α) > 0 and < (β) > 0.

12



0.7 MITTAG-LEFFLER FUNCTION

• In 1960, Dzrbashjan [29] proposed a generalization of the M-L function

in the form

Eα1 ,β1 ;α2 ,β2
(z) =

∞∑
n=0

1

Γ (α1n+ β1) Γ (α2n+ β2)
zn , (0.7.4)

where α1, α2 > 0; β1, β2 ∈ R and z ∈ C.

• In 1971, Prabhakar [148] introduced a generalization of (0.7.1) in terms

of series representation as

Eγ
α,β(z) =

∞∑
n=0

(γ)n
Γ (αn+ β)

zn

n!
, (0.7.5)

where z, α, β, γ ∈ C;< (α) > 0,< (β) > 0 and < (γ) > 0.

• In 1995, Kilbas and Saigo [89] introduced and studied a further gener-

alization of M-L type function in the form

Eα,m,l(z) = 1 +
∞∑
n=1

n−1∏
j=0

Γ [α (jm+ l) + 1]

Γ [α (jm+ l + 1) + 1]
zn , (0.7.6)

where z, α ∈ C,< (α) > 0,m > 0 and l ∈ R.

• In 2000, Kiryakova [95] has studied “multiindex M-L functions” defined

by

E(1/ρi),(µi)
(z) =

∞∑
n=0

1

Γ (µ1 + n/ρ1) . . .Γ (µm + n/ρm)
zn , (0.7.7)

where m > 1, is an integer, ρ1, . . . , ρm > 0 and µ1, . . . , µm are real numbers.

13
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• In 2002, Kilbas, Saigo and Trujillo [93] considered the following gener-

alized M-L function

Eρ
[
(β1, σ1) , . . . ,

(
βq , σq

)
; z
]

=
∞∑
n=0

(ρ)n
q∏
j=1

Γ
(
σjn+ βj

) znn!
, (0.7.8)

where <
(
σj
)
> 0,<

(
βj
)
> 0, j = 1, ..., q .

• In 2007, Shukla and Prajapati [180] have studied a generalization of

(0.7.5) in the following form

Eγ,q
α,β(z) =

∞∑
n=0

(γ)qn
Γ (αn+ β)

zn

n!
, (0.7.9)

where z, α, β, γ ∈ C;< (α) > 0,< (β) > 0,< (γ) > 0 and q ∈ (0, 1)U N.

• In 2009, Srivastava and Tomovski [204] introduced and studied another

generalization of M-L function in the form

Ĕγ,δ
α,β (z) =

∞∑
n=0

(γ)nδ
Γ (αn+ β)

zn

n!
, (0.7.10)

where z, α, β, γ, δ ∈ C;<(α) >max{0, <(δ)− 1},<(β) > 0,<(γ) > 0 and

<(δ) > 0.

• In 2010, Saxena and Nishimoto [171] studied a function as follows:

Eγ,κ[(α1, β1), . . . , (αm, βm); z] =
∞∑
n=0

(γ)
nκ

m∏
j=1

Γ
(
αjn+ βj

) znn!
, (0.7.11)

where z, αj , βj , γ ∈ C,
m∑
j=1

<(αj) > <(κ)− 1, j = 1, . . . ,m and <(κ) > 0.
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• In 2011, Saxena, Kalla and Saxena [169] defined a function as

E
(γ1 ,...,γm)

(ρ1 ,...,ρm),λ
(z1, . . . , zm)

=
∞∑

n1 ,...,nm=0

(γ1)n1
. . . (γm)nm

Γ

[
λ+

m∑
j=1

(
ρjnj

)] z
n1
1 . . . znm

m

(n1)! . . . (nm)!
, (0.7.12)

where zj , λ, γj , ρj ∈ C and <(ρj) > 0, j = 1, . . . ,m.

• In 2012, Kalla, Haidey and Virchenko [84] introduced multiparameter

M-L type function in the following form

HE
λ1 ,λ2 ,...,λr
µ1 ,µ2 ,...,µr (z) =

∞∑
n=0

(−1)
n

r∏
i=1

Γ (1 + µi + λin)

( z
Λ

)Λn+M
, (0.7.13)

where µi ∈ C, λi > 0, i = 1, . . . , r;
r∑
i=1

µi = M and
r∑
i=1

λi = Λ.

• In 2012, Salim and Faraz [163, see also [162]] defined a function as

Eγ,δ,q
α,β,p(z) =

∞∑
n=0

(γ)qn
Γ (αn+ β) (δ)pn

zn , (0.7.14)

where z, α, β, γ, δ ∈ C; min{<(α),<(β),<(γ),<(δ)} > 0; p, q > 0 and

q ≤ <(α) + p.

• In 2013, Khan and Ahmad [88, see also [87]] have defined a function as

Eµ,ρ,γ,q
α,β,ν,σ,δ,p (z) =

∞∑
n=0

(µ)ρn (γ)qn
Γ (αn+ β) (ν)σn (δ)pn

zn , (0.7.15)

where z, α, β, γ, δ, µ, ν, ρ, σ ∈ C; p, q > 0; q ≤ <(α) + p and

min{< (α) ,< (β) ,< (γ) ,< (δ) ,< (µ) ,< (ν) ,< (ρ) ,< (σ)} > 0.
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0.8 INTEGRAL TRANSFORMS

If f(x) is a function defined on a given interval [a, b] and K(x, s) is a definite

function of x on the same interval for each value of parameter s, so the linear

integral transform T [f(x); s] of the function f(x) is defined as follows:

T [f (x) ; s] =

ˆ b

a

K(x, s)f(x)dx, (0.8.1)

where the domain of parameter s and the class of functions are so pre-

scribed that the above integral exists. K(x, s) is the kernel of the transform,

T [f(x); s] is the image of f(x) and f(x) is the original of T [f(x); s]. When

an integral equation can be so obtained that

f (x) =

ˆ β

α

φ (s, x)T [f(x); s]ds, (0.8.2)

then (0.8.2) is called the inversion formula of (0.8.1).

0.8.1 Mellin Transform

The Mellin transform [187] of the function f (z) with respect to ζ is given

by

M [f (z) ; ζ] =

ˆ ∞
0

zζ−1f (z) dz = f∗ (ζ) , <(ζ) > 0 (0.8.3)

and the inverse Mellin transform of f∗ (ζ) with respect to z is given by

M−1 [f∗ (ζ) ; z] =
1

2pi

ˆ γ+i∞

γ−i∞

z−ζf∗ (ζ) dζ = f (z) , γ ∈ R, (0.8.4)

provided that both the integrals exist.
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0.8.2 Laplace Transform

If the function f (z) = O (eαz) , z→∞ for some α then the Laplace transform

[187] of the function f (z) with respect to s, is given by

L [f (z) ; s] =

ˆ ∞
0

e−szf (z) dz = F (s) , <(s) > α, (0.8.5)

it can be obtained by appealing to Euler-integral of the II kind

ˆ ∞
0

e−szzλ−1dz =
Γ (λ)

sλ
, min{< (λ) ,< (s)} > 0 (0.8.6)

and the inverse Laplace transform of F (s) with respect to z is given by

L−1 [F (s) ; z] =
1

2pi

ˆ c+i∞

c−i∞

eszF (s) dz = f (z) , c ∈ R, (0.8.7)

provided that both the integrals exist.

0.8.3 Euler-Beta Transform

The generalized Euler-Beta transform [187] of the function f (z) with respect

to µ and ν is given by

B [f (z) ;µ, ν : a, b] =

ˆ b

a

(z − a)
µ−1

(b− z)
ν−1

f (z) dz, (0.8.8)

provided the integral exists and generalized Beta function is defined as

ˆ b

a

(z − a)
µ−1

(b− z)
ν−1

dz = (b− a)
µ+ν−1

B (µ, ν)

= (b− a)
µ+ν−1 Γ (µ) Γ (ν)

Γ (µ+ ν)
, (0.8.9)

where < (µ) > 0,< (ν) > 0, a, b ∈ R.
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0.8.4 Whittaker Transform

The Whittaker transform [214] of the function f (z) with respect to λ, µ

and ν is given by

W [f (z) ;λ, µ, ν] =

ˆ ∞
0

e−
z
2 zν−1Wλ,µ (z) f (z) dz, (0.8.10)

provided the integral exists, where Wλ,µ (z) is Whittaker’s confluent hy-

pergeometric function and associated integral is given in [36, p. 215], the

equation (0.8.10) can be solved by appealing the following integral

ˆ ∞
0

e−
z
2 zν−1Wλ,µ (z) dz =

Γ
(
ν + µ+ 1

2

)
Γ
(
ν − µ+ 1

2

)
Γ (ν − λ+ 1)

, (0.8.11)

where < (ν ± µ) > −1
2 .

0.8.5 Riemann-Liouville Fractional Integral Transform

The Riemann-Liouville fractional integral transform
(
Iθ
c+

Ψ
)

(x) [164] is de-

fined as (
Iθ
c+

Ψ
)

(x) =
1

Γ (θ)

ˆ x

c

(x− t)θ−1
Ψ (t) dt, (0.8.12)

where θ ∈ C and< (θ) > 0.

0.8.6 Erdélyi-Kober Fractional Integral Transform

The Erdélyi-Kober fractional integral transform
(

Ξ
η,θ

0+
f
)

(x) [164] is defined

as (
Ξ
η,θ

0+
f
)

(x) =
x−η−θ

Γ (η)

ˆ x

0

(x− t)η−1
tθf (t) dt, (0.8.13)

where η, θ ∈ C;< (η) > 0 and < (θ) > 0.
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0.9 SOME IMPORTANT SPECIAL FUNCTIONS

0.9.1 Ordinary Bessel Function Jν (z)

The ordinary Bessel function Jν (z) of the first kind of order ν [128] is defined

as follows:

Jν (z) =
∞∑
n=0

(−1)
n

n!Γ(n+ ν + 1)

(z
2

)2n+ν
, (0.9.1)

where ν > 0.

0.9.2 Bessel Maitland Function Jµν (z)

The Bessel Maitland function Jµν (z) [128] is defined as follows:

Jµν (z) =
∞∑
n=0

(−1)
n
zn

n!Γ(nµ+ ν + 1)
, (0.9.2)

where ν > 0, µ > 0.

0.9.3 Generalized Bessel Maitland Function Jµν,λ (z)

The generalized Bessel Maitland function Jµν,λ (z) [128] is defined as follows:

Jµν,λ (z) =
∞∑
n=0

(−1)
n (z

2

)ν+2λ+2n

Γ (n+ λ+ 1) Γ(nµ+ ν + λ+ 1)
, (0.9.3)

where ν > 0, µ > 0, λ > 0.

0.9.4 Bessel Clifford Function Cm (z)

The Bessel Clifford function Cm (z) [10] is defined as follows:

Cm (z) =
∞∑
n=0

zn

n!Γ(n+m+ 1)
, (0.9.4)

where m > 0.
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0.9.5 Lommel Function sµ,ν (z)

The Lommel function sµ,ν (z) [112] is defined as follows:

sµ,ν (z) =
2µ+1

(µ− ν + 1) (µ+ ν + 1)

∞∑
n=0

(−1) n
(
z
2

)2n+µ+1(
µ−ν+3

2

)
n

(
µ+ν+3

2

)
n

, (0.9.5)

where µ+ ν 6= −1,−2, . . .

0.9.6 Hurwitz Zeta Function ζ (ρ, ν)

The Hurwitz zeta function ζ (ρ, ν) [86] is defined as follows:

ζ (ρ, ν) =
∞∑
n=0

1

(n+ ν)
ρ
, (0.9.6)

where < (ρ) > 1; ν ∈ C \ Z−0 .

0.9.7 Riemann Zeta Function ζ (ν)

The Riemann zeta function ζ (ν)[86] is defined as follows:

ζ (ν) =
∞∑
n=0

(n+ 1)
−ν , (0.9.7)

where < (ν) > 1.

0.9.8 Struve Function Hα (z)

The Struve function Hα (z)[143] is defined as follows:

Hα (z) =
∞∑
n=0

(−1)
n

Γ
(
n+ 3

2

)
Γ(n+ α + 3

2)

(z
2

)2n+α+1
, (0.9.8)

where < (α) > 0.

20



0.9 SOME IMPORTANT SPECIAL FUNCTIONS

0.9.9 Modified Struve Function Lα (z)

The Modified Struve function Lα (z) [143] is defined as follows:

Lα (z) =
∞∑
n=0

1

Γ
(
n+ 3

2

)
Γ(n+ α + 3

2)

(z
2

)2n+α+1
, (0.9.9)

where < (α) > 0.

0.9.10 Dotsenko Function 2R
t

1 (a, b; c; z)

The Dotsenko function 2R
t

1 (a, b; c; z) [124] is defined as follows:

2R
t

1 (a, b; c; z) =
Γ (c)

Γ (a) Γ (b)

∞∑
n=0

Γ (a+ n) Γ (b+ tn)

Γ (c+ tn)

zn

n!
, (0.9.10)

where |z| < 1.

0.9.11 Rabotnov’s Function Rα (β, t)

The Rabotnov’s function Rα (β, t) [152] is defined as follows:

Rα (β, t) = tα
∞∑
n=0

βnt(α+1)n

Γ {(1 + α)n+ (1 + α)}
, (0.9.11)

where < (α) > 0, < (β) > 0.

0.9.12 Mellin-Ross Function Et(ν, b)

The Mellin-Ross function Et(ν, b) [124] is defined as follows:

Et(ν, b) = tν
∞∑
n=0

(bt)
n

Γ(ν + n+ 1)
, (0.9.12)

where < (ν) > 0, < (b) > 0.
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CHAPTER 1

A FAMILY OF

MITTAG-LEFFLER TYPE

FUNCTIONS AND THEIR

PROPERTIES

Publications:

1. A family of Mittag-Leffler type functions and its properties, Palestine

Journal of Mathematics 4, No.2(2015) 367-373.

In this chapter, we first introduce some Mittag-Leffler type functions and

then give definition of various integral operators. Next, we define a Mittag-

Leffler type function named E-function [11] and also we establish its condi-

tions of convergence. Then we define two more functions (generalization of

sine and cosine function) as special cases of earlier defined E-function which

are also believed to be new and important. Further derive Mellin-Barnes

type contour integral representation of the E-function. Finally establish

some integral transforms like Mellin transform, Laplace transform, Euler-

Beta transform and Whittaker transform of the newly defined E-function.
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1. A FAMILY OF MITTAG-LEFFLER TYPE FUNCTIONS AND
THEIR PROPERTIES

1.1 INTRODUCTION

1.1.1 Mittag-Leffler Type Functions

• In 1903, Gösta Mittag-Leffler [133] introduced the function Eα(z), de-

fined as

Eα(z) =
∞∑
n=0

1

Γ (αn+ 1)
zn , (1.1.1)

where z, α ∈ C;<(α) ≥ 0 and |z| <∞.

• In 1905, Wiman [215] extended (1.1.1) in the form

Eα,β(z) =
∞∑
n=0

1

Γ (αn+ β)
zn , (1.1.2)

where z, α, β ∈ C;< (α) > 0 and< (β) > 0.

The journey of M-L function started as a generalization of the expo-

nential function ez and later its many generalizations were developed and

studied by Prabhakar [148], Kiryakova [95], Srivastava-Tomovski [204] and

many other authors.

1.1.2 Integral Transforms

• Mellin transform

The Mellin transform [187] of the function f (z) with respect to ζ is

given by

M [f (z) ; ζ] =

ˆ ∞
0

zζ−1f (z) dz = f∗ (ζ) , <(ζ) > 0 (1.1.3)
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and the inverse Mellin transform of f∗ (ζ) with respect to z is given by

M−1 [f∗ (ζ) ; z] =
1

2pi

ˆ γ+i∞

γ−i∞

z−ζf∗ (ζ) dζ = f (z) , γ ∈ R, (1.1.4)

provided that both the integrals exist.

• Laplace transform

If the function f (z) = O (eαz) , z→ ∞ for some α, then the Laplace

transform [187] of the function f (z) with respect to the parameter s,

is given as follows:

L [f (z) ; s] =

ˆ ∞
0

e−szf (z) dz = F (s) , <(s) > α, (1.1.5)

it can be obtained by appealing to the Euler-integral of the II kind

ˆ ∞
0

e−szzλ−1dz =
Γ (λ)

sλ
, min{< (λ) ,< (s)} > 0 (1.1.6)

and the inverse Laplace transform of F (s) with respect to z is given

by

L−1 [F (s) ; z] =
1

2pi

ˆ c+i∞

c−i∞

eszF (s) dz = f (z) , c ∈ R, (1.1.7)

provided that both the integrals exist.

• Euler-Beta transform

The generalized Euler-Beta transform [187] of the function f (z) with
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1. A FAMILY OF MITTAG-LEFFLER TYPE FUNCTIONS AND
THEIR PROPERTIES

respect to µ and ν is given by

B [f (z) ;µ, ν : a, b] =

ˆ b

a

(z − a)
µ−1

(b− z)
ν−1

f (z) dz, (1.1.8)

where < (µ) > 0,< (ν) > 0; a, b ∈ R,

provided the integral exists and the generalized Beta function is defined

as ˆ b

a

(z − a)
µ−1

(b− z)
ν−1

dz = (b− a)
µ+ν−1

B (µ, ν)

= (b− a)
µ+ν−1 Γ (µ) Γ (ν)

Γ (µ+ ν)
, (1.1.9)

where < (µ) > 0,< (ν) > 0; a, b ∈ R.

• Whittaker transform

The Whittaker transform [214] of the function f (z) with respect to λ,

µ and ν is given by

W [f (z) ;λ, µ, ν] =

ˆ ∞
0

e−
z
2 zν−1Wλ,µ (z) f (z) dz, (1.1.10)

provided the integral exists, whereWλ,µ (z) is the Whittaker’s confluent

hypergeometric function, and associated integral is given in the litera-

ture [60, p. 823, Eq. (11)], Equation (1.1.10) can be solved by appealing

to the following integral

ˆ ∞
0

e−
z
2 zν−1Wλ,µ (z) dz =

Γ
(
ν + µ+ 1

2

)
Γ
(
ν − µ+ 1

2

)
Γ (ν − λ+ 1)

, (1.1.11)

where < (ν ± µ) > −1
2 .
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CASES OF THE E-FUNCTION

1.2 DEFINITION, CONVERGENCE CONDITIONS AND

SPECIAL CASES OF THE E-FUNCTION

Definition 1. The E-function [11] is defined as follows:

τE
h
k

z (ρ, a) ; (γi, qi, si)1,h

(α, β) ;
(
δj , pj , rj

)
1,k

 = τE
h
k

z (ρ, a) ; (γ1, q1, s1) , . . . , (γh, qh, sh)

(α, β) ; (δ1, p1, r1) , . . . , (δk , pk , rk)



=
∞∑
n=0

[
(γ1)q

1
n

]s1 [
(γ2)q

2
n

]s2
...
[
(γ

h
)
q
h
n

]s
h

(−1)
ρn
zan+τ[

(δ1)p
1
n

]r1 [
(δ2)p

2
n

]r2
...
[
(δ
k
)
p
k
n

]r
k

Γ (αn+ β)

, (1.2.1)

where

z, α, β, γi, δj ∈ C;<(α) ≥ 0,<(β) > 0,<(γi) > 0,<(δj) > 0, q
i
≥ 0,

p
j
≥ 0, s

i
≥ 0, r

j
≥ 0; a, τ ∈ R; ρ∈{0, 1} ,

(
h∑
i=1

qisi <
k∑
j=1

pjrj + < (α)

)
or

 h∑
i=1

qisi =
k∑
j=1

pjrj + < (α) when
h∏
i=1

(qi)
qisi

[
αα

k∏
j=1

(
pj
)pj rj]−1

|za| < 1

 .

for i = 1, . . . , h; j = 1, . . . , k. (1.2.2)

1.2.1 Domain of Convergence

Equation (1.2.1) can be denoted as

τE
h
k

z (ρ, a) ; (γi, qi, si)1,h

(α, β) ;
(
δj , pj , rj

)
1,k

 =
∞∑
n=0

cn, (1.2.3)

where

cn =

[
(γ1)q

1
n

]s1 [
(γ2)q

2
n

]s2
...
[
(γ

h
)
q
h
n

]s
h

(−1)
ρn
zan+τ[

(δ1)p
1
n

]r1 [
(δ2)p

2
n

]r2
...
[
(δ
k
)
p
k
n

]r
k

Γ (αn+ β)
· (1.2.4)
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Now applying results due to Olver [142, p. 118-119], Tricomi and Erdélyi

[210, p. 133, Eq. (1)] in the ratio
∣∣∣cn+1

cn

∣∣∣ then after simplification, we get

∣∣∣∣cn+1

cn

∣∣∣∣ =
h∏
i=1

(qin)
qisi

1 +
qi (2γi + qi − 1)

2qin
+O

 1∣∣∣(qin)
2
∣∣∣

si

×
k∏
j=1

(
pjn
)−pj rj [1 +

−pj(2δj+pj−1)
2pjn

+O

{
1∣∣∣(pjn)2

∣∣∣
}]rj

× (αn)
−α

1 +
−α (2β + α− 1)

2αn
+O

 1∣∣∣(αn)
2
∣∣∣

 |(−1)

ρ
za| . (1.2.5)

Now taking the limit n→∞, we have

lim
n→∞

∣∣∣∣cn+1

cn

∣∣∣∣ =
h∏
i=1

(qi)
qisi

k∏
j=1

(
pj
)−pj rj (α)

−α |za| limn→∞n


h∑
i=1

qisi−

k∑
j=1

pj rj−α


.

(1.2.6)

Now applying D’Alembert’s simple ratio test, we get

(i)

lim
n→∞

∣∣∣∣cn+1

cn

∣∣∣∣ = 0 provided
h∑
i=1

qisi <

k∑
j=1

pjrj + < (α) , then the given

series is convergent for all finite values of
h∏
i=1

(qi)
qisi

[
αα

k∏
j=1

(
pj
)pj rj]−1

|za|.

(ii)

lim
n→∞

∣∣∣∣cn+1

cn

∣∣∣∣ < 1 provided
h∑
i=1

qisi =
k∑
j=1

pjrj + < (α) , then

the given series is convergent for
h∏
i=1

(qi)
qisi

[
αα

k∏
j=1

(
pj
)pj rj]−1

|za| < 1.
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1.2.2 Special Cases

1. Put h = 1, s1 = 0; k = 1, r1 = 0, in (1.2.1) we get generalizedSine

function as

τE
1
1

z (ρ, a) ; (γ1, q1, 0)

(α, β) ; (δ1, p1, 0)

 =
∞∑
n=0

(−1)
ρn zan+ τ

Γ (αn+ β)
= sin∗(z).

(1.2.7)

2. Put h = 1, s1 = 0; k = 1, r1 = 0; τ=0, in (1.2.1) we get generalized

Cosine function as

0E
1
1

z (ρ, a) ; (γ1, q1, 0)

(α, β) ; (δ1, p1, 0)

 =
∞∑
n=0

(−1)
ρn zan

Γ (αn+ β)
= cos∗(z).

(1.2.8)

where sin∗(z) and cos∗(z) are defined as generalization of sine and cosine

functions respectively.

1.3 MELLIN-BARNES TYPE CONTOUR INTEGRAL

REPRESENTATION OF E-FUNCTION

Theorem 1. If convergence conditions (1.2.2) are satisfied then the

E-function τE
h
k [z] can be represented as the Mellin-Barnes type integral as

follows:

tE
h
k

z (ρ, a) ; (γ1, q1, s1) , . . . , (γh, qh, sh)

(α, β) ; (δ1, p1, r1) , . . . , (δk , pk , rk)

 =

k∏
v=1

[Γ (δv)]
rv

h∏
u=1

[Γ (γu)]
su
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× zt

2πi

ˆ
L

Γ (ζ) Γ (1− ζ)
h∏
i=1

[Γ (γi − qiζ)]
si

Γ (β − αζ)
k∏
j=1

[
Γ
(
δj − pjζ

)]rj [(−1)
ρ

(−za)]−ζ dζ, (1.3.1)

where L is a suitable contour of integration that runs from c − i∞ to c +

i∞, c ∈ R and intended to separate the poles of the integrand at ζ = −n for

all n ∈ N0 (to the left) from those at ζ = n+ 1 and at ζ =
γi+n

qi
, i = 1, . . . h;

for all n ∈ N0 (to the right) .

Proof. Rewriting the definition (1.2.1) in the form

τE
h
k

z (ρ, a) ; (γ1, q1, s1) , . . . , (γh, qh, sh)

(α, β) ; (δ1, p1, r1) , . . . , (δk , pk , rk)



=

zt
k∏
v=1

[Γ (δv)]
rv

h∏
u=1

[Γ (γu)]
su

∞∑
n=0

(−1)
ρn

h∏
i=1

[Γ (γi + qin)]
si

Γ (αn+ β)
k∏
j=1

[
Γ
(
δj + pjn

)]rj zan (1.3.2)

=

zτ
k∏
v=1

[Γ (δv)]
rv

h∏
u=1

[Γ (γu)]
su

∞∑
n=0

(−1)
n

h∏
i=1

[Γ (γi + qin)]
si

Γ (αn+ β)
k∏
j=1

[
Γ
(
δj + pjn

)]rj [(−1)
ρ

(−za)]n

(1.3.3)

=

zτ
k∏
v=1

[Γ (δv)]
rv

h∏
u=1

[Γ (γu)]
su

∞∑
n=0

lim
ζ→−nΓ (ζ) Γ (1− ζ) (ζ + n) g (ζ) [(−1)

ρ
(−za)]−ζ

(1.3.4)
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where

g (ζ) =

h∏
i=1

[Γ (γi − qiζ)]
si

Γ (β − αζ)
k∏
j=1

[
Γ
(
δj − pjζ

)]rj · (1.3.5)

Then

τE
h
k

z (ρ, a) ; (γ1, q1, s1) , . . . , (γh, qh, sh)

(α, β) ; (δ1, p1, r1) , . . . , (δk , pk , rk)

 =

k∏
v=1

[Γ (δv)]
rv

h∏
u=1

[Γ (γu)]
su

× zτ

2πi

ˆ
L

Γ (ζ) Γ (1− ζ)
h∏
i=1

[Γ (γi − qiζ)]
si

Γ (β − αζ)
k∏
j=1

[
Γ
(
δj − pjζ

)]rj [(−1)
ρ

(−za)]−ζ dζ. (1.3.6)

This completes the proof. �

1.4 SOME INTEGRAL TRANSFORMS

Theorem 2. (Mellin transform) Let conditions associated with Mellin-

Barnes type contour integral representation (1.3.1) of the E-function are

satisfied and < (ζ) > 0, then the Mellin transform of the E-function is

M

 1

{(−1)
ρ

(−z)}
t

a
tE

h
k

{(−1)
ρ

(−z)}
1
a

(ρ, a) ; (γ1, q1, s1) , . . . , (γh, qh, sh)

(α, β) ; (δ1, p1, r1) , . . . , (δk , pk , rk)

 ; ζ


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=
Γ (ζ) Γ (1− ζ)

Γ (β − αζ)

h∏
i=1

[
Γ(γi−qiζ)

Γ(γi)

]si
k∏
j=1

[
Γ(δj−pj ζ)

Γ(δj)

]rj , (1.4.1)

provided that the parameters are adjusted in such a way that the right-hand

side is meaningful.

Proof. According to Theorem 1, the E-function can be written as follows:

1

{(−1)
ρ

(−z)}
τ

a
τE

h
k

{(−1)
ρ

(−z)}
1
a

(ρ, a) ; (γ1, q1, s1) , . . . , (γh, qh, sh)

(α, β) ; (δ1, p1, r1) , . . . , (δk , pk , rk)


=

1

2πi

ˆ
L

g (ζ) (z)
−ζ
dζ, (1.4.2)

where

g (ζ) =
Γ (ζ) Γ (1− ζ)

Γ (β − αζ)

h∏
i=1

[
Γ(γi−qiζ)

Γ(γi)

]si
k∏
j=1

[
Γ(δj−pj ζ)

Γ(δj)

]rj · (1.4.3)

Then by using definition of the Mellin transform in (1.4.2), we have

L.H.S. = M−1 [g (ζ) ; z] , (1.4.4)

or

M

 1

{(−1)
ρ

(−z)}
τ

a
τE

h
k

{(−1)
ρ

(−z)}
1
a

(ρ, a) ; (γ1, q1, s1) , . . . , (γh, qh, sh)

(α, β) ; (δ1, p1, r1) , . . . , (δk , pk , rk)

 ; ζ


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=
Γ [ζ] Γ [1− ζ]

Γ (β − αζ)

h∏
i=1

[
Γ(γi−qiζ)

Γ(γi)

]si
k∏
j=1

[
Γ(δj−pj ζ)

Γ(δj)

]rj · (1.4.5)

This completes the proof. �

Theorem 3. (Laplace transform) If conditions associated with Mellin-

Barnes type contour integral representation (1.3.1) of E-function are satis-

fied then the Laplace transform of the E-function is

L

zµ−1
tE

h
k

xzσ (ρ, a) ; (γ1, q1, s1) , . . . , (γh, qh, sh)

(α, β) ; (δ1, p1, r1) , . . . , (δk , pk , rk)

 ; ν



=
1

νµ

( x
νσ

)
t

k∏
v=1

[Γ (δv)]
rv

h∏
u=1

[Γ (γu)]
su

×H1,h+2

h+2,k+2

(−1)
ρ
{
−
( x
νσ

)a} (0, 1; 1) , (1− µ− σt, σa; 1) , (1− γi, qi; si)
h
1 ;—–

(0, 1) ; (1− β, α; 1) ,
(
1− δj , pj ; rj

)k
1

 ,
(1.4.6)

provided that the function on the right-hand side is convergent and has a

meaning.

Proof. We obtain the Laplace transform of the E-function as follows:

L

zµ−1
τE

h
k

xzσ (ρ, a) ; (γ1, q1, s1) , . . . , (γh, qh, sh)

(α, β) ; (δ1, p1, r1) , . . . , (δk , pk , rk)

 ; ν


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=

ˆ ∞
0

zµ−1e−νzτE
h
k

xzσ (ρ, a) ; (γ1, q1, s1) , . . . , (γh, qh, sh)

(α, β) ; (δ1, p1, r1) , . . . , (δk , pk , rk)

 dz, < (ν) > 0.

(1.4.7)

Now using (1.3.1) and interchanging the order of integrations, which is

permissible under suitable convergence conditions, we have

L.H.S. =

k∏
v=1

[Γ (δv)]
rv

h∏
u=1

[Γ (γu)]
su

xτ

2πi

ˆ
L

g (ζ) [(−1)
ρ {− (xa)}]−ζ

{ˆ ∞
0

e−νzzµ+στ−σaζ−1dz

}
dζ,

(1.4.8)

where g (ζ) can be written as

g (ζ) =

Γ (0 + ζ) Γ (1− 0− ζ)
h∏
i=1

[Γ {1− (1− γi)− qiζ}]
si

Γ [1− (1− β)− αζ]
k∏
j=1

[
Γ
{

1−
(
1− δj

)
− pjζ

}]rj · (1.4.9)

Now applying gamma integral (1.1.6) and replacing ζ by −ζ and contour

L by other suitable contour then comparing it with the definition of Inayat-

Hussain H-function (0.3.1), we get

L.H.S. =
1

νµ

( x
νσ

)τ
k∏
v=1

[Γ (δv)]
rv

h∏
u=1

[Γ (γu)]
su

×H1,h+2

h+2,k+2

(−1)
ρ
{
−
( x
νσ

)a} (0, 1; 1) , (1− µ− στ, σa; 1) , (1− γi, qi; si)
h
1 ;—–

(0, 1) ; (1− β, α; 1) ,
(
1− δj , pj ; rj

)k
1

 .
(1.4.10)

This completes the proof. �
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Theorem 4. (Euler-Beta transform) If conditions associated with Mellin-

Barnes type contour integral representation (1.3.1) of E-function are satis-

fied then the Euler-Beta transform of the E-function is

B

tE
h
k

xzσ (ρ, a) ; (γi, qi, si)1,h

(α, β) ;
(
δj , pj , rj

)
1,k

 ;µ, ν : 0, 1

 = Γ (ν) (x)
t

k∏
v=1

[Γ (δv)]
rv

h∏
u=1

[Γ (γu)]
su

×H1,h+2

h+2,k+3

 (−1)
ρ

(−xa)

(0, 1; 1) , (1− µ− σt, σa; 1) , (1− γi, qi; si)
h
1 ;—–

(0, 1) ; (1− β, α; 1) , (1− µ− ν − σt, σa; 1) ,
(
1− δj , pj ; rj

)k
1

 ,
(1.4.11)

provided that the function on the right-hand side is convergent and has a

meaning.

Proof. Using definition (1.1.9), we obtain the Euler-Beta transform of

the E-function as follows:

B

tE
h
k

xzσ (ρ, a) ; (γ1, q1, s1) , . . . , (γh, qh, sh)

(α, β) ; (δ1, p1, r1) , . . . , (δk , pk , rk)

 ;µ, ν : 0, 1



=

ˆ ∞
0

zµ−1 (1− z)
ν−1

tE
h
k

xzσ (ρ, a) ; (γ1, q1, s1) , . . . , (γh, qh, sh)

(α, β) ; (δ1, p1, r1) , . . . , (δk , pk , rk)

 dz.

(1.4.12)

Now using (1.3.1) and interchanging the order of integrations, which is

permissible under suitable convergence conditions, we have
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=

k∏
v=1

[Γ (δv)]
rv

h∏
u=1

[Γ (γu)]
su

1

2πi

ˆ
L

g (ζ)xt [(−1)
ρ

(−xa)]−ζ
[ˆ 1

0

zµ+σt−σaζ−1 (1− z)
ν−1

dz

]
dζ,

(1.4.13)

where g (ζ) can be written as

g (ζ) =

Γ (0 + ζ) Γ (1− 0− ζ)
h∏
i=1

[Γ {1− (1− γi)− qiζ}]
si

Γ [1− (1− β)− αζ]
k∏
j=1

[
Γ
(
1−

(
1− δj

)
− pjζ

)]rj · (1.4.14)

Applying Beta integral (1.1.9), we get

B

tE
h
k

xzσ (ρ, a) ; (γ1, q1, s1) , . . . , (γh, qh, sh)

(α, β) ; (δ1, p1, r1) , . . . , (δk , pk , rk)

 ;µ, ν : 0, 1



=

k∏
v=1

[Γ (δv)]
rv

h∏
u=1

[Γ (γu)]
su

xt

2πi

ˆ
L

g (ζ)

(
Γ (µ+ σt− σaζ) Γ (ν)

Γ (µ+ σt + ν − σaζ)

)
[(−1)

ρ
(−xa)]−ζ dζ.

(1.4.15)

Now by replacing ζ by −ζ and contour L by other suitable contour

then comparing it with the definition of Inayat-Hussain H-function of one

variable (0.3.1), we get

= Γ (ν) (x)
t

k∏
v=1

[Γ (δv)]
rv

h∏
u=1

[Γ (γu)]
su
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×H1,h+2

h+2,k+3

 (−1)
ρ

(−xa)

(0, 1; 1) , (1− µ− σt, σa; 1) , (1− γi, qi; si)
h
1 ;—–

(0, 1) ; (1− β, α; 1) , (1− µ− ν − σt, σa; 1) ,
(
1− δj , pj ; rj

)k
1

 .
(1.4.16)

This completes the proof. �

Theorem 5. (Whittaker transform) If conditions associated with Mellin-

Barnes type contour integral representation (1.3.1) of the E-function are

satisfied then the Whittaker transform of the E-function is

W

tE
h
k

xzσ (ρ, a) ; (γ1, q1, s1) , . . . , (γh, qh, sh)

(α, β) ; (δ1, p1, r1) , . . . , (δk , pk , rk)

 ;λ, µ, ν

 = xt

k∏
v=1

[Γ (δv)]
rv

h∏
u=1

[Γ (γu)]
su

×H1,h+3

h+3,k+3

(−1)
ρ

(−xa)
(0, 1; 1) ,

(
1
2 ± µ− ν − σt, σa; 1

)
, (1− γi, qi; si)

h
1 ;—–

(0, 1) ; (1− β, α; 1) , (λ− ν − σt, σa; 1) ,
(
1− δj , pj ; rj

)k
1

 ,
(1.4.17)

provided that the function on the right-hand side is convergent and has a

meaning.

Proof. The proof can be done on the lines similar to that of Theorem 3. �
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CHAPTER 2

MITTAG-LEFFLER TYPE

E-FUNCTION AND

ASSOCIATED

SPECIAL FUNCTIONS

Publications:

1. A family of Mittag-Leffler type functions and its relation with basic special

functions, International Journal of Pure and Applied Mathematics 101, No.

3(2015), 369-379.

2. Mittag-Leffler type E-function and related functions, International Jour-

nal of Mathematical Sciences and Enginnering Applications 8, No. 6(2014),

69-79.

In this chapter, we prove efficiency and usefulness of the E-function [12].

For this we establish relations of the E-function with well known special

functions such as generalized hypergeometric function, Fox’s H-function,

H-function and Wright function. Further we obtain known M-L type func-

tions as special cases of the E-function. Finally, we obtain Bessel function

Jν (z), Bessel Maitland function Jµν (z), generalized Bessel Maitland function
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Jµν,λ (z), Bessel Clifford function Cm (z), Lommel function sµ,ν (z), Hurwitz

zeta function ζ (ρ, ν), Riemann zeta function ζ (ν), Struve function Hν (z),

modified Struve function Lν (z), Rabotnov’s function Rν (ζ, t), Dotsenko

function 2R
ω
µ

1 (ν, σ; θ, ω;µ; z) and Mellin-Ross function Et(ν, b) as particular

cases of the E-function defined in this thesis.

2.1 DEFINITIONS

2.1.1 The H-Function

The Fox’s H-function [126, p. 1] is defined by means of the following Mellin-

Barnes type of contour integral

Hm,n
p,q

z
(aj, Aj)

p

1

(bk, Bk)
q

1

 =
1

2pi

ˆ
L

Λ(s)zsds, z 6= 0. (2.1.1)

Here

Λ(s) =

m∏
j=1

Γ
(
bj −Bjs

) n∏
j=1

Γ
(
1− aj + Ajs

)
q∏

j=m+1

Γ
(
1− bj +Bjs

) p∏
j=n+1

Γ
(
aj − Ajs

) , (2.1.2)

where m,n, p and, q are non-negative integers satisfying 0 ≤ n ≤ p, 0 ≤

m ≤ q and empty products are taken as unity. Also, Aj(j = 1, . . . , p)

and Bj(j = 1, . . . , q) are positive real numbers for standardization purpose,

aj(j = 1, . . . , p) and bj(j = 1, . . . , q) are complex numbers satisfying Aj(bh+

n) 6= Bh(aj−l−1) for n, l = 0, 1, . . . ;h = 1, . . . ,m; j = 1, . . . , n. The contour

L in C is such that the poles of G(bj−Bjs)(j = 1, . . . ,m) are separated from
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the poles of G(1−aj +Ajs)(j = 1, . . . , n) such that the poles of G(bj −Bjs)

lie to the left of L, while the poles of G(1−aj + Ajs) are to the right of L.

The poles of the integrand are assumed to be simple. The H-function is an

analytic function of z for every |z| 6= 0 when µ > 0 and for 0 < |z| < 1/b

when µ = 0, where µ and b are defined as

µ =

q∑
j=1

Bj −
p∑
j=1

Aj (2.1.3)

and

b =

p∏
j=1

A
Aj
j

q∏
j=1

B
−Bj
j . (2.1.4)

2.1.2 The H-Function

Inayat Hussain defined a more general function named H-function [79] in

following manner:

H
m,n

p,q

z (aj , Aj ; αj)
n

1
; (aj , Aj)

p

n+1

(bj , Bj)
m

1
; (bj , Bj ; βj)

q

m+1

 =
1

2pi

ˆ
L

χ(s)zsds, (2.1.5)

where

z 6= 0; i =
√

(−1);χ(s) :=

m∏
j=1

Γ
(
bj −Bjs

) n∏
j=1

{
Γ
(
1− aj + Ajs

)}αj
q∏

j=m+1

{
Γ
(
1− bj +Bjs

)}βj p∏
j=n+1

Γ
(
aj − Ajs

) ,
(2.1.6)

where ai, bj are complex parameters andm,n, p and, q are integers satisfying

0 ≤ n ≤ p, 0 ≤ m ≤ q, it contains fractional powers of some of the Gamma
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functions involved. Here, and in what follows, the parameters

Aj ≥ 0 (j = 1, . . . , p) and Bj ≥ 0 (j = 1, . . . , q) ,

not all zero simultaneously and the exponents

αj (j = 1, . . . , n) and βj (j = m+ 1, . . . , q) ,

can take on noninteger values, and L = L(it;∞) is a Mellin-Barnes type

contour starting at the point t − i∞ and terminating at the point t + i∞

(t ∈ R) with the usual indentations to separate one set of poles from the

other set of poles. The sufficient condition for the absolute convergence of

the contour integral in (2.1.5) was established by Buschman and Srivastava

[14, p. 4708] as follows:

Ω =
m∑
j=1

∣∣Bj

∣∣+
n∑
j=1

∣∣αjAj

∣∣− q∑
j=m+1

∣∣βjBj

∣∣− p∑
j=n+1

∣∣Aj

∣∣ > 0, (2.1.7)

which provides the exponential decay of the integrand in (2.1.5), and the

region of absolute convergence of the contour integral in (2.1.5) is given by

|arg(z)| < 1

2
πΩ,

where Ω is defined by (2.1.7).

A comprehensive account of this function can be found in the work by

Buschman and Srivastava [14], Gupta, Jain and Agrawal [67], Rathie[158],

Saxena [165], and Saxena et al. [168, 172].
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2.2 RELATION WITH BASIC SPECIAL FUNCTIONS

Theorem 1. (Generalized hypergeometric function) Let condition (1.2.2)

is satisfied with restriction si, rj ∈ N0, i = 1, . . . , h; j = 1, . . . , k then the

E-function can be written as follows:

tE
h
k

z (ρ, a) ; (γ1, q1, s1) , . . . , (γh, qh, sh)

(α, β) ; (δ1, p1, r1) , . . . , (δk , pk , rk)



=
zt

Γ (β)
q∗Fp∗


[∆(qi, γi)

si ]1,h , 1;

∆ (α, β) ,
[
∆(pj , δj)

rj
]

1,k
;

za (−1)
ρ

h∏
i=1

(qi)
qisi

(α)
α

k∏
j=1

(
pj
)pj rj

 , (2.2.1)

where

q∗ =
h∑
i=1

qisi+1, p∗ =
k∑
j=1

rjpj+α; ∆ (α, β) =
β

α
,
β + 1

α
,
β + 2

α
, . . . ,

β + α− 1

α
;

[∆(qi, γi)
si ]1,h =

s1times︷ ︸︸ ︷
∆ (q1, γ1) , . . . ,∆ (q1, γ1), . . . . . . ,

s
h
times︷ ︸︸ ︷

∆ (q
h
, γ

h
) , . . . ,∆ (q

h
, γ

h
)

and

[
∆(pj , δj)

rj
]

1,k
= ∆ (p1, δ1) , . . . ,∆ (p1, δ1)︸ ︷︷ ︸

r1times

, . . . . . . ,∆ (p
k
, δ

k
) , . . . ,∆ (p

k
, δ

k
)︸ ︷︷ ︸ .

r
k
times

(2.2.2)

Proof. The E-function is defined by (1.2.1) as follows

tE
h
k

z (ρ, a) ; (γ1, q1, s1) , . . . , (γh, qh, sh)

(α, β) ; (δ1, p1, r1) , . . . , (δk , pk , rk)


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=
∞∑
n=0

[
(γ1)q

1
n

]s1 [
(γ2)q

2
n

]s2
...
[
(γ

h
)
q
h
n

]s
h

(−1)
ρn
zan+t[

(δ1)p
1
n

]r1 [
(δ2)p

2
n

]r2
...
[
(δ
k
)
p
k
n

]r
k

Γ(αn+ β)
· (2.2.3)

Now applying (0.1.4), then by comparing result with definition of gener-

alized hypergeometric function (0.1.5), we get

=
zt

Γ (β)
q∗Fp∗


[∆(qi, γi)

si ]1,h , 1;

∆ (α, β) ,
[
∆(pj , δj)

rj
]

1,k
;

za (−1)
ρ

h∏
i=1

(qi)
qisi

(α)
α

k∏
j=1

(
pj
)pj rj

 , (2.2.4)

where

q∗ =
h∑
i=1

qisi+1, p∗ =
k∑
j=1

rjpj+α; ∆ (α, β) =
β

α
,
β + 1

α
,
β + 2

α
, . . . ,

β + α− 1

α
;

[∆(qi, γi)
si ]1,h =

s1times︷ ︸︸ ︷
∆ (q1, γ1) , . . . ,∆ (q1, γ1), . . . . . . ,

s
h
times︷ ︸︸ ︷

∆ (q
h
, γ

h
) , . . . ,∆ (q

h
, γ

h
)

and

[
∆(pj , δj)

rj
]

1,k
= ∆ (p1, δ1) , . . . ,∆ (p1, δ1)︸ ︷︷ ︸

r1times

, . . . . . . ,∆ (p
k
, δ

k
) , . . . ,∆ (p

k
, δ

k
)︸ ︷︷ ︸ .

r
k
times

(2.2.5)

Theorem 2. (Fox’s H-function and H-function) Let condition (1.2.2) is

satisfied with restriction si, rj ∈ N0, i = 1, . . . , h; j = 1, . . . , k then the

E-function can be written as follows:

tE
h
k

z (ρ, a) ; (γ1, q1, s1) , . . . , (γh, qh, sh)

(α, β) ; (δ1, p1, r1) , . . . , (δk , pk , rk)

 = zt

k∏
m=1

[Γ (δm)]
rm

h∏
l=1

[Γ (γ
l
)]
s
l
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×H1,n∗

n∗,q∗

(−1)
ρ

(−za)
(0, 1) , (A,B)

(0, 1) , (1− β, α) , (C,D)

 , (2.2.6)

where

(A,B) =

s1times︷ ︸︸ ︷
(1− γ1, q1) , . . . , (1− γ1, q1), . . . . . . ,

s
h
times︷ ︸︸ ︷

(1− γ
h
, q

h
) , . . . , (1− γ

h
, q

h
) ;

(C,D) = (1− δ1, p1) , . . . , (1− δ1, p1)︸ ︷︷ ︸
r1times

, . . . . . . , (1− δ
k
, p

k
) , . . . , (1− δ

k
, p

k
)︸ ︷︷ ︸

r
k
times

;

n∗ =
h∑
i=1

si + 1 and q∗ =
k∑
j=1

rj + 2. (2.2.7)

Also, let condition (1.2.2) is satisfied then the E-function can be written

as follows:

tE
h
k

z (ρ, a) ; (γ1, q1, s1) , . . . , (γh, qh, sh)

(α, β) ; (δ1, p1, r1) , . . . , (δk , pk , rk)

 = zt

k∏
m=1

[Γ (δm)]
rm

h∏
l=1

[Γ (γ
l
)]
s
l

×H1,h+1

h+1,k+2

(−1)
ρ

(−za)
(0, 1; 1) , (1− γi, qi; si)

h
1 ;—–

(0, 1) ; (1− β, α; 1) ,
(
1− δj , pj ; rj

)k
1

 . (2.2.8)

Proof. Using (1.3.1) the E-function tE
h
k [z] can be written as follows

tE
h
k

z (ρ, a) ; (γ1, q1, s1) , . . . , (γh, qh, sh)

(α, β) ; (δ1, p1, r1) , . . . , (δk , pk , rk)


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=

k∏
m=1

[Γ (δm)]
rm

h∏
l=1

[Γ (γ
l
)]
s
l

zt

2πi

ˆ
L

g (ζ) {(−1)
ρ

(−za)}−ζ dζ, (2.2.9)

where

g (ζ) =

Γ (0 + ζ) Γ {1− 0− ζ}
h∏
i=1

[Γ {1− (1− γi)− qiζ}]
si

Γ {1− (1− β)− αζ}
k∏
j=1

[
Γ
{

1−
(
1− δj

)
− pjζ

}]rj · (2.2.10)

Now by comparing (2.2.9) with definition of H-function (2.1.1), we get

L.H.S. = zt

k∏
m=1

[Γ (δm)]
rm

h∏
l=1

[Γ (γ
l
)]
s
l

H1,n∗

n∗,q∗

(−1)
ρ

(−za)
(0, 1) , (A,B)

(0, 1) , (1− β, α) , (C,D)

 ,
(2.2.11)

where

(A,B) =

s1times︷ ︸︸ ︷
(1− γ1, q1) , . . . , (1− γ1, q1), . . . . . . ,

s
h
times︷ ︸︸ ︷

(1− γ
h
, q

h
) , . . . , (1− γ

h
, q

h
) ;

(C,D) = (1− δ1, p1) , . . . , (1− δ1, p1)︸ ︷︷ ︸
r1times

, . . . . . . , (1− δ
k
, p

k
) , . . . , (1− δ

k
, p

k
)︸ ︷︷ ︸

r
k
times

;

n∗ =
h∑
i=1

si + 1 and q∗ =
k∑
j=1

rj + 2. (2.2.12)

Again by comparing (2.2.9) with definition of H-function (2.1.5), we get

L.H.S. = zt

k∏
m=1

[Γ (δm)]
rm

h∏
l=1

[Γ (γ
l
)]
s
l
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×H1,h+1

h+1,k+2

(−1)
ρ

(−za)
(0, 1; 1) , (1− γi, qi; si)

h
1 ;—–

(0, 1) ; (1− β, α; 1) ,
(
1− δj , pj ; rj

)k
1

 .
(2.2.13)

Theorem 3. (Wright function) Let condition (1.2.2) is satisfied with re-

striction si, rj ∈ N0, i = 1, . . . , h; j = 1, . . . , k then the E-function can be

written as follows:

tE
h
k

z (ρ, a) ; (γ1, q1, s1) , . . . , (γh, qh, sh)

(α, β) ; (δ1, p1, r1) , . . . , (δk , pk , rk)

 = zt

k∏
m=1

[Γ (δm)]
rm

h∏
l=1

[Γ (γ
l
)]
s
l

×p∗Ψq∗


(1, 1) ,

s1times︷ ︸︸ ︷
(γ1, q1) , . . . , (γ1, q1), . . . . . . ,

s
h
times︷ ︸︸ ︷

(γ
h
, q

h
) , . . . , (γ

h
, q

h
);

(β, α) , (δ1, p1) , . . . , (δ1, p1)︸ ︷︷ ︸
r1times

, . . . . . . , (δ
k
, p

k
) , . . . , (δ

k
, p

k
)︸ ︷︷ ︸

r
k
times

;

(−1)
ρ
za


(2.2.14)

where p∗ =
h∑
i=1

si+1 and q∗ =
k∑
j=1

rj+1.

Proof. The E-function is defined by (1.2.1) as follows

tE
h
k

z (ρ, a) ; (γ1, q1, s1) , . . . , (γh, qh, sh)

(α, β) ; (δ1, p1, r1) , . . . , (δk , pk , rk)



=
∞∑
n=0

(−1)
ρn

h∏
i=1

[
(γi)q

in

]si
Γ (αn+ β)

k∏
j=1

[(
δj
)
p
j n

]rj zan+t (2.2.15)
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= zt

k∏
m=1

[Γ (δm)]
rm

h∏
l=1

[Γ (γ
l
)]
s
l

∞∑
n=0

(−1)
ρn

Γ (1 + n)
h∏
i=1

[Γ (γi + qin)]
si

Γ (αn+ β)
k∏
j=1

[
Γ
(
δj + pjn

)]rj
zan

n!
· (2.2.16)

Now comparing (2.2.16) with definition of Fox-Wright function [34, p. 183],

we get

L.H.S. = zt

k∏
m=1

[Γ (δm)]
rm

h∏
l=1

[Γ (γ
l
)]
s
l

×p∗Ψq∗


(1, 1) ,

s1times︷ ︸︸ ︷
(γ1, q1) , . . . , (γ1, q1), . . . . . . ,

s
h
times︷ ︸︸ ︷

(γ
h
, q

h
) , . . . , (γ

h
, q

h
);

(β, α) , (δ1, p1) , . . . , (δ1, p1)︸ ︷︷ ︸
r1times

, . . . . . . , (δ
k
, p

k
) , . . . , (δ

k
, p

k
)︸ ︷︷ ︸

r
k
times

;

(−1)
ρ
za


,

(2.2.17)

where p∗ =
h∑
i=1

si+1 and q∗ =
k∑
j=1

rj+1.

2.3 MITTAG-LEFFLER FUNCTIONS AS SPECIAL CASES

OF THE E-FUNCTION

1. Put h = 1, s1 = 0; k = 1, r1 = 0; a = 1; ρ = 0; β = 1; t = 0 in (1.2.1),

then we get Mittag-Leffler function Eα (z) defined in (0.7.1), as

0E
1
1

z (0, 1) ; (γ1, q1, 0)

(α, 1) ; (δ1, p1, 0)

 = Eα (z) . (2.3.1)
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2. Put h = 1, s1 = 0; k = 1, r1 = 0; a = 1; ρ = 0; t = 0 in (1.2.1), then we

get generalized Mittag-Leffler function Eα,β (z) defined in (0.7.2), as

0E
1
1

z (0, 1) ; (γ1, q1, 0)

(α, β) ; (δ1, p1, 0)

 = Eα,β (z) . (2.3.2)

3. Put h = 1, s1 = 0; k = 1, r1 = 0;a = 1; ρ = 0; t = β−1
α in (1.2.1), then

we get Mittag-Leffler type function Eα,β (z) defined in (0.7.3), as

β−1
α
E1

1

z (0, 1) ; (γ1, q1, 0)

(α, β) ; (δ1, p1, 0)

 = E∗α,β (z) . (2.3.3)

4. Put h = 1, s1 = 0; k = 1, r1 = 1, δ1 = β2, p1 = α2;a = 1; ρ = 0; t =

0;α = α1; β = β1 in (1.2.1), then we get Mittag-Leffler type function

Eα1 ,β1 ;α2 ,β2
(z) defined in (0.7.4), as

0E
1
1

z (0, 1) ; (γ1, q1, 0)

(α1, β1) ; (β2, α2, 1)

 = Γ (β2)Eα1 ,β1 ;α2 ,β2
(z) . (2.3.4)

5. Put h = 1, s1 = 1, γ1 = γ, q1 = 1; k = 1, r1 = 1, δ1 = 1, p1 = 1;a =

1; ρ = 0; t = 0; in (1.2.1), then we get Eγ
α,β (z) defined in (0.7.5), as

0E
1
1

z (0, 1) ; (γ, 1, 1)

(α, β) ; (1, 1, 1)

 = Eγ
α,β (z) . (2.3.5)

6. Put h = 1, s1 = 0; k = m− 1, r1 = . . . = rm−1 = 1, δ1 = µ1, . . . , δm−1 =

µm−1, p1 = 1/ρ1, . . . , pm−1 = 1/ρm−1;a = 1; ρ = 0; t = 0;α = 1/ρm; β = µm
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in (1.2.1), then we get E(1/ρi),(µi)
(z) defined in (0.7.7), as

0E
1
m−1

z (0, 1) ; (γ1, q1, 0)

(1/ρm, µm) ; (µ1, 1/ρ1, 1) , . . . , (µm−1, 1/ρm−1, 1)


= Γ (µ1) . . .Γ (µm−1)E(1/ρi),(µi)

(z) . (2.3.6)

7. Put h = 1, s1 = 1, γ1 = γ, q1 = q; k = 1, r1 = 1, δ1 = 1, p1 = 1;a =

1; ρ = 0; t = 0 in (1.2.1), then we get Eγ,q
α,β (z) defined in (0.7.9), as

0E
1
1

z (0, 1) ; (γ, q, 1)

(α, β) ; (1, 1, 1)

 = Eγ,q
α,β (z) . (2.3.7)

8. Put h = 1, s1 = 1, γ1 = γ, q1 = δ; k = 1, r1 = 1, δ1 = 1, p1 = 1;a =

1; ρ = 0; t = 0 in (1.2.1), then we get function Eγ,δ
α,β (z) defined in

(0.7.10), as

0E
1
1

z (0, 1) ; (γ, δ, 1)

(α, β) ; (1, 1, 1)

 = Ĕγ,δ
α,β (z) . (2.3.8)

9. Put h = 1, s1 = 1, γ1 = γ, q1 = K, k = m, r1 = . . . = rm = 1, δ1 =

β1, . . . , δm = βm, p1 = α1, . . . , pm = αm;a = 1; ρ = 0; t = 0;α =

1; β = 1 in (1.2.1), then we get Eγ,K [(α1, β1) , . . . , (αm, βm) ; z] defined

in (0.7.11), as

0E
1
m

z (0, 1) ; (γ,K, 1)

(1, 1) ; (β1, α1, 1) , . . . , (βm, αm, 1)



= Γ (β1) . . .Γ (βm)Eγ,K [(α1, β1) , . . . , (αm, βm) ; z] . (2.3.9)
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10. Put h = 1, s1 = 0; k = v−1, r1 = . . . = rv−1 = 1, δ1 = 1+µ1, . . . , δv−1 =

1 + µv−1, p1 = λ1, . . . , pv−1 = λv−1; a =
ν∑
i=1

λi = Λ; ρ = 1; t =
ν∑
i=1

µi =

M ; α = λv ; β = 1 + µv and replace z by z
Λ in (1.2.1), then we get

HE
λ1 ,...,λv

µ1 ,...,µv
(z) defined in (0.7.13), as

ME
1
v−1

 zΛ (1,Λ) ; (γ1, q1, 0)

(λv , 1 + µv) ; (1 + µ1, λ1, 1) , . . . , (1 + µv−1, λv−1, 1)


= Γ (1 + µ1) . . .Γ (1 + µv−1)HE

λ1 ,...,λv

µ1 ,...,µv
(z) . (2.3.10)

11. Put h = 1, s1 = 1, γ1 = γ, q1 = q; k = 1, r1 = 1, δ1 = δ, p1 = p;

a = 1; ρ = 0; t = 0 in (1.2.1), then we get function Eγ,δ,q
α,β,p (z) defined

in (0.7.14), as

0E
1
1

z (0, 1) ; (γ, q, 1)

(α, β) ; (δ, p, 1)

 = Eγ,δ,q
α,β,p (z) . (2.3.11)

2.4 OTHER SPECIAL FUNCTIONS AS SPECIAL CASES

OF THE E-FUNCTION

1. Put h = 1, s1 = 0; k = 1, r1 = 1, δ1 = 1, p1 = 1;a = 1; ρ = 1;α = 1; β =

ν+ 1; t = υ
2 and replace z by z2

4 in (1.2.1), then we get Bessel function

Jν (z) (0.9.1), as

υ
2
E1

1

z2

4

(1, 1) ; (γ1, q1, 0)

(1, ν + 1) ; (1, 1, 1)

 =
∞∑
n=0

(−1)
n

n!Γ(n+ ν + 1)

(z
2

)2n+ν

= Jν (z) .

(2.4.1)
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2. Put h = 1, s1 = 0; k = 1, r1 = 1, δ1 = 1, p1 = 1;a = 1; ρ = 1;α = µ; β =

ν + 1; t = 0 in (1.2.1), then we get Bessel Maitland function Jµν (z)

(0.9.2), as

0E
1
1

z (1, 1) ; (γ1, q1, 0)

(µ, ν + 1) ; (1, 1, 1)

 =
∞∑
n=0

(−1)
n
zn

(1)
n

Γ(nµ+ ν + 1)
= Jµν (z) .

(2.4.2)

3. Put h = 1, s1 = 0; k = 1, r1 = 1, δ1 = λ + 1, p1 = 1;a = 1; ρ = 1;α =

µ; β = ν + λ+ 1; t = ν+2λ
2 and replace z by z2

4 in (1.2.1), then we get

generalized Bessel Maitland function Jµν,λ (z) (0.9.3), as

ν+2λ
2
E1

1

z2

4

(1, 1) ; (γ1, q1, 0)

(µ, ν + λ+ 1) ; (λ+ 1, 1, 1)



=
∞∑
n=0

(−1)
n

Γ (λ+ 1)
(
z
2

)ν+2λ+2n

Γ (n+ λ+ 1) Γ(nµ+ ν + λ+ 1)
= Γ (λ+ 1) Jµν,λ (z) . (2.4.3)

4. Put h = 1, s1 = 0; k = 1, r1 = 1, δ1 = 1, p1 = 1;a = 1; ρ = 0;α = 1; β =

m + 1; t = 0 in (1.2.1), then we get Bessel Clifford function Cm (z)

(0.9.4), as

0E
1
1

z (0, 1) ; (γ1, q1, 0)

(1,m+ 1) ; (1, 1, 1)

 =
∞∑
n=0

zn

(1)
n

Γ(n+m+ 1)
= Cm (z) .

(2.4.4)

5. Put h = 1, s1 = 1, γ1 = 1, q1 = 1; k = 2, r1 = 1, r2 = 1, δ1 = µ−ν+3
2 , δ2 =

µ+ν+3
2 , p1 = 1, p2 = 1;a = 2; ρ = 1; t = µ+ 1;α = 1; β = 1 and replace
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z by z
2 in (1.2.1), then we get Lommel function sµ,ν (z) (0.9.5), as

µ+1E
1
2

z2 (1, 2) ; (1, 1, 1)

(1, 1) ;
(
µ−ν+3

2 , 1, 1
)
,
(
µ+ν+3

2 , 1, 1
)


=
∞∑
n=0

(1)
n

(−1) n
(
z
2

)2n+µ+1(
µ−ν+3

2

)
n

(
µ+ν+3

2

)
n

Γ (n+ 1)
=

(µ− ν + 1) (µ+ ν + 1)

2µ+1
sµ,ν (z) .

(2.4.5)

6. Put h = 2, s1 = ρ, s2 = 1, γ1 = ν, γ2 = β, q1 = 1, q2 = α; k = 1, r1 =

ρ, δ1 = ν+1, p1 = 1; a = 0; ρ = 0; t = 0 in (1.2.1), then we get Hurwitz

zeta function ζ (ρ, ν) (0.9.6), as

0E
2
1

z (0, 0) ; (ν, 1, ρ) , (β, α, 1)

(α, β) ; (ν + 1, 1, ρ)

 =
1

Γ (β)

∞∑
n=0

[(ν)n]
ρ

[(ν + 1)n]
ρ

=
νρ

Γ (β)

∞∑
n=0

1

(n+ ν)
ρ =

νρ

Γ (β)
ζ (ρ, ν) . (2.4.6)

7. Put h = 1, s1 = −ν, γ1 = 2, q1 = 1; k = 1, r1 = −ν, δ1 = 1, p1 = 1;a =

0; ρ = 0; t = 0;α = 0; β = 1 in (1.2.1), then we get Riemann zeta

function ζ (ν) (0.9.7), as

0E
1
1

z (0, 0) ; (2, 1,−ν)

(0, 1) ; (1, 1,−ν)

 =
∞∑
n=0

(n+ 1)
−ν

= ζ (ν) . (2.4.7)

8. Put h = 1, s1 = 0; k = 1, r1 = 1, δ1 = 3
2 , p1 = 1;a = 2; ρ = 1;α = 1; β =

ν + 3
2 ; t = ν + 1 and replace z by z

2 in (1.2.1), then we get Struve
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function Hν (z) (0.9.8), as

ν+1E
1
1

z2 (1, 2) ; (γ1, q1, 0)(
1, ν + 3

2

)
;
(

3
2 , 1, 1

)
 =

∞∑
n=0

(−1)
n(

3
2

)
n

Γ(n+ ν + 3
2)

(z
2

)2n+ν+1

=

√
π

2
Hν (z) . (2.4.8)

9. Put h = 1, s1 = 0; k = 1, r1 = 1, δ1 = 3
2 , p1 = 1;a = 2; ρ = 0;α = 1; β =

ν + 3
2 ; t = ν + 1 and replace z by z

2 in (1.2.1), then we get modified

Struve function Lν (z) (0.9.9), as

ν+1E
1
1

z2 (0, 2) ; (γ1, q1, 0)(
1, ν + 3

2

)
;
(

3
2 , 1, 1

)
 =

∞∑
n=0

1(
3
2

)
n

Γ(n+ ν + 3
2)

(z
2

)2n+ν+1

=

√
π

2
Lν (z) . (2.4.9)

10. Put h = 2, s1 = 1, s2 = 1, γ1 = ν, γ2 = σ, q1 = 1, q2 = ω
µ ; k = 1, r1 =

1, δ1 = θ, p1 = ω
µ ;a = 1; ρ = 0; t = 0;α = 1; β = 1 in (1.2.1), then we

get Dotsenko function 2R
ω
µ

1 (ν, σ; θ, ω;µ; z) (0.9.10), as

0E
2
1

z (0, 1) ; (ν, 1, 1) ,
(
σ, ωµ , 1

)
(1, 1) ;

(
θ, ωµ , 1

)
 =

Γ (θ)

Γ (ν) Γ (σ)

∞∑
n=0

Γ (ν + n) Γ
(
σ + ω

µn
)
zn

Γ
(
θ + ω

µn
)
n!

= 2R
ω
µ

1 (ν, σ; θ, ω;µ; z) . (2.4.10)

11. Put h = 1, s1 = 0; k = 1, r1 = 0; a = ν + 1; ρ = 0; t = ν;α = ν + 1; β =

ν+1 and replace z by tζ
1
ν+1 in (1.2.1), then we get Rabotnov’s function
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Rν (ζ, t) (0.9.11), as

νE
1
1

tζ 1
ν+1

(0, ν + 1) ; (γ1, q1, 0)

(ν + 1, ν + 1) ; (δ1, p1, 0)

 = tνζ
ν
ν+1

∞∑
n=0

ζnt(ν+1)n

Γ {(ν + 1) (n+ 1)}

= ζ
ν
ν+1Rν (ζ, t) . (2.4.11)

12. Put h = 1, s1 = 0; k = 1, r1 = 0;a = 1; ρ = 0;α = 1; β = ν + 1; t = ν

and replace z by bt in (1.2.1), then we get Mellin-Ross function Et(ν, b)

(0.9.12), as

νE
1
1

bt (0, 1) ; (γ1, q1, 0)

(1, ν + 1) ; (δ1, p1, 0)

 =
∞∑
n=0

(bt)
n+ν

Γ(ν + n+ 1)
= bνEt(ν, b).

(2.4.12)

55





CHAPTER 3

MULTIDIMENSIONAL

FRACTIONAL INTEGRAL

OPERATORS INVOLVING

MULTIVARIABLE

POLYNOMIAL AND

MITTAG-LEFFLER TYPE

E−FUNCTION

Publications:

1. Fractional integral operators involving Mittag-Leffler type E-function,

Journal of Rajasthan Academy of Physical Sciences 14, No. 3 & 4(2015),

309-322.

2. Composition formulae for the multidimensional fractional integral opera-

tors involving Mittag-Leffler type E-function, Communicated.

In this chapter, we define two fractional integral operators whose kernels

involve generalized multivariable polynomial SU1,...,Uk
V (x1, ..., xk) and the E-
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function.

In the first section, we define a pair of multidimensional fractional inte-

gral operators Ix and Jx and give the conditions of existence. Then under

these operators we obtain images of important functions. After this, we

prove two theorems connecting the multidimensional generalized Stieltjes

transform and here defined integral operators. Then, we establish Mellin

transform, Mellin convolutions and inversion formulae of these operators.

Finally, we study three composition formulae of the multidimensional frac-

tional integral operators and obtain two dimensional analogue of second

composition formula.

The pair of multidimensional fractional integral operators Ix and Jx de-

fined in this chapter are generalized integral operators and these are exten-

sions and unifications of many results of earlier defined fractional integral

operators.

The kernels of multidimensional fractional integral operators involve gen-

eralized multivariable polynomial SU1,...,Uk
V (x1, ..., xk) and Mittag-Leffler type

E-function are general in nature and our work yields a number of corre-

sponding earlier derived results by many authors with simpler polynomials

and functions.

The results due to Erdélyi [33], Goyal and Jain [57], Goyal, Jain and

Gaur [58], Raina [154], and many others can be obtained as special cases of

three composition formulae.
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3.1 DEFINITIONS

3.1 DEFINITIONS

3.1.1 The General Multivariable Polynomials

Srivastava and Garg [195, p. 686, Eq. (1.4)] defined the multivariable poly-

nomial SU1,...,Uk
V (x1, ..., xk) as follows:

SU1,...,Uk
V [x1, ..., xk] =

k∑
i=1

UiRi≤V∑
R1,...,Rk=0

(−V ) k∑
i=1

UiRi
A (V,R1, ..., Rk)

xRii
Ri!

, (3.1.1)

where V= 0,1,...; U1, ..., Uk are arbitrary positive integers and the coef-

ficients A (V,R1, ..., Rk) are arbitrary constants (real or complex). Several

single and general multivariable polynomial can be obtained as special cases

of general multivariable polynomial SU1,...,Uk
V (x1, ..., xk) by replacing coeffi-

cients A (V,R1, ..., Rk) occuring in (3.1.1) with a suitable function. Further

detail of this polynomial and its special cases can be seen in Appendix B.

3.1.2 The H-Function

In 1987, Inayat Hussain [80] defined the H-function by Mellin-Barnes type

contour integral as follows:

H
M,N

P,Q

z |
(
εj , ωj ; Υj

)N
1
,
(
εj , ωj

)P
N+1(

bj , ϑj
)M
1
,
(
bj , ϑj ; Bj

)Q
M+1

 =
1

2πi

ˆ
L

φ (ξ) zξdξ, (3.1.2)

where

φ (ξ) =

M∏
j=1

Γ
(
bj − ϑjξ

) N∏
j=1

[
Γ
(
1− εj + ωjξ

)]Υj
Q∏

j=M+1

[
Γ
(
1− bj + ϑjξ

)]Bj P∏
j=N+1

Γ
(
εj − ωjξ

) , (3.1.3)
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where M,N,P and, Q are non-negative integers satisfying 0 ≤ N ≤ P, 0 ≤

M ≤ Q and empty products are taken as unity. Also, Υj(j = 1, . . . , P ) and

Bj(j = 1, . . . , Q) are positive real numbers for standardization purpose,

εj(j = 1, . . . , P ) and bj(j = 1, . . . , Q) are complex numbers such that the

points ξ = bj+k
ϑj

(j = 1, ...,M ; k = 0, 1, ...) which are the poles of G(bj −

ϑjξ)(j = 1, . . . ,M) and the points ξ = εj−1−k
ωj

(j = 1, ..., N ; k = 0, 1, ...)

which are the singularities of
[
Γ
(
1− εj + ωjξ

)]Υj (j = 1, . . . , N) do not

coincide.

The contour L is the line from c − i∞ to c + i∞ suitably intended to

keep the poles of G(bj −ϑjξ)(j = 1, . . . ,M) to the right of the path and the

singularities of
[
Γ
(
1− εj + ωjξ

)]Υj (j = 1, ..., N) to the left of the path. If

Υi = Bj = 1(i = 1, ..., N ; j = M + 1, ..., Q) the H-function reduces to the

familiar Fox H-function.

Gupta, Jain and Agrawal [67] have been given the sufficient conditions

for the absolute convergence of the defining integral for H-function given

by (3.1.2), as follows:

(i) |arg (z)| < 1
2πΩ and Ω > 0;

(ii) |arg (z)| = 1
2πΩ and Ω ≥ 0;

and

(a)µ 6= 0 and the contour L is so chosen that (cµ+ λ+ 1) < 0;

(b) µ = 0 and (λ+ 1) < 0,


(3.1.4)
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where

Ω =
M∑
1
ϑj +

N∑
1
ωjΥj −

Q∑
1
ϑjBj −

P∑
N+1

ωj

µ =
N∑
1
ωjΥj +

P∑
N+1

ωj −
M∑
1
ϑj −

Q∑
M+1

ϑjBj

λ = Re

(
M∑
1
bj +

Q∑
M+1

bjBj −
N∑
1
εjΥj −

P∑
N+1

εj

)
+1

2

(
−M −

Q∑
M+1

Bj +
N∑
1

Υj + P −N
)
.


(3.1.5)

The series representation of the H-function was given by Rathie [158]:

H
M,N

P,Q

z | (εj , ωj ; Υj)
N
1

; (εj , ωj)
P
N+1

(bj , ϑj)
M

1
; (bj , ϑj ; Bj)

Q

M+1

 =
M∑
ν=1

∞∑
D=0

θ (SD,ν) z
SD,ν , (3.1.6)

where SD,ν = bν+D
ϑν

and θ (SD,ν)

=

M∏
j=1,j 6=ν

Γ
(
bj − ϑjSD,ν

) N∏
j=1

[
Γ
(
1− εj + ωjSD,ν

)]Υj (−1)
D

Q∏
j=M+1

[
Γ
(
1− bj + ϑjSD,ν

)]Bj P∏
j=N+1

Γ
(
εj − ωjSD,ν

)
D!ϑν

, (3.1.7)

for small and large values of z the behavior of the H-function is given by

Saxena [172, p. 112, Eqs. (2.3) & (2.4)] as follows:

H
M,N

P,Q [z] = O
[
|z|4

]
for small z, where

4 = min
1≤j≤M

Re

(
bj
ϑj

)
. (3.1.8)

H
M,N

P,Q [z] = O
[
|z|5

]
for large z, where

5 = max
1≤j≤N

Re

[
Υj

(
εj − 1

ωj

)]
. (3.1.9)

details of series representation of theH-function can be seen in Appendix-A.

61
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3.1.3 I and J− Integral Operators

In this chapter we assume that f (t1, ..., ts) ∈ A represents the class of

functions f (t1, ..., ts) for which
¯

Ωs
|f (t1, ..., ts)| dt1...dts < ∞ for every

bounded s-dimensional region Ωs excluding the origin and

f (t1, ..., ts) =


O

s∏
j=1

(
|tj|ψj

)
max {|tj|} → 0

O
s∏
j=1

(
|tj|−ζj e−Wj |tj |

)
min {|tj|} → ∞

; j = 1, ..., s.

(3.1.10)

Now, we define a pair of multidimensional fractional integral operators

with kernels involving multivariable polynomial SU1,...,Uk
V (x1, ..., xk) and the

E-function having general arguments as follows:

Ix [f (t1, ..., ts)] = Iπ,σ;e,f ;η,λ
x;U,V ;z [f (t1, ..., ts) ;x1, ..., xs]

=

(
s∏
j=1

x
−πj−σj
j

)ˆ x1

0

...

ˆ xs

0

[
s∏
j=1

t
πj
j (xj − tj)σj−1

]

× SU1,...,Us
V

[
E1

(
t1
x1

)e1 (
1− t1

x1

)f1
, ..., Es

(
ts
xs

)es (
1− ts

xs

)fs]

× tE
h
k

z s∏
j=1

(
tj
xj

)ηj (
1− tj

xj

)λj
|

(ρ, a) ; (γi, qi, di)1,h

(α, β) ;
(
δj , pj , rj

)
1,k

 f (t1, ..., ts) dt1...dts ,

(3.1.11)

where

(1)minRe(ej, fj, ηja, λja) ≥ 0 not all zero simultaneously;

(2)minRe[1 + πj + ηjt + ψj] > 0,minRe[σj + λjt] > 0,

where j = 1, ..., s.


(3.1.12)
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Jx [f (t1, ..., ts)] = Jπ,σ;e,f ;η,λ
x;U,V ;z [f (t1, ..., ts) ;x1, ..., xs]

=

(
s∏
j=1

x
πj
j

)ˆ ∞
x1

...

ˆ ∞
xs

[
s∏
j=1

t
−πj−σj
j (tj − xj)σj−1

]

× SU1,...,Us
V

[
E1

(
x1

t1

)e1 (
1− x1

t1

)f1
, ..., Es

(
xs
ts

)es (
1− xs

ts

)fs]

× tE
h
k

z s∏
j=1

(
xj
tj

)ηj (
1− xj

tj

)λj
|

(ρ, a) ; (γi, qi, di)1,h

(α, β) ;
(
δj , pj , rj

)
1,k

 f (t1, ..., ts) dt1...dts ,

(3.1.13)

where

(1)minRe(ej, fj, ηja, λja) ≥ 0 not all zero simultaneously,

(2)minRe[πj + ηjt + ζj] > 0, minRe [σj + λjt] > 0, Re [Wj] = 0

orRe [Wj] > 0,minRe [σj + λjt] > 0, where j = 1, ..., s.


(3.1.14)

3.2 IMAGES OF INTEGRAL OPERATORS

Here we evaluate images of some functions
s∏
j=1

t
νj
j (hj + tj)

−ϕj under the op-

erators defined by (3.1.11) and (3.1.13) as follows:

Ix

[
s∏
j=1

t
νj
j (hj + tj)

−ϕj

]
= zt

k∏
m=1

[Γ (δm)]
rm

h∏
l=1

[Γ (γl)]
dl

s∑
i=1

UiRi≤V∑
R1,...,Rs=0

(−V ) s∑
i=1

UiRi
A (V,R1, ..., Rs)

× ERi
i

Ri!

∞∑
n=0

1

Γ (n+ 1)

s∏
j=1

(
−xj
hj

)n(xνjj
h
ϕj
j

)(
1 +

xj
hj

)σj+fjRj+λjt−ϕj

×H1,h+3s+1

h+3s+1,k+2s+2

 (−1)
ρ

(−za)
(

1 + xj
hj

)λja | A∗

B∗

 , (3.2.1)
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where

A∗ = (−πj − νj − ejRj − ηjt, ηja; 1)1,s , (1− σj − fjRj − λjt− n, λja; 1)1,s ,

(ϕj − σj − πj − νj − (ej + fj)Rj − (λj + ηj) t− n, (λj + ηj) a; 1)1,s ,

(0, 1; 1) , (1− γi, qi; di)1,h ;—– (3.2.2)

and

B∗ = (0, 1) ; (ϕj − σj − πj − νj − (ej + fj)Rj − (λj + ηj) t, (λj + ηj) a; 1)1,s ,

(−σj − πj − νj − (ej + fj)Rj − (λj + ηj) t− n, (λj + ηj) a; 1)1,s ,(
1− δj , pj ; rj

)
1,k
, (1− β, α; 1) (3.2.3)

provided that

minRe (ej, fj, ηja, λja) ≥ 0 not all zero simultaneously,

minRe [1 + πj + ηjt + νj] > 0, minRe [σj + λjt] > 0, (j = 1, ..., s) .

Also

Jx

[
s∏
j=1

t
νj
j (hj + tj)

−ϕj

]
= zt

k∏
m=1

[Γ (δm)]
rm

h∏
l=1

[Γ (γl)]
dl

s∑
i=1

UiRi≤V∑
R1,...,Rs=0

(−V ) s∑
i=1

UiRi
A (V,R1, ..., Rs)

× ERi
i

Ri!

∞∑
n=0

1

Γ (n+ 1)

s∏
j=1

(
x
νj−ϕj
j

)(
−hj
xj

)n(
1 +

hj
xj

)σj+fjRj+λjt−ϕj

×H1,h+3s+1

h+3s+1,k+2s+2

 (−1)
ρ

(−za)
(

1 + hj
xj

)λja | A∗∗

B∗∗

 , (3.2.4)
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where

A∗∗ = (1− σj − fjRj − λjt− n, λja; 1)1,s , (1− πj + νj − ejRj − ηjt− ϕj, ηja; 1)1,s ,

(1− σj − πj − (ej + fj)Rj + νj − (λj + ηj) t− n, (λj + ηj) a; 1)1,s ,

(0, 1; 1) , (1− γi, qi; di)1,h ;—– (3.2.5)

and

B∗∗ = (0, 1) ; (1− σj − πj + νj − (ej + fj)Rj − (λj + ηj) t, (λj + ηj) a; 1)1,s ,

(1− σj − πj − (ej + fj)Rj + νj − (λj + ηj) t− n, (λj + ηj) a; 1)1,s ,(
1− δj , pj ; rj

)
1,k
, (1− β, α; 1) (3.2.6)

provided that

minRe (ej, fj, ηja, λja) ≥ 0 not all zero simultaneously,

minRe [πj + ηjt + ϕj − νj] > 0, minRe [σj + λjt] > 0, (j = 1, ..., s) .

Proof: To prove (3.2.1), we write down the I-operator in the integral

form as defined in equation (3.1.11). After this, we write down multivariable

polynomial SU1,...,Uk
V (x1, ..., xk) as defined in the series form (3.1.1). Then,

interchange the series and tj-integrals and now using (1.3.1), we express the

Mittag-Leffler type E-function as Mellin Barnes type contour integral. Now

interchange the order of ξ and tj-integrals (j = 1, ..., s) (which is permissible

under the earlier stated conditions) then we arrived at the following form

(say ∆)
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∆ = zt

k∏
m=1

[Γ (δm)]
rm

h∏
l=1

[Γ (γl)]
dl

s∑
i=1

UiRi≤V∑
R1,...,Rs=0

(−V ) s∑
i=1

UiRi
A (V,R1, ..., Rs)

ERi
i

Ri!

× 1

2πi

ˆ
L

θ (ξ) (−1)
ρξ

(−za)ξ
s∏
j=1

x
−σj−πj−(ej+fj)Rj−(λj+ηj)t−(λj+ηj)aξ
j

×

{ˆ x1

0

...

ˆ xs

0

s∏
j=1

t
πj+νj+ejRj+ηjt+ηjaξ
j (xj − tj)σj+fjRj+λjt+λjaξ−1

× (hj + tj)
−ϕj dt1...dts

}
dξ. (3.2.7)

Now, using known result [60, p. 287, Eq. 3.197(8)], we calculate the tj-

integral, then we get

Ix

[
s∏
j=1

t
νj
j (hj + tj)

−ϕj

]

= zt

k∏
m=1

[Γ (δm)]
rm

h∏
l=1

[Γ (γl)]
dl

s∑
i=1

UiRi≤V∑
R1,...,Rs=0

(−V ) s∑
i=1

UiRi
A (V,R1, ..., Rs)

ERi
i

Ri!

×
s∏
j=1

(
x
νj−ϕj
j

)(hj
xj

)−ϕj 1

2πi

ˆ
L

θ (ξ) (−1)
ρξ

(−za)ξ

×B (σj + fjRj + λjaξ + λjt, πj + νj + ejRj + ηjaξ + ηjt + 1)

× 2F1

 ϕj, πj + νj + ejRj + ηjt + ηjaξ + 1

σj + πj + νj + (fj + ej)Rj + (λj + ηj) t + (λj + ηj) aξ + 1

;

(
−xj
hj

) dξ,
(3.2.8)

where∣∣∣arg(xjhj)∣∣∣ < π, Re (πj + ηjt + νj + ejRj + ηjaξ + 1) > 0,

Re (σj + λjt + fjRj + λjaξ) > 0, for j = 1, ..., s.
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Finally, with the help of transformation formula [156, p. 60, Eq. (5)] and

then reinterpreting the result thus arrived in terms of theH-function (3.1.2),

and after a little simplification we easily achive the desired final result

(3.2.1).

The proof of (3.2.1) can be done easily on the similar lines as given above.

3.3 THEMULTIDIMENSIONAL GENERALIZED STIELT-

JES TRANSFORM WITH I AND J− INTEGRAL

OPERATORS

The multidimensional generalized Stieltjes transform of a function φ (t1, ..., ts)

is defined as

Sw1,...,ws (φ) (h1, ..., hs) =

ˆ ∞
0

...

ˆ ∞
0

φ (t1, ..., ts)
s∏
j=1

(tj + hj)
−wj dt1...dts ,

(3.3.1)

provided that the integral exists.

The multidimensional generalized Stieltjes transform of the I and J−integral

operators can be obtained as follows:

Theorem 1. Let φ (t1, ..., ts) ∈ A, minRe (ej, fj, ηja, λja) ≥ 0 not all

zero simultaneously and minRe [σj + λjt] > 0 (j = 1, ..., s) , then

(a) For minRe
[
πj + ηjt + wj

]
> 0 (j = 1, ..., s), we have

Sw1,...,ws (Itφ) (h1, ..., hs)

=

ˆ ∞
0

...

ˆ ∞
0

φ (x1, ..., xs) y1 (x1, ..., xs;h1, ..., hs) dx1...dxs , (3.3.2)
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(b) For minRe [1 + πj + ηjt] > 0, (j = 1, ..., s), we have

Sw1,...,ws (Jtφ) (h1, ..., hs)

=

ˆ ∞
0

...

ˆ ∞
0

φ (x1, ..., xs) y2 (x1, ..., xs;h1, ..., hs) dx1...dxs , (3.3.3)

where

y1 (x1, ..., xs;h1, ..., hs) = Jx

[
s∏
j=1

(hj + tj)
−wj

]
= zt

k∏
m=1

[Γ (δm)]
rm

h∏
l=1

[Γ (γl)]
dl

×

s∑
i=1

UiRi≤V∑
R1,...,Rs=0

(−V ) s∑
i=1

UiRi
A (V,R1, ..., Rs)

ERi
i

Ri!

∞∑
n=0

1

Γ (n+ 1)

s∏
j=1

(
x
−wj
j

)(
−hj
xj

)n

×
(

1 +
hj
xj

)σj+fjRj+λjt−wj
H

1,h+3s+1

h+3s+1,k+2s+2

 (−1)
ρ

(−za)
(

1 + hj
xj

)λja | A∗
B∗

 ,
(3.3.4)

here

A∗ = (1− σj − πj − (ej + fj)Rj − (λj + ηj) t− n, (λj + ηj) a; 1)1,s ,

(1− πj − ejRj − ηjt− wj, ηja; 1)1,s , (1− σj − fjRj − λjt− n, λja; 1)1,s ,

(1− γi, qi; di)1,h , (0, 1; 1) ;—– (3.3.5)

and

B∗ = (0, 1) ; (1− σj − πj − (ej + fj)Rj − (λj + ηj) t, (λj + ηj) a; 1)1,s ,

(1− σj − πj + wj − (ej + fj)Rj − (λj + ηj) t− n, (λj + ηj) a; 1)1,s ,(
1− δj , pj ; rj

)
1,k
, (1− β, α; 1) (3.3.6)
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TRANSFORM WITH I AND J− INTEGRAL OPERATORS

Also

y2 (x1, ..., xs;h1, ..., hs) = Ix

[
s∏
j=1

(hj + tj)
−wj

]
= zt

k∏
m=1

[Γ (δm)]
rm

h∏
l=1

[Γ (γl)]
dl

×

s∑
i=1

UiRi≤V∑
R1,...,Rs=0

(−V ) s∑
i=1

UiRi
A (V,R1, ..., Rs)

ERi
i

Ri!

∞∑
n=0

1

Γ (n+ 1)

s∏
j=1

(
h
−wj
j

)(
−xj
hj

)n

×
(

1 +
xj
hj

)σj+fjRj+λjt−wj
H

1,h+3s+1

h+3s+1,k+2s+2

 (−1)
ρ

(−za)
(

1 + xj
hj

)λja | A∗∗
B∗∗

 ,
(3.3.7)

here

A∗∗ = (wj − σj − πj − (ej + fj)Rj − (λj + ηj) t− n, (λj + ηj) a; 1)1,s ,

(1− γi, qi; di)1,h , (1− σj − fjRj − λjt− n, λja; 1)1,s ,

(−πj − ejRj − ηjt, ηja; 1)1,s , (0, 1; 1) ;—– (3.3.8)

and

B∗∗ = (0, 1) ; (wj − σj − πj − (ej + fj)Rj − (λj + ηj) t, (λj + ηj) a; 1)1,s ,

(−σj − πj − (ej + fj)Rj − (λj + ηj) t− n, (λj + ηj) a; 1)1,s ,(
1− δj , pj ; rj

)
1,k
, (1− β, α; 1) (3.3.9)

The integrals on the right hand side of equations (3.3.4) and (3.3.7) are

assumed to be exist.

Proof: By the definitions of Ix−operator and of multidimensional Stielt-

jes transform given by (3.1.11) and (3.3.1) respectively, the LHS of (3.3.3)
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can be obtained as follows:

=

ˆ ∞
0

...

ˆ ∞
0

[(
s∏
j=1

t
−πj−σj
j

)ˆ t1

0

...

ˆ ts

0

s∏
j=1

x
πj
j (tj − xj)σj−1

× SU1,...,Us
V

[
E1

(
x1

t1

)e1 (
1− x1

t1

)f1
, ..., Es

(
xs
ts

)es (
1− xs

ts

)fs]

× tE
h
k

z s∏
j=1

(
xj
tj

)ηj (
1− xj

tj

)λj
|

(ρ, a) ; (γi, qi, di)1,h

(α, β) ;
(
δj , pj , rj

)
1,k


× φ (x1, ..., xs) dx1...dxs]

s∏
j=1

{
(tj + hj)

−wj
}
dt1...dts . (3.3.10)

By interchanging the order of tj and xj integrals (under the conditions

stated with the theorem), we get

=

ˆ ∞
0

...

ˆ ∞
0

[
s∏
j=1

(
x
πj
j

)
φ (x1, ..., xs)

ˆ ∞
x1

...

ˆ ∞
xs

s∏
j=1

(
t
−πj−σj
j

)
(tj − xj)σj−1

× SU1,...,Us
V

[
E1

(
x1

t1

)e1 (
1− x1

t1

)f1
, ..., Es

(
xs
ts

)es (
1− xs

ts

)fs]

× tE
h
k

z s∏
j=1

(
xj
tj

)ηj (
1− xj

tj

)λj
|

(ρ, a) ; (γi, qi, di)1,h

(α, β) ;
(
δj , pj , rj

)
1,k


×

s∏
j=1

{
(tj + hj)

−wj
}
dt1...dts

]
dx1...dxs . (3.3.11)

By writing the tj-integrals in terms of the operator defined by (3.1.13),

the above result (3.3.11) can be transform as follows

=

ˆ ∞
0

...

ˆ ∞
0

φ (x1, ..., xs) Jx

[
s∏
j=1

(tj + hj)
−wj

]
dx1...dxs . (3.3.12)

To find the value of Jx

[
s∏
j=1

(tj + hj)
−wj

]
, we use the result (3.2.4) with

νj = 0, then we achive the right hand side of (3.3.2) .
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The proof of part (b) of Theorem 1 can be easily developed on the similar

lines as given above, with the help of definition of Jx−operator defined by

(3.1.13) and the result (3.2.1) with νj = 0.

The I and J−integral operators of multidimensional generalized Stieltjes

transform can be obtained as follows:

Theorem 2. If φ (t1, ..., ts) ∈ A, minRe (ej, fj, ηja, λja) ≥ 0 (j =

1, ..., s) not all zero simultaneously, then

1. For minRe [1 + πj + ηjt] > 0, (j = 1, ..., s)

Iy [Sw1,...,wsφ (t1, ..., ts) (x1, ..., xs)]

=

ˆ ∞
0

...

ˆ ∞
0

φ (t1, ..., ts) y2 (t1, ..., ts;x1, ..., xs) dt1...dts , (3.3.13)

2. For minRe [πj + ηjt + wj] > 0, (j = 1, ..., s)

Jy [Sw1,...,wsφ (t1, ..., ts) (x1, ..., xs)]

=

ˆ ∞
0

...

ˆ ∞
0

φ (t1, ..., ts) y1 (t1, ..., ts;x1, ..., xs) dt1...dts , (3.3.14)

where y1 (t1, ..., ts;x1, ..., xs) and y2 (t1, ..., ts;x1, ..., xs) are as given in

(3.3.4) and (3.3.7) respectively, provided that the integrals in the R.H.S. of

equations (3.3.13) and (3.3.14) exist.

Proof: Results (3.3.13) and (3.3.14) of Theorem 2 can be obtained on

the similar lines to the proof of Theorem 1.

Moreover, the one dimensional analogues of the Theorem 1 and 2 can be

easily derived.
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3.4 MELLIN TRANSFORMS, INVERSION FORMULAS

AND CONVOLUTION

Srivastava and Panda [199, part I, p. 125, Eq. (3.5)] defined the multidimen-

sional Mellin transform of the function f (t1, ..., ts) ∈ A as follows:

M [f (t1, ..., ts) ; θ1, ..., θs] =

ˆ ∞
0

...

ˆ ∞
0

s∏
j=1

t
θj−1
j f (t1, ..., ts) dt1...dts ,

(3.4.1)

provided that the integral exists.

The multidimensional Mellin transforms, corresponding inversion formu-

las and convolutions of the I and J−fractional integral operators defined by

(3.1.11) and (3.1.13) respectively, can be obtained as follows:

Result 1

If the conditions of the existence of the operator Iπ,σ;e,f ;η,λ
x;U,V ;z [f (t1, ..., ts)]

are satisfied and M [Ix {f (t1, ..., ts) ; θ1, ..., θs}] exists, then

M [Ix {f (t1, ..., ts) ; θ1, ..., θs}] = M [f (t1, ..., ts) ; θ1, ..., θs]χ (θ1, ..., θs) ,

(3.4.2)

where

χ (θ1, ..., θs) = zt

k∏
m=1

[Γ (δm)]
rm

h∏
l=1

[Γ (γl)]
dl

s∑
i=1

UiRi≤V∑
R1,...,Rs=0

(−V ) s∑
i=1

UiRi
A (V,R1, ..., Rs)

ERi
i

Ri!

×H1,h+2s+1

h+2s+1,k+s+2

(−1)
ρ

(−za) |
C∗

D∗

 , (3.4.3)
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here

C∗ = (1− σj − fjRj − λjt, λja; 1)1,s , (−πj + θj − ejRj − ηjt, ηja; 1)1,s ,

(1− γi, qi; di)1,h , (0, 1; 1) ;—– (3.4.4)

and D∗ = (0, 1) ; (−σj − πj + θj − (ej + fj)Rj − (λj + ηj) t, (λj + ηj) a; 1)1,s ,(
1− δj , pj ; rj

)
1,k
, (1− β, α; 1) (3.4.5)

Result 2

If the conditions of the existence of the operator Jπ,σ;e,f ;η,λ
x;U,V ;z [f (t1, ..., ts)]

are satisfied and M [Jx {f (t1, ..., ts) ; θ1, ..., θs}] exists, then

M [Jx {f (t1, ..., ts) ; θ1, ..., θs}] = M [f (t1, ..., ts) ; θ1, ..., θs]χ (1− θ1, ..., 1− θs) ,

(3.4.6)

where χ (1− θ1, ..., 1− θs) can be determined by (3.4.3).

Proof: The multidimensional Mellin transform of the I-operator can be

obtained using equations (3.4.1) and (3.1.11), as follows:

M [Ix {f (t1, ..., ts) ; θ1, ..., θs}]

=

ˆ ∞
0

...

ˆ ∞
0

s∏
j=1

(
x
θj−1
j

)[ s∏
j=1

(
x
−πj−σj
j

) ˆ x1

0

...

ˆ xs

0

s∏
j=1

t
πj
j (xj − tj)σj−1

× SU1,...,Us
V

[
E1

(
t1
x1

)e1 (
1− t1

x1

)f1
, ..., Es

(
ts
xs

)es (
1− ts

xs

)fs]

× tE
h
k

z s∏
j=1

(
tj
xj

)ηj (
1− tj

xj

)λj
|

(ρ, a) ; (γi, qi, di)1,h

(α, β) ;
(
δj , pj , rj

)
1,k


× f (t1, ..., ts) dt1...dts] dx1...dxs . (3.4.7)
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3. MULTIDIMENSIONAL FRACTIONAL INTEGRAL OPERATORS
INVOLVING MULTIVARIABLE POLYNOMIAL AND
MITTAG-LEFFLER TYPE E−FUNCTION

Now, by interchanging the orders of tj and xj integrals (which is per-

missible under the conditions stated above), we get the RHS of (3.4.7) as

follows

ˆ ∞
0

...

ˆ ∞
0

s∏
j=1

(
t
πj
j

)
f (t1, ..., ts)

[ˆ ∞
t1

...

ˆ ∞
ts

s∏
j=1

(
x
θj−πj−σj−1
j

)
(xj − tj)σj−1

× SU1,...,Us
V

[
E1

(
t1
x1

)e1 (
1− t1

x1

)f1
, ..., Es

(
ts
xs

)es (
1− ts

xs

)fs]

× tE
h
k

z s∏
j=1

(
tj
xj

)ηj (
1− tj

xj

)λj
|

(ρ, a) ; (γi, qi, di)1,h

(α, β) ;
(
δj , pj , rj

)
1,k

 dx1...dxs

 dt1...dts .
(3.4.8)

By applying the definition (3.1.13), the above expression reduces to

ˆ ∞
0

...

ˆ ∞
0

f (t1, ..., ts) Jt

(
s∏
j=1

x
θj−1
j

)
dt1...dts . (3.4.9)

Again by using the result

Ix

[
s∏
j=1

t
νj
j (xj − tj)δj

]
=

(
s∏
j=1

x
2νj+δj+1
j

)
Jx

[
s∏
j=1

t
−(1+νj+δj)
j (tj − xj)δj

]
.

(3.4.10)

The integral (3.4.9) reduces to

ˆ ∞
0

...

ˆ ∞
0

f (t1, ..., ts)
s∏
j=1

(
t
2θj−1
j

)
It

(
s∏
j=1

x
−θj
j

)
dt1...dts , (3.4.11)

with the help of (3.2.1), we evaluate It

[
s∏
j=1

x
−θj
j

]
and then arrived at (3.4.2)

.

The proof of result 2 can be developed on similar lines.
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3.4.1 Inversion Formulas

The inversion formulas for I and J−operators (3.1.11) and (3.1.13) respec-

tively, can be obtained with the help of the inversion theorems for the mul-

tidimensional Mellin transform (3.4.1), given by Srivastava and Panda [199,

part I, p. 125, Lemma 2] as follows:

Result 3

f (t1, ..., ts) =
1

(2πi)
s

×
ˆ c1+i∞

c1−i∞
...

ˆ cs+i∞

cs−i∞

s

Π
j=1
t
−θj
j

χ (θ1, ..., θs)
M [Ix {f (t1, ..., ts) ; θ1, ..., θs}] dθ1...dθs ,

(3.4.12)

Result 4

f (t1, ..., ts) =
1

(2πi)
s

×
ˆ c1+i∞

c1−i∞
...

ˆ cs+i∞

cs−i∞

s

Π
j=1
t
−θj
j

χ (1− θ1, ..., 1− θs)
M [Jx {f (t1, ..., ts) ; θ1, ..., θs}] dθ1...dθs ,

(3.4.13)

where χ (θ1, ..., θs) and χ (1− θ1, ..., 1− θs) can be easily derived by (3.4.3).

The conditions of validity for the inversion formulas (3.4.12) and (3.4.13)

can be easily obtained from conditions of existence of multidimensional frac-

tional integral operators and their multidimensional Mellin transforms de-

fined earlier.
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3.4.2 Mellin Convolutions

The multidimensional Mellin convolutions of two functions f (t1, ..., ts) and

g (t1, ..., ts) is defined as follows:

(f ? g) (t1, ..., ts) = (g ? f) (t1, ..., ts)

=

ˆ ∞
0

...

ˆ ∞
0

(
s∏
j=1

x−1
j

)
f

(
t1
x1
, ...,

ts
xs

)
g (x1, ..., xs) dx1...dxs , (3.4.14)

provided that the multiple integrals in right hand side involved in (3.4.14)

exist.

Let f (t1, ..., ts) ∈ A, then the I and J−fractional integral operators

defined by (3.1.11) and (3.1.13) respectively, can be written easily as mul-

tidimensional Mellin convolutions in the following forms:

Result 5

Iπ,σ;e,f ;η,λ
x;U,V ;z f (t1, ..., ts) = (Iπ,σ,e,f ;η,λ;x;U,V ;z ? f) (x1, ..., xs) , (3.4.15)

where

Iπ,σ,e,f ;η,λ;x;U,V ;z =

(
s∏
j=1

x
−πj−σj
j (xj − 1)

σj−1
Θ (xj − 1)

)

× SU1,...,Us
V

[
E1 (x1)

−e1−f1 (x1 − 1)
f1 , ..., Es (xs)

−es−fs (xs − 1)
fs
]

× tE
h
k

z s∏
j=1

(xj)
−ηj−λj (xj − 1)

λj |
(ρ, a) ; (γi, qi, di)1,h

(α, β) ;
(
δj , pj , rj

)
1,k

 , (3.4.16)

here Θ(x) is the Heaviside unit function .
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3.4 MELLIN TRANSFORMS, INVERSION FORMULAS AND
CONVOLUTION

Result 6

Jπ,σ;e,f ;η,λ
x;U,V ;z f (t1, ..., ts) = (Jπ,σ,e,f ;η,λ;x;U,V ;z ? f) (x1, ..., xs) , (3.4.17)

where

Jπ,σ;e,f ;η,λ;x;U,V ;z =

(
s∏
j=1

x
πj
j (1− xj)σj−1

Θ (1− xj)

)

× SU1,...,Us
V

[
E1 (x1)

e1 (1− x1)
f1 , ..., Es (xs)

es (1− xs)fs
]

× tE
h
k

z s∏
j=1

(xj)
ηj (1− xj)λj |

(ρ, a) ; (γi, qi, di)1,h

(α, β) ;
(
δj , pj , rj

)
1,k

 , (3.4.18)

here Θ(x) is the Heaviside unit function .

Proof: Result 5, can be proved by writing the I-operator defined by

(3.1.11) in the following form using the Heaviside’s unit function:

Iπ,σ;e,f ;η,λ
x;U,V ;z f (t1, ..., ts)

=

ˆ ∞
0

...

ˆ ∞
0

(
s∏
j=1

t−1
j

){
s∏
j=1

[(
xj
tj

)−πj−σj (xj
tj
− 1

)σj−1

Θ

(
xj
tj
− 1

)]}

× SU1,...,Us
V

[
E1

(
x1

t1

)−e1−f1 (x1

t1
− 1

)f1
, ..., Es

(
xs
ts

)−es−fs (xs
ts
− 1

)fs]

× tE
h
k

z s∏
j=1

(
xj
tj

)−ηj−λj (xj
tj
− 1

)λj
|

(ρ, a) ; (γi, qi, di)1,h

(α, β) ;
(
δj , pj , rj

)
1,k


× f (t1, ..., ts) dt1...dts . (3.4.19)

The result 5, can be easily deduced with the help of the equation (3.4.16)

and the definition of the Mellin convolutions given by (3.4.14) in the above

equation. The proof of the result 6 can be developed on the similar lines.

77
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3.5 COMPOSITION FORMULAE FOR THE MULTIDI-

MENSIONAL FRACTIONAL INTEGRAL OPERA-

TORS INVOLVING MITTAG-LEFFLER TYPE E-

FUNCTION

Result 7

Iπ,σ;e,f ;Λ,θ
x;U,V ;z

{
Jπ
′
,σ
′
;e
′
,f
′
;Λ
′
,θ
′

y;U ′ ,V ′ ;z′
[f (t1, ..., ts)]

}
=

(
s∏
j=1

x
−πj−θjt−1
j

)

×
ˆ x1

0

...

ˆ xs

0

(
s∏
j=1

t
πj+θjt
j

)
G

(
t1
x1
, ...,

ts
xs

)
f (t1, ..., ts) dt1...dts

+

(
s∏
j=1

x
π
′
j+θ

′
jt
′

j

)ˆ ∞
x1

...

ˆ ∞
xs

(
s∏
j=1

t
−π
′
j−θ

′
jt
′
−1

j

)
G
′
(
x1

t1
, ...,

xs
ts

)

× f (t1, ..., ts) dt1...dts , (3.5.1)

where

G (t1, ..., ts) =

(zt)
(
z
′
)
t

′
k∏

m=1
[Γ (δm)]

rm
k
′∏

m′=1

[
Γ
(
δ
′

m′

)]r′
m
′

h∏
l=1

[Γ (γ
l
)]
dl

h′∏
l′=1

[
Γ
(
γ
′

l
′

)]d′
l
′

×

s∑
i=1

UiRi≤V∑
R1,...,Rs=0

(−V ) s∑
i=1

UiRi
A (V,R1, ..., Rs)

ERi
i

Ri!

×

s∑
i=1

U
′
iR
′
i≤V

′∑
R
′
1,...,R

′
s=0

(
−V

′
)

s∑
i=1

U
′
iR
′
i

A
(
V
′
, R
′

1, ..., R
′

s

) E ′iR′i
R
′
i!

×
∞∑

D′=0

θ
(
SD′ ,1

) [
(−1)

ρ
′
{
−
(
z
′
)a′}]SD′ ,1

(1− tj)σj+θjt+σ
′
j+θ

′
jt
′
+fjRj+f

′
jR
′
j+θ

′
ja
′
S
D
′
,1
−1

× tejRj+nj H
1,h+2s+1

h+2s+1,k+2s+2

(−1)
ρ+1

za
s∏
j=1

t
Λja
j (1− tj)θja |

A∗

B∗

 , (3.5.2)
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here

A∗ =
(
−πj − Λjt− π

′

j − Λ
′

jt
′
− ejRj − e

′

jR
′

j − Λ
′

ja
′
SD′ ,1,Λja; 1

)
1,s
,

(1− γi, qi; di)1,h ,
(

1− πj − Λjt− π
′

j − Λ
′

jt
′
− σj − θjt− σ

′

j − θ
′

jt
′
− n

− (ej + fj)Rj −
(
e
′

j + f
′

j

)
R
′

j −
(
θ
′

j + Λ
′

j

)
a
′
SD′ ,1, (θj + Λj) a; 1

)
1,s
,

(0, 1; 1) ;—– (3.5.3)

and

B∗ = (0, 1) ;
(
1− δj , pj ; rj

)
1,k
, (1− β, α; 1) ,

(
−π

′

j − Λ
′

jt
′
− πj − Λjt

−σ
′

j − θ
′

jt
′
− n− ejRj −

(
e
′

j + f
′

j

)
R
′

j −
(
θ
′

j + Λ
′

j

)
a
′
SD′ ,1,Λja; 1

)
1,s
,(

1− πj − Λjt− π
′

j − Λ
′

jt
′
− σj − θjt− σ

′

j − θ
′

jt
′
− (ej + fj)Rj

−
(
e
′

j + f
′

j

)
R
′

j −
(
θ
′

j + Λ
′

j

)
a
′
SD′ ,1, (θj + Λj) a; 1

)
1,s

(3.5.4)

it is assumed that the composite operator defined by the L.H.S. of (3.5.1)

exists, f (t1, ..., ts) ∈ A and G
′
(t1, ..., ts) can be written from G (t1, ..., ts)

from (3.5.2) by interchanging the parameters with dashes with those without

dashes also SD′ ,1 and θ
(
SD′ ,1

)
can be obtained from (3.1.7) by replacing

parameters with suitable parameters with dashes and the following conditions

are satisfied :

(1)min Re[πj + Λjt] > −1, minRe
[
π
′

j + Λ
′

jt
′
+ ψj

]
> −1;

(2)minRe[σj + θjt] > 0, minRe
[
σ
′

j + θ
′

jt
′
]
> 0;

(3)Re[Wj] > 0 or minRe [1 + πj + σj + ζj + Λjt + θjt] > 0,

Re[Wj] = 0, where (j = 1, ..., s) .


(3.5.5)
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Result 8

Iπ,σ;e,f ;Λ,θ
x;U,V ;z

{
Iπ
′
,σ
′
;e
′
,f
′
;Λ
′
,θ
′

y;U ′ ,V ′ ;z′
[f (t1, ..., ts)]

}
=

(
s∏
j=1

x
−π
′
j−1

j

)

×
ˆ x1

0

...

ˆ xs

0

(
s∏
j=1

t
π
′
j

j

)
G

(
t1
x1
, ...,

ts
xs

)
f (t1, ..., ts) dt1...dts , (3.5.6)

where

G (t1, ..., ts) =

(zt)
(
z
′
)
t

′
k∏

m=1
[Γ (δm)]

rm
k
′∏

m′=1

[
Γ
(
δ
′

m′

)]r′
m
′

h∏
l=1

[Γ (γ
l
)]
dl

h′∏
l′=1

[
Γ
(
γ
′

l
′

)]d′
l
′

×

s∑
i=1

UiRi≤V∑
R1,...,Rs=0

(−V ) s∑
i=1

UiRi
A (V,R1, ..., Rs)

ERi
i

Ri!

×

s∑
i=1

U
′
iR
′
i≤V

′∑
R
′
1,...,R

′
s=0

(
−V

′
)

s∑
i=1

U
′
iR
′
i

A
(
V
′
, R
′

1, ..., R
′

s

) E ′iR′i
R
′
i!

×
∞∑

D′=0

θ
(
SD′ ,1

) [
(−1)

ρ
′
{
−
(
z
′
)a′}]SD′ ,1

t
e
′
jR
′
j+Λ

′
jt
′
+Λ
′
ja
′
S
D
′
,1

j

×
∞∑
n=0

Γ
(
σ
′

j + θ
′

jt
′
+ f

′

jR
′

j + θ
′

ja
′
SD′ ,1

)
Γ (n+ 1)

(1− tj)σj+θjt+σ
′
j+θ

′
jt
′
+fjRj+f

′
jR
′
j+θ

′
ja
′
S
D
′
,1

+n−1

×Hs+1,h+s+1

h+2s+1,k+2s+2

(−1)
ρ

(−za)
s∏
j=1

(1− tj)θja |
C∗

D∗

 , (3.5.7)

here

C∗ = (0, 1; 1) , (1− γi, qi; di)1,h , (1− σj − θjt− fjRj − n, θja; 1)1,s ;(
−πj − Λjt− ejRj + σ

′

j +
(
e
′

j + f
′

j

)
R
′

j + π
′

j +
(

Λ
′

j + θ
′

j

)
t
′

+
(

Λ
′

j + θ
′

j

)
a
′
SD′ ,1,Λja

)
1,s

(3.5.8)
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and

D∗ = (0, 1) ,
(
−πj − Λjt− ejRj + σ

′

j +
(
e
′

j + f
′

j

)
R
′

j + π
′

j + n+
(

Λ
′

j + θ
′

j

)
t
′

+
(

Λ
′

j + θ
′

j

)
a
′
SD′ ,1,Λja

)
1,s

; (1− β, α; 1) ,
(
1− δj , pj ; 1

)
1,k
,(

1− σj − σ
′

j − θjt− θ
′

jt
′
− n− fjRj − f

′

jR
′

j − θ
′

ja
′
SD′ ,1, θja; 1

)
1,s

(3.5.9)

where SD′ ,1 and θ
(
SD′ ,1

)
can be obtained from (3.1.7) by replacing param-

eters with suitable parameters with dashes and the following conditions are

satisfied :

(1)minRe [1 + πj + Λjt] > 0,minRe
[
1 + π

′

j + Λ
′

jt
′
+ ψj

]
> 0,

(2)minRe [σj + θjt] > 0,minRe
[
σ
′

j + θ
′

jt
′
]
> 0, where j = 1, ..., s.


(3.5.10)

Result 9

Jπ
′
,σ
′
;e
′
,f
′
;Λ
′
,θ
′

x;U ′ ,V ′ ;z′

{
Jπ,σ;e,f ;Λ,θ
y;U,V ;z [f (t1, ..., ts)]

}
=

(
s∏
j=1

x
π
′
j

j

)

×
ˆ ∞
x1

...

ˆ ∞
xs

(
s∏
j=1

t
−π
′
j−1

j

)
G

(
x1

t1
, ...,

xs
ts

)
f (t1, ..., ts) dt1...dts , (3.5.11)

where f (t1, ..., ts) ∈ A, the operator defined by the L.H.S. of (3.5.11) exists,

G (t1, ..., ts) is given by (3.5.7) and following conditions are satisfied :

(1)Re [Wj] > 0 or Re [Wj] = 0, minRe [1 + πj + Λjt + σj + θjt + ζj] > 0,

(2)min Re [σj + θjt] > 0, min Re
[
σ
′

j + θ
′

jt
′
]
> 0, where j = 1, ..., s.


(3.5.12)
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Proof: To prove result 7, first of all we write I and J−multidimensional

fractional integral operators involved in the L.H.S. of equation (3.5.1), in the

integral form by using the definition of I and J−fractional integral operators

(3.1.11) and (3.1.13) respectively, then we get the following integral:

Iπ,σ;e,f ;Λ,θ
x;U,V ;z

{
Jπ
′
,σ
′
;e
′
,f
′
;Λ
′
,θ
′

y;U ′ ,V ′ ;z′
[f (t1, ..., ts)]

}
=

(
s∏
j=1

x
−πj−σj
j

)ˆ x1

0

...

ˆ xs

0

[
s∏
j=1

y
πj
j (xj − yj)σj−1

]

× SU1,...,Us
V

[
E1

(
y1

x1

)e1 (
1− y1

x1

)f1
, ..., Es

(
ys
xs

)es (
1− ys

xs

)fs]

× tE
h
k

[
z

s∏
j=1

(
yj
xj

)Λj (
1− yj

xj

)θj]( s∏
j=1

y
π
′
j

j

)ˆ ∞
y1

...

ˆ ∞
ys

s∏
j=1

t
−π
′
j−σ

′
j

j (tj − yj)σ
′
j−1

× SU
′
1,...,U

′
s

V ′

E ′1(y1

t1

)e′1 (
1− y1

t1

)f ′1
, ..., E

′

s

(
ys
ts

)e′s (
1− ys

ts

)f ′s
×

t
′Eh

′

k′

z′ s∏
j=1

(
yj
tj

)Λ
′
j
(

1− yj
tj

)θ′j f (t1, ..., ts) dt1...dtsdy1...dys .

(3.5.13)

After this, by interchanging the order of tj and yj integrals (which is

permissible under the conditions stated) we get

Iπ,σ;e,f ;Λ,θ
x;U,V ;z

{
Jπ
′
,σ
′
;e
′
,f
′
;Λ
′
,θ
′

y;U ′ ,V ′ ;z′
[f (t1, ..., ts)]

}
=

ˆ x1

0

...

ˆ xs

0

{ˆ t1

0

...

ˆ ts

0

Ωdy1...dys

}
f (t1, ..., ts) dt1...dts

+

ˆ ∞
x1

...

ˆ ∞
xs

{ˆ x1

0

...

ˆ xs

0

Ωdy1...dys

}
f (t1, ..., ts) dt1...dts

=

ˆ x1

0

...

ˆ xs

0

I1f (t1, ..., ts) dt1...dts +

ˆ ∞
x1

...

ˆ ∞
xs

I2f (t1, ..., ts) dt1...dts ,

(3.5.14)
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where

Ω =

(
s∏
j=1

x
−πj−σj
j t

−π
′
j−σ

′
j

j y
πj+π

′
j

j (xj − yj)σj−1
(tj − yj)σ

′
j−1

)

× SU1,...,Us
V

[
E1

(
y1

x1

)e1 (
1− y1

x1

)f1
, ..., Es

(
ys
xs

)es (
1− ys

xs

)fs]

× SU
′
1,...,U

′
s

V ′

E ′1(y1

t1

)e′1 (
1− y1

t1

)f ′1
, ..., E

′

s

(
ys
ts

)e′s (
1− ys

ts

)f ′s
× tE

h
k

[
z

s∏
j=1

(
yj
xj

)Λj (
1− yj

xj

)θj]
t
′Eh

′

k′

z′ s∏
j=1

(
yj
tj

)Λ
′
j
(

1− yj
tj

)θ′j dy1...dys

(3.5.15)

and

I1 =

ˆ t1

0

...

ˆ ts

0

Ωdy1...dys, I2 =

ˆ x1

0

...

ˆ xs

0

Ωdy1...dys . (3.5.16)

Now to find I1, involved in the integral on the R.H.S. of (3.5.14), we write

both the multivariable polynomials SU1,...,Us
V , SU

′
1,...,U

′
s

V ′
and the

t
′Eh

′

k′
-function

involved in terms of their series expansion using equations (3.1.1) and (1.2.1)

respectively, the E-function is expressed in terms of the Mellin-Barne’s type

contour integral form defined by (1.3.1). Then interchanging the order of

summations and Mellin-Barne’s type contour integral with yj-integral and

further, evaluating the yj-integral, we have

I1 =

ˆ t1

0

...

ˆ ts

0

Ωdy1...dys =

(zt)
(
z
′
)
t

′
k∏

m=1
[Γ (δm)]

rm
k
′∏

m′=1

[
Γ
(
δ
′

m′

)]r′
m
′

h∏
l=1

[Γ (γ
l
)]
dl

h′∏
l′=1

[
Γ
(
γ
′

l
′

)]d′
l
′
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×

s∑
i=1

UiRi≤V∑
R1,...,Rs=0

(−V ) s∑
i=1

UiRi
A (V,R1, ..., Rs)

ERi
i

Ri!

×

s∑
i=1

U
′
iR
′
i≤V

′∑
R
′
1,...,R

′
s=0

(
−V

′
)

s∑
i=1

U
′
iR
′
i

A
(
V
′
, R
′

1, ..., R
′

s

) E ′R′ii

R
′
i!

× 1

2πi

ˆ
L

φ (ξ) {(−1)
ρ

(−za)}ξ
∞∑

D′=0

θ
(
SD′ ,1

) [
(−1)

ρ
′
{
−
(
z
′
)a′}]SD′ ,1

×

(
s∏
j=1

t
−e
′
jR
′
j−f

′
jR
′
j−Λ

′
ja
′
S
D
′
,1
−θ
′
ja
′
S
D
′
,1

j x
−ejRj−fjRj−Λjaξ−θjaξ
j

)

×
ˆ t1

0

...

ˆ ts

0

s∏
j=1

y
πj+Λjt+π

′
j+Λ

′
jt
′
+ejRj+e

′
jR
′
j+Λjaξ+Λ

′
ja
′
S
D
′
,1

j

× (xj − yj)σj+θjt+fjRj+θjaξ−1
(tj − yj)σ

′
j+θ

′
jt
′
+f
′
jR
′
j+θ

′
ja
′
S
D
′
,1
−1
dy1...dysdξ .

(3.5.17)

After this, we put yj = tjuj in (3.5.17) and integrate it with the help of

the result [195, p. 47, Th. 1.6] we obtain the following equation:

I1 =

(zt)
(
z
′
)
t

′
k∏

m=1
[Γ (δm)]

rm
k
′∏

m′=1

[
Γ
(
δ
′

m′

)]r′
m
′

h∏
l=1

[Γ (γ
l
)]
dl

h′∏
l′=1

[
Γ
(
γ
′

l
′

)]d′
l
′

×

s∑
i=1

UiRi≤V∑
R1,...,Rs=0

(−V ) s∑
i=1

UiRi
A (V,R1, ..., Rs)

ERi
i

Ri!

×

s∑
i=1

U
′
iR
′
i≤V

′∑
R
′
1,...,R

′
s=0

(
−V

′
)

s∑
i=1

U
′
iR
′
i

A
(
V
′
, R
′

1, ..., R
′

s

) E ′R′ii

R
′
i!

×
∞∑

D′=0

θ
(
SD′ ,1

) [
(−1)

ρ
′
{
−
(
z
′
)a′}]SD′ ,1 1

2πi

ˆ
L

φ (ξ)

× {(−1)
ρ

(−za)}ξ tπj+Λjt+ejRj+Λjaξ
j x

−πj−Λjt−ejRj−Λjaξ−1
j
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×
Γ
(
πj + Λjt + π

′

j + Λ
′

jt
′
+ ejRj + e

′

jR
′

j + Λ
′

ja
′
SD′ ,1 + Λjaξ + 1

)
Γ
(
πj + Λjt + π

′
j + Λ

′
jt
′ + σ

′
j + θ

′
jt
′ + ejRj

Γ
(
σ
′

j + θ
′

jt
′
+ f

′

jR
′

j + θ
′

ja
′
SD′ ,1

)
+
(
e
′
j + f

′
j

)
R
′
j +
(
Λ
′
j + θ

′
j

)
a′SD′ ,1 + 1

)
× 2F1

 1− σj − θjt + fjRj + θjaξ, 1 + πj + Λjt + π
′

j

1 + πj + Λjt + π
′

j + Λ
′

jt
′
+ σ

′

j + θ
′

jt
′
+ ejRj

+Λ
′

jt
′
+ ejRj + e

′

jR
′

j + Λ
′

ja
′
SD′ ,1 + Λjaξ

+
(
e
′

j + f
′

j

)
R
′

j +
(

Λ
′

j + θ
′

j

)
a
′
SD′ ,1 + Λjaξ

;
t

x

 dξ . (3.5.18)

Finally, we transform RHS of (3.5.18), using the following result [156,

p. 60, Eq. (5)]

2F1 (a, b; c; z) = (1− z)
c−a−b

2F1 (c− a, c− b; c; z) , |z| < 1 (3.5.19)

and expand the 2F1 thus deduced in the series form and re-arranging the

result in terms of H-function we obtain the solution of I1.

To find I2 =
´ x1

0 ...
´ xs

0 Ωdy1...dys, we follow the same procedure as it is

mentioned above with the only difference that we substitute yj = xjuj in

the corresponding expression to (3.5.17). By writing the values of I1 and I2

in (3.5.14 ), we get the required result (3.5.1).

To prove (3.5.6), we express the I operator present in the LHS of (3.5.6)
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in the integral form using the equation (3.1.11), we have

Iπ,σ;e,f ;Λ,θ
x;U,V ;z

{
Iπ
′
,σ
′
;e
′
,f
′
;Λ
′
,θ
′

y;U ′ ,V ′ ;z′
[f (t1, ..., ts)]

}
=

(
s∏
j=1

x
−πj−σj
j

)ˆ x1

0

...

ˆ xs

0

(
s∏
j=1

t
π
′
j

j

)
f (t1, ..., ts) ∆dt1...dts , (3.5.20)

where

∆ =

ˆ x1

t1

...

ˆ xs

ts

[
s∏
j=1

y
πj−π

′
j−σ

′
j

j (xj − yj)σj−1
(yj − tj)σ

′
j−1

]

× SU1,...,Us
V

[
E1

(
y1

x1

)e1 (
1− y1

x1

)f1
, ..., Es

(
ys
xs

)es (
1− ys

xs

)fs]

× SU
′
1,...,U

′
s

V ′

E ′1( t1y1

)e′1 (
1− t1

y1

)f ′1
, ..., E

′

s

(
ts
ys

)e′s (
1− ts

ys

)f ′s
× tE

h
k

[
z

s∏
j=1

(
yj
xj

)Λj (
1− yj

xj

)θj]
t
′Eh

′

k′

z′ s∏
j=1

(
tj
yj

)Λ
′
j
(

1− tj
yj

)θ′j
× dy1...dys . (3.5.21)

To find ∆, first of all we express both the multivariable polynomials

SU1,...,Us
V , SU

′
1,...,U

′
s

V ′
and

t
′Eh

′

k′
-function involved in terms of their respective

series with the help of equations (3.1.11) and (3.1.13) respectively, and ex-

press the E-function in terms of the Mellin-Barnes type contour integral

by using (3.1.1). Then interchanging the order of summations and Mellin-

Barnes contour integral with yj-integral, we get

∆ =

(zt)
(
z
′
)
t

′
k∏

m=1
[Γ (δm)]

rm
k
′∏

m′=1

[
Γ
(
δ
′

m′

)]r′
m
′

h∏
l=1

[Γ (γ
l
)]
dl

h′∏
l′=1

[
Γ
(
γ
′

l
′

)]d′
l
′
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×

s∑
i=1

UiRi≤V∑
R1,...,Rs=0

(−V ) s∑
i=1

UiRi
A (V,R1, ..., Rs)

ERi
i

Ri!

×

s∑
i=1

U
′
iR
′
i≤V

′∑
R
′
1,...,R

′
s=0

(
−V

′
)

s∑
i=1

U
′
iR
′
i

A
(
V
′
, R
′

1, ..., R
′

s

) E ′R′ii

R
′
i!

× 1

2πi

ˆ
L

φ (ξ) {(−1)
ρ

(−za)}ξ
∞∑

D′=0

θ
(
SD′ ,1

) [
(−1)

ρ
′
{
−
(
z
′
)a′}]SD′ ,1

×
s∏
j=1

x
−πj−σj−Λjt−θjt−ejRj−fjRj−θjaξ−Λjaξ
j

ˆ x1

0

...

ˆ xs

0

s∏
j=1

t
π
′
j+Λ

′
jt
′
+e
′
jR
′
j+Λ

′
ja
′
S
D
′
,1

j

×

[ˆ x1

t1

...

ˆ xs

ts

s∏
j=1

y
πj−π

′
j−σ

′
j+Λjt−Λ

′
jt
′
−θ
′
jt
′
+ejRj−e

′
jR
′
j−f

′
jR
′
j+Λjaξ−Λ

′
ja
′
S
D
′
,1
−θ
′
ja
′
S
D
′
,1

j

× (xj − yj)σj+θjt+fjRj+θjaξ−1
(yj − tj)σ

′
j+θ

′
jt
′
+f
′
jR
′
j+θ

′
ja
′
S
D
′
,1
−1
dy1...dys

]
dξ .

(3.5.22)

Now we put xj−yj
xj−tj = uj in (3.5.22) and calculate the uj integral thus

obtained by using the following result [60, p. 287, Eq. 3.197(8)]

ˆ 1

0

xν−1 (x+ a)
λ

(1− x)
µ−1

dx = aλB (µ, ν) 2F1

(
−λ, ν;µ+ ν;−1

a

)
.

(3.5.23)

Now rearranging the result thus obtained in terms of the H−function

and substituting the value in (3.5.20), then we get the result (3.5.6), after

little arrangements.

On the similar lines, the proof of result 9 can be developed, so we omit

the details.
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3.6 SPECIAL CASE OF COMPOSITION FORMULAE

Here, we show a two dimensional analogue of second composition formula.

By putting s = 2 and assuming the generalized class of polynomials as unity,

we get

Iπ,m,σ,n;η,ϑ,λ,µ
x,y;z

{
Iπ
′
,m
′
,σ
′
,n
′
;η
′
,ϑ
′
,λ
′
,µ
′

s,t;z′
[f (u, v)]

}
= Iπ,m,σ,n;η,ϑ,λ,µ

x,y;z

{
s−π

′
−σ
′

t−m
′
−n
′
ˆ s

0

ˆ t

0

(s− u)
σ
′
−1

(t− v)
n
′
−1

×
t
′Eh

′

k′

[
z
′
(u
s

)η′ (v
t

)ϑ′ (
1− u

v

)λ′ (
1− v

t

)µ′]
uπ
′

vm
′

f (u, v) dudv

}

=

(zt)
(
z
′
)
t

′
k∏

m=1
[Γ (δm)]

rm
k
′∏

m′=1

[
Γ
(
δ
′

m′

)]r′
m
′

h∏
l=1

[Γ (γ
l
)]
dl

h′∏
l′=1

[
Γ
(
γ
′

l
′

)]d′
l
′

∞∑
D′=0

θ
(
SD′ ,1

) [
(−1)

ρ
′
{
−
(
z
′
)a′}]SD′ ,1

×
∞∑
l=0

x
−σ−λt−σ

′
−λ
′
t

′
−π
′
−η
′
t

′
−l−

(
η
′
+λ
′)
a
′
S
D
′
,1

Γ (l + 1)
y
−n−µt−n

′
−µ
′
t

′
−m
′
−ϑ
′
t

′
−l−

(
ϑ
′
+µ
′)
a
′
S
D
′
,1

× Γ
(
σ
′

j + λ
′
t
′
+ λ

′
a
′
SD′ ,1

)
Γ
(
n
′
+ µ

′
t
′
+ µ

′
a
′
SD′ ,1

)ˆ x

0

ˆ y

0

u
π
′
+η
′
t

′
+η
′
a
′
S
D
′
,1

× (x− u)
σ+σ

′
+λt+λ

′
t

′
+λ
′
a
′
S
D
′
,1

+l−1
(y − v)

n+n
′
+µt+µ

′
t

′
+µ
′
a
′
S
D
′
,1

+l−1
v
m
′
+ϑ
′
t

′
+ϑ
′
a
′
S
D
′
,1

×H3,h+3

h+5,k+6

(−1)
ρ

(−za)
(

1− u

x

)λa(
1− v

y

)µa
|
A∗∗

B∗∗

 f (u, v) dudv ,

(3.6.1)

where

A∗∗ = (1− σ − λt− l, λa; 1) ,
(

1− n− µt− l, µ
′
a
′
; 1
)
, (1− γi, qi; di)1,h ,

(0, 1; 1) ;
(
−m+m

′
+ n

′
− ϑt +

(
ϑ
′
+ µ

′
)
t
′
+
(
ϑ
′
+ µ

′
)
a
′
SD′ ,1, ϑa

)
,(

π
′
− π + σ

′
− ηt +

(
η
′
+ λ

′
)
t
′
+
(
η
′
+ λ

′
)
a
′
SD′ ,1, ηa

)
(3.6.2)
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and

B∗∗ =
(
m
′
+ n

′
−m− ϑt + l +

(
ϑ
′
+ µ

′
)
t
′
+
(
ϑ
′
+ µ

′
)
a
′
SD′ ,1, ϑa

)
,(

π
′
− π + σ

′
− ηt + l +

(
η
′
+ λ

′
)
t
′
+
(
η
′
+ λ

′
)
a
′
SD′ ,1, ηa

)
, (0, 1) ;(

1− σ − σ
′
− λt− λ

′
t
′
− l − λ

′
a
′
SD′ ,1, λa; 1

)
,
(
1− δj , pj ; 1

)
1,k
,

(1− β, α; 1) ,
(

1− n− n
′
− µt− µ

′
t
′
− l − µ

′
a
′
SD′ ,1, µa; 1

)
(3.6.3)

the appropriate conditions can be found from conditions (3.5.10).

3.7 CONCLUSIONS AND FUTURE WORK

From results 7 and 9, similar two dimensional formulae can be deduced. By

taking the E-function to unity, these formulae can be reduced to the results

derived by Raina [154, p. 511-513, Eqs. (2.8), (2.9) & (2.15)].

If we reduce both the generalized class of polynomials and the E-function

to unity, in these composition formula then we obtain the multidimensional

analogue introduced by Erdélyi [33, p. 166, Eq. (6.2); p. 167, Eq. (6.3)]. Also

we can obtain the corresponding result derived by Goyal and Jain [57, p. 253,

Eq. (2.4); p. 254, Eq. (2.7); p. 255, Eq. (2.12)] by reducing the generalized

class of polynomials to unity and the E-function to the generalized hyper-

geometric function.
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CHAPTER 4

FRACTIONAL INTEGRAL

TRANSFORMATIONS OF THE

E-FUNCTION

Publications:

1. Fractional integral transformations of Mittag-Leffler type E-function,

South East Asian Journal of Mathematics and Mathematical Sciences 11,

No. 1(2015), 31-38.

2. The Mellin-Barnes type contour integral representation of a new Mittag-

Leffler type E-function, American Journal of Mathematical Science and Ap-

plications 2, No. 2(2014), 137-141.

An integral transform is useful if it allows to turn a complicated problem

into a simpler one. To be definite suppose that we want to solve a differential

equation, with unknown function f . One first applies the transform to the

differential equation to turn it into an equation one can solve easily often an

algebraic equation for the transform F of f . One then solves this equation

for F and finally applies the inverse transform to find f .
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4. FRACTIONAL INTEGRAL TRANSFORMATIONS OF THE
E-FUNCTION

In this chapter, we study various fractional integral transformations of

the E-function [11]. First we establish Riemann-Liouville fractional integral

transformation of the E-function then obtain various special cases. Further

establish Erdélyi-Kober and generalized fractional integral transformation

of the E-function then obtain various special cases. Finally discuss second

form of Mellin-Barnes type contour integral representation of the E-function

then obtain various special cases.

4.1 DEFINITIONS

4.1.1 Riemann-Liouville Fractional Integral Transform

The Riemann-Liouville fractional integral transform
(
Iθ
c+

Ψ
)

(x) [164] is de-

fined as follows:

(
Iθ
c+

Ψ
)

(x) =
1

Γ (θ)

ˆ x

c

(x− t)θ−1
Ψ (t) dt, (4.1.1)

where θ ∈ C and< (θ) > 0.

4.1.2 Erdélyi-Kober Fractional Integral Transform

The Erdélyi-Kober fractional integral transform
(

Ξ
η,θ

0+
f
)

(x) [164] is defined

as follows:

(
Ξ
η,θ

0+
f
)

(x) =
x−η−θ

Γ (η)

ˆ x

0

(x− t)η−1
tθf (t) dt, (4.1.2)

where η, θ ∈ C;< (η) > 0 and< (θ) > 0.
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c+

4.2 THE IMAGE OF E-FUNCTION UNDER THE

RIEMANN-LIOUVILLE (R-L) OPERATOR I
θ

c+

Theorem 1. If convergence conditions (1.2.2) are satisfied also θ ∈ C and

< (θ) > 0 then the R-L transform I
θ

c+
of the E-function is

(
Iθ
c+

[
tE

h
k (t− c)

])
(x) =

1

(t + 1)θ

× θ+tE
h+1
k+1

(x− c)
(ρ, a) ; (γi, qi, si)1,h , (t + 1, a, 1)

(α, β) ;
(
δj , pj , rj

)
1,k
, (t + θ + 1, a, 1)

 . (4.2.1)

Proof. We obtain the R-L transform I
θ

c+
of the E-function as follows

(
I
θ

c+

[
tE

h
k (t− c)

])
(x) =

1

Γ (θ)

ˆ x

c

(x− t)θ−1
∞∑
n=0

Φ (n) (t− c)an+t

dt,

(4.2.2)

where

Φ (n) =

[
(γ1)q

1
n

]s1 [
(γ2)q

2
n

]s2
...
[
(γ

h
)
q
h
n

]s
h

(−1)
ρn[

(δ1)p
1
n

]r1 [
(δ2)p

2
n

]r2
...
[
(δ
k
)
p
k
n

]r
k

Γ (αn+ β)
· (4.2.3)

Then

(
Iθ
c+

[
tE

h
k (t− c)

])
(x) =

1

(t + 1)θ

∞∑
n=0

Φ (n)
(t + 1)an

(t + θ + 1)an
(x− c)an+θ+t

=
1

(t + 1)θ
θ+tE

h+1
k+1

(x− c)
(ρ, a) ; (γi, qi, si)1,h , (t + 1, a, 1)

(α, β) ;
(
δj , pj , rj

)
1,k
, (t + θ + 1, a, 1)

 .
(4.2.4)
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4. FRACTIONAL INTEGRAL TRANSFORMATIONS OF THE
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4.2.1 Special Cases of Theorem 1

1. R-L transform I
θ

c+
of the M-L type function (0.7.7)

[
Iθ
c+

{
E(1/ρi),(µi)

(t)
}]

(x) =
1

(θ)!
m−1∏
j=1

Γ
(
µj
)

×θE1
m

(x− c)
(0, 1) ; (1, 1, 1)

(1/ρm, µm) ; (µ1, 1/ρ1, 1) , . . . , (µm−1, 1/ρm−1, 1) , (θ + 1, 1, 1)

 .
(4.2.5)

2. R-L transform I
θ

0+
of the M-L type function (0.7.11)

[
I
θ

0+
{Eγ,κ [(α1, β1) , . . . , (αm, βm) ; t]}

]
(x) =

1

(θ)!
m∏
j=1

Γ
(
βj
)

× θE
2
m+1

x (0, 1) ; (γ, κ, 1) , (1, 1, 1)

(1, 1) ; (β1, α1, 1) , . . . , (βm, αm, 1) , (θ + 1, 1, 1)

 .
(4.2.6)

3. R-L transform I
θ

0+
of the M-L type function (0.7.13)

[
I
θ

0+

{
HE

λ1 ,...,λν
µ1 ,...,µν (t)

}]
(x) =

xθ

(M + 1)θ

ν−1∏
j=1

Γ
(
1 + µj

)

× ME
1
ν

xΛ (1,Λ) ; (M + 1,Λ, 1)

(λν , 1 + µν) ; (1 + µi, λi, 1)1,ν−1 , (M + θ + 1,Λ, 1)

 .
(4.2.7)
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4.3 THE IMAGE OF E-FUNCTION UNDER THE ERDÉLYI-

KOBER (E-K) OPERATOR Ξ
η,θ

0+

Theorem 2. If convergence conditions (1.2.2) are satisfied also η, θ ∈

C,< (η) > 0 and< (θ) > 0, then the E-K transform Ξ
η,θ

0+
of the E-function

is

(
Ξ
η,θ

0+

[
tE

h
k (t)

])
(x) =

1

(t + θ + 1)η

× tE
h+1
k+1

x (ρ, a) ; (γi, qi, si)1,h , (t + θ + 1, a, 1)

(α, β) ;
(
δj , pj , rj

)
1,k
, (t + η + θ + 1, a, 1)

 . (4.3.1)

Proof. We obtain the E-K transform Ξ
η,θ

0+
of the E-function as follows

(
Ξ
η,θ

0+

[
tE

h
k (t)

])
(x) =

x−η−θ

Γ (η)

ˆ x

0

(x− t)η−1
tθ
∞∑
n=0

Φ (n) tan+tdt, (4.3.2)

where

Φ (n) =

[
(γ1)q

1
n

]s1 [
(γ2)q

2
n

]s2
...
[
(γ

h
)
q
h
n

]s
h

(−1)
ρn[

(δ1)p
1
n

]r1 [
(δ2)p

2
n

]r2
...
[
(δ
k
)
p
k
n

]r
k

Γ (αn+ β)
· (4.3.3)

Then

(
Ξ
η,θ

0+

[
tE

h
k (t)

])
(x) =

1

(t + θ + 1)η

∞∑
n=0

Φ (n)
(t + θ + 1)an

(t + θ + η + 1)an
xan+t

=
1

(t + θ + 1)η
tE

h+1
k+1

x (ρ, a) ; (γi, qi, si)1,h , (t + θ + 1, a, 1)

(α, β) ;
(
δj , pj , rj

)
1,k
, (t + η + θ + 1, a, 1)

 .
(4.3.4)
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E-FUNCTION

4.3.1 Special Cases of Theorem 2

1. E-K transform Ξ
η,θ

0+
of the M-L type function (0.7.7)

[
Ξ
η,θ

0+

{
E(1/ρi),(µi)

(t)
}]

(x) =
1

(θ + 1)η

m−1∏
j=1

Γ
(
µj
)

×0E
1
m

x (0, 1) ; (θ + 1, 1, 1)

(1/ρm, µm) ; (µ1, 1/ρ1, 1) , . . . , (µm−1, 1/ρm−1, 1) , (η + θ + 1, 1, 1)

 .
(4.3.5)

2. E-K transform Ξ
η,θ

0+
of the M-L type function (0.7.11)

[
Ξ
η,θ

0+
{Eγ,κ [(α1, β1) , . . . , (αm, βm) ; t]}

]
(x) =

1

(θ + 1)η

m∏
j=1

Γ
(
βj
)

× 0E
2
m+1

x (0, 1) ; (γ, κ, 1) , (θ + 1, 1, 1)

(1, 1) ; (β1, α1, 1) , . . . , (βm, αm, 1) , (η + θ + 1, 1, 1)

 .
(4.3.6)

3. E-K transform Ξ
η,θ

0+
of the M-L type function (0.7.13)

[
Ξ
η,θ

0+

{
HE

λ1 ,...,λν
µ1 ,...,µν (t)

}]
(x) =

1

(M + θ + 1)η

m∏
j=1

Γ
(
1 + µj

)

× ME
1
ν

xΛ (1,Λ) ; (M + θ + 1,Λ, 1)

(λν , 1 + µν) ; (1 + µi, λi, 1)1,ν−1 , (M + η + θ + 1,Λ, 1)

 .
(4.3.7)
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4.4 THE IMAGE OF E-FUNCTION UNDER THE GEN-

ERALIZED INTEGRAL OPERATOR

Theorem 3. If convergence conditions (1.2.2) are satisfied also η, θ, σ ∈

C,< (η) > 0,< (θ) > 0, < (σ) > 0, and t, x, v ∈ R, then

ˆ x

t

(x− s)η−1
(s− t)θ−1

tE
h
k {v (s− t)σ} ds = (x− t)η+θ−1

B (θ + σt, η)

× tE
h+1
k+1

v (x− t)σ
(ρ, a) ; (γi, qi, si)1,h , (θ + σt, σa, 1)

(α, β) ;
(
δj , pj , rj

)
1,k
, (η + θ + σt, σa, 1)

 . (4.4.1)

Corollary 1. If convergence conditions (1.2.2) are satisfied also η, θ, σ ∈

C,< (η) > 0,< (θ) > 0, < (σ) > 0, and x, v ∈ R, then

ˆ x

0

(x− s)η−1
sθ−1

tE
h
k {vsσ} ds = xη+θ−1B (θ + σt, η)

× tE
h+1
k+1

vxσ (ρ, a) ; (γi, qi, si)1,h , (θ + σt, σa, 1)

(α, β) ;
(
δj , pj , rj

)
1,k
, (η + θ + σt, σa, 1)

 . (4.4.2)

Corollary 2. If convergence conditions (1.2.2) are satisfied also θ, σ ∈

C,< (θ) > 0,< (σ) > 0, and x, v ∈ R, then

ˆ x

0

sθ−1
tE

h
k (vsσ) ds =

(
xθ

σt + θ

)

× tE
h+1
k+1

vxσ (ρ, a) ; (γi, qi, si)1,h , (θ + σt, σa, 1)

(α, β) ;
(
δj , pj , rj

)
1,k
, (θ + σt + 1, σa, 1)

 . (4.4.3)
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4. FRACTIONAL INTEGRAL TRANSFORMATIONS OF THE
E-FUNCTION

Proof. We prove the theorem as follows

ˆ x

t

(x− s)η−1
(s− t)θ−1

tE
h
k {v (s− t)σ} ds

=

ˆ x

t

(x− s)η−1
(s− t)θ−1

∞∑
n=0

Φ (n) van+t {(s− t)σ}an+t

ds, (4.4.4)

where

Φ (n) =

[
(γ1)q

1
n

]s1 [
(γ2)q

2
n

]s2
...
[
(γ

h
)
q
h
n

]s
h

(−1)
ρn[

(δ1)p
1
n

]r1 [
(δ2)p

2
n

]r2
...
[
(δ
k
)
p
k
n

]r
k

Γ (αn+ β)
· (4.4.5)

Then ˆ x

t

(x− s)η−1
(s− t)θ−1

tE
h
k {v (s− t)σ} ds

=
Γ (η) (x− t)η+θ−1

(t + 1)θ

∞∑
n=0

Φ (n)
(θ + σt)σan

(θ + σt + η)σan
{v (x− t)σ}an+t

= (x− t)η+θ−1
B (θ + σt, η)

× tE
h+1
k+1

v (x− t)σ
(ρ, a) ; (γi, qi, si)1,h , (θ + σt, σa, 1)

(α, β) ;
(
δj , pj , rj

)
1,k
, (η + θ + σt, σa, 1)

 . (4.4.6)

4.4.1 Special Cases of Theorem 3

1. General integral transform of the M-L type function (0.7.7)

ˆ x

t

(x− s)η−1
(s− t)θ−1

E(1/ρi),(µi)
[v (s− t)σ] ds =

(x− t)η+θ−1
B (θ, η)

m−1∏
j=1

Γ
(
µj
)

× 0E
1
m

v (x− t)σ
(0, 1) ; (θ, σ, 1)

(1/ρm, µm) ; (µi, 1/ρi, 1)1,m−1 , (η + θ, σ, 1)

 .
(4.4.7)
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2. General integral transform of the M-L type function (0.7.11)

ˆ x

t

(x− s)η−1
(s− t)θ−1

Eγ,κ [(α1, β1) , . . . , (αm, βm) ; (s− t)] ds

=
(x− t)η+θ−1

B (θ, η)
m∏
j=1

Γ
(
βj
) 0E

2
m+1

(x− t)
(0, 1) ; (γ, κ, 1) , (θ, 1, 1)

(1, 1) ; (βi, αi, 1)1,m , (η + θ, 1, 1)

 .
(4.4.8)

3. General integral transform of the M-L type function (0.7.13)

ˆ x

t

(x− s)η−1
(s− t)θ−1

HE
λ1 ,...,λν
µ1 ,...,µν [v (s− t)σ] ds =

(x− t)η+θ−1
B (θ + σM, η)

ν−1∏
j=1

Γ
(
1 + µj

)

×ME1
ν

v (x− t)σ

Λ

(1,Λ) ; (θ + σM, σΛ, 1)

(λν , 1 + µν) ; (1 + µi, λi, 1)1,ν−1 , (η + θ + σM, σΛ, 1)

 .
(4.4.9)

4.5 MELLIN-BARNES TYPE CONTOUR INTEGRAL

OF THE E-FUNCTION

Theorem 4. Let convergence conditions (1.2.2) are satisfied then the E-

function tE
h
k [z] can be represented as the Mellin-Barnes type contour inte-

gral as follows:

tE
h
k

z (ρ, a) ; (γ1, q1, s1) , . . . , (γh, qh, sh)

(α, β) ; (δ1, p1, r1) , . . . , (δk , pk , rk)

 =

k∏
v=1

[Γ (δv)]
rv

h∏
u=1

[Γ (γu)]
su
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× (ρ+ 1) zt

2πi

ˆ
L

Γ [(ρ+ 1) ζ] Γ [1− (ρ+ 1) ζ]
h∏
i=1

[Γ (γi − qiζ)]
si

Γ (β − αζ)
k∏
j=1

[
Γ
(
δj − pjζ

)]rj (−za)−ζ dζ,

(4.5.1)

where L is a suitable contour of integration that runs from c − i∞ to c +

i∞, c ∈ R and intended to separate the poles of the integrand at ζ = − n
ρ+1 for

all n ∈ N0 (to the left) from those at ζ = n+1
ρ+1 and at ζ =

γi+n

qi
, i = 1, . . . , h;

for all n ∈ N0 (to the right) .

Proof. The proof can be done similarly to that of Theorem 1 of chapter 1. �

4.5.1 Special Cases of Theorem 4

1. Put h = 1, s1 = 0; k = 1, r1 = 0; a = 1; ρ = 0; β = 1; t = 0 in

(4.5.1), then we get M-L function Eα (z) defined in 1903 by Gösta

Mittag-Leffler [133], as

0E
1
1

z (0, 1) ; (γ1, q1, 0)

(α, 1) ; (δ1, p1, 0)

 =
∞∑
n=0

zn

Γ(αn+ 1)

=
1

2πi

ˆ
L

Γ (ζ) Γ (1− ζ)

Γ (1− αζ)
(−z)

−ζ
dζ = Eα (z) . (4.5.2)

2. Put h = 1, s1 = 0; k = 1, r1 = 0; a = 1; ρ = 0; t = 0 in (4.5.1), then we

get generalized M-L function Eα,β (z) defined in 1905 by Wiman [215],

as

0E
1
1

z (0, 1) ; (γ1, q1, 0)

(α, β) ; (δ1, p1, 0)

 =
∞∑
n=0

zn

Γ(αn+ β)
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=
1

2πi

ˆ
L

Γ (ζ) Γ (1− ζ)

Γ (β − αζ)
(−z)

−ζ
dζ = Eα,β (z) . (4.5.3)

3. Put h = 1, s1 = 0; k = m− 1, r1 = . . . = rm−1 = 1, δ1 = µ1, . . . , δm−1 =

µm−1, p1 = 1/ρ1, . . . , pm−1 = 1/ρm−1;a = 1; ρ = 0; t = 0;α = 1/ρm; β = µm

in (4.5.1), then we get E(1/ρi),(µi)
(z) defined in 2000 by Kiryakova [95],

as

0E
1
m−1

z (0, 1) ; (γ1, q1, 0)

(1/ρm, µm) ; (µ1, 1/ρ1, 1) , . . . , (µm−1, 1/ρm−1, 1)


=

m−1∏
v=1

[Γ (µν)]
∞∑
n=0

1

Γ (µ1 + n/ρ1) . . .Γ (µm + n/ρm)
zn

=

m−1∏
v=1

[Γ (µν)]

2πi

ˆ
L

Γ (ζ) Γ (1− ζ)
m∏
j=1

[
Γ
(
µj − 1

ρj
ζ
)] (−z)

−ζ
dζ =

m−1∏
v=1

[Γ (µν)]E(1/ρi),(µi)
(z) .

(4.5.4)

4. Put h = 1, s1 = 1, γ1 = γ, q1 = δ; k = 1, r1 = 1, δ1 = 1, p1 = 1;a =

1; ρ = 0; t = 0 in (4.5.1), then we get M-L type function Ĕγ,δ
α,β (z)

defined in 2009 by Srivastava and Tomovski [204], as

0E
1
1

z (0, 1) ; (γ, δ, 1)

(α, β) ; (1, 1, 1)

 =
∞∑
n=0

(γ)nδ
Γ (αn+ β)

zn

n!

=
1

Γ (γ) 2πi

ˆ
L

Γ (ζ) Γ (γ − δζ)

Γ (β − αζ)
(−z)

−ζ
dζ = Ĕγ,δ

α,β (z) . (4.5.5)
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CHAPTER 5

FRACTIONAL DIFFERENTIAL

CALCULUS OF THE

E-FUNCTION

Publications:

1. Fractional differential calculus of Mittag-Leffler type the E-function (Com-

municated).

In this chapter, we study fractional differential calculus of the E-function

[11]. First we discuss essentials of fractional calculus [132] then give defini-

tion of fractional derivative in the Riemann-Liouville and the Caputo sense.

Next we mention a generalized Saigo fractional derivative operator and op-

erate upon SU1,...,Us
V tE

h
k [zt]. Finally establish some important theorems on

fractional differentiation of the E-function.

5.1 DEFINITIONS

Here we provide the essentials of fractional calculus:

The following equation demonstrate the formula usually attributed to
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Cauchy for evaluating the nth integration of the function f (t)

ˆ t

0

ˆ t

0

. . .

ˆ t

0︸ ︷︷ ︸
n times

f (τ) dτdτ...dτ︸ ︷︷ ︸
n times

=
1

(n− 1)!

ˆ t

0

(t− τ)
n−1

f(τ)dτ. (5.1.1)

Let us first define the Riemann-Liouville fractional integral operator tJµ

of order µ > 0

tJ
µf(t) =

1

Γ (µ)

ˆ t

0

(t− τ)
µ−1

f(τ)dτ, t > 0. (5.1.2)

By convention tJ
0 = I (Identity operator). We can prove

tJ
µ
tJ
ν = tJ

ν
tJ
µ = tJ

µ+ν , µ, ν > 0, (Semigroup Property) (5.1.3)

tJ
µtγ =

Γ (γ + 1)

Γ (γ + µ+ 1)
tγ+µ, µ ≥ 0, γ > −1, t > 0. (5.1.4)

The fractional derivative of order µ > 0 in the Riemann-Liouville sense,

is defined as the operator tDµ

tD
µ
tJ
µ = I, µ > 0. (5.1.5)

If m denotes the positive integer such that m−1 < µ ≤ m, we can obtain

tD
µf(t) =t D

m
tJ
m−µf(t), t > 0 (5.1.6)

hence

tD
µf(t) =


dm

dtm

[
1

Γ(m−µ)

´ t
0

f(τ)dτ

(t−τ)µ+1−m

]
,

dm

dtmf (t) ,

m− 1 < µ < m,

µ = m.

(5.1.7)
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For completion tD
0 = I. The semigroup property is no longer valid but

tD
µtγ =

Γ (γ + 1)

Γ (γ + 1− µ)
tγ−µ, µ ≥ 0, γ > −1, t > 0. (5.1.8)

However the property tD
µ = tJ

−µ is not generally valid. An alternative

definition of fractional derivative, which is due to Caputo, is

tD
µ
∗f(t) = tJ

m−µ
tD

mf(t). (5.1.9)

We note in general that

tD
m
tJ
m−µf (t) 6= tJ

m−µ
tD

mf (t) . (5.1.10)

1. Generalized Saigo Fractional Derivative Operator

Let 0 ≤ α < 1, β, η, x ∈ <, m ∈ N then the generalized modified

fractional derivative operator due to Saigo [160] is defined as

Dα,β,η
0,x,mf (x) =

d

dx


xm(β−η)

Γ (1− α)

ˆ x

0

(xm − tm)
−α

2F1


β − α; 1− η;

1− α;

1− tm

xm

 f (t) dtm

 .

(5.1.11)

The multiplicity of (xm − tm)
−α in equation (5.1.11) is removed by re-

quiring log (xm − tm)
−αto be real when (xm − tm) > 0, and is assumed to be

well defined in the unit disk. When m = 1 then the above operator reduces

to Saigo derivative operator Dα,β,η
0,x and Dα,α,η

0,x f (x) = Dα
xf (x).

On putting α = β and m = 1, in (5.1.11), it reduces to the Riemann-

Liouville fractional derivative operator given by Miller and Ross [132].
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E-FUNCTION

• Results Required

We will use following relations in establishing our results

αD
µ
x

(
xµ−1

)
=
dαxµ−1

dxα
=

Γ (µ)

Γ (µ− α)
xµ−α−1, α 6= µ (5.1.12)

Dm
k,α,x (xµ) =

m−1∏
p=0

Γ (µ+ pk + 1)

Γ (µ+ pk + 1− α)
xµ+km, α 6= µ+ 1 (5.1.13)

where α and k are not necessarily integers.

5.2 MAIN THEOREMS

Theorem 1. If convergence conditions (1.2.2) are satisfied, then

Dm
l,λ−µ,t

{
tλ−1SU1,...,Us

V [w1t
ϕ1 , . . . , wst

ϕs ] tE
h
k [zt] f (xt)

}

=

s∑
i=1

UiRi≤V∑
R1,...,Rs=0

(−V ) s∑
i=1

UiRi
A (V,R1, . . . , Rs)

wRii
Ri!

∞∑
c=0

Φ (c)
zac+t

Γ (αc+ β)

×tλ+∆+ml−1
m−1∏
ϑ=0

Γ (λ+ ∆ + ϑl)

Γ (µ+ ∆ + ϑl)

∞∑
n=0

(−x)
n

n!
Dn
x {f (x)}

× m+1Fm

 −n, λ+ ∆, . . . , λ+ ∆ + (m− 1) l;

µ+ ∆, . . . , µ+ ∆ + (m− 1) l;

t

 , (5.2.1)

where

Φ (c) =

[
(γ1)q

1
c

]s1 [
(γ2)q

2
c

]s2
...
[
(γ

h
)
q
h
c

]s
h

(−1)
ρc[

(δ1)p
1
c

]r1 [
(δ2)p

2
c

]r2
...
[
(δ
k
)
p
k
c

]r
k

Γ (αc+ β)
,

< (µ+ ∆ + ϑl) > 0,< (λ+ ∆ + ϑl) > 0, |t| < 1,

here ∆ = ϕ1R1 + ...+ ϕsRs + ac+ t, ϑ = 0, . . . ,m− 1; c = 0, 1, ... .
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Theorem 2. If convergence conditions (1.2.2) are satisfied, then

Dm
l,λ−µ,t

{
tλSU1,...,Us

V [w1t
ϕ1 , . . . , wst

ϕs ] tE
h
k [zt] f (xt)

}

=

s∑
i=1

UiRi≤V∑
R1,...,Rs=0

(−V ) s∑
i=1

UiRi
A (V,R1, . . . , Rs)

wRii
Ri!

∞∑
c=0

Φ (c)
zac+t

Γ (αc+ β)

×tλ+∆+ml−1
∞∑
n=0

(−t)−n

n!
Dn
x {xnf (x)}

m−1∏
ϑ=0

Γ (λ+ ∆ + ϑl) (1− µ−∆− ϑl)n
Γ (µ+ ∆ + ϑl) (1− λ−∆− ϑl)n

× m+1Fm


−n, λ+ ∆− n, . . . , λ+ ∆ + (m− 1) l − n;

µ+ ∆− n, . . . , µ+ ∆ + (m− 1) l − n;

t

 , (5.2.2)

where

Φ (c) =

[
(γ1)q

1
c

]s1 [
(γ2)q

2
c

]s2
...
[
(γ

h
)
q
h
c

]s
h

(−1)
ρc[

(δ1)p
1
c

]r1 [
(δ2)p

2
c

]r2
...
[
(δ
k
)
p
k
c

]r
k

Γ (αc+ β)
,

< (µ+ ∆ + ϑl − n) > 0,< (λ+ ∆ + ϑl − n) > 0, |t| < 1,

here ∆ = ϕ1R1 + ...+ ϕkRs + ac+ t, ϑ = 0, . . . ,m− 1; c = 0, 1, ... .

Proof. Let us consider the well-known Taylor’s expansion

f (xt) =
∞∑
n=0

(t− 1)
n

n!
xnDn

x {f (x)} . (5.2.3)

Multiplying both sides of (5.2.3) by tλ−1SU1,...,Us
V [w1t

ϕ1 , . . . , wst
ϕs ] tE

h
k [zt]

and applying the operator Dm
l,λ−µ,t both sides, we get

Dm
l,λ−µ,t

{
tλ−1SU1,...,Us

V [w1t
ϕ1 , . . . , wst

ϕs ] tE
h
k [zt] f (xt)

}
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E-FUNCTION

= Dm
l,λ−µ,t

{
tλ−1SU1,...,Us

V [w1t
ϕ1 , . . . , wst

ϕs ] tE
h
k [zt]

∞∑
n=0

(t− 1)
n

n!
xnDn

x {f (x)}

}
.

(5.2.4)

Then we express SU1,...,Us
V and tE

h
k [zt] in its series form with the help of

(0.5.1) and (1.2.1) respectively, also expand (t− 1)
n using binomial expan-

sion and changing the order of operator and summation, we obtain

Dm
l,λ−µ,t

{
tλ−1SU1,...,Us

V [w1t
ϕ1 , . . . , wst

ϕs ] tE
h
k [zt] f (xt)

}

=

s∑
i=1

UiRi≤V∑
R1,...,Rs=0

(−V ) s∑
i=1

UiRi
A (V,R1, . . . , Rs)

wRii
Ri!

∞∑
n=0

n∑
h=0

(−1)
n

(−n)h x
n

n! h!

×
∞∑
c=0

Φ (c)
zac+t

Γ (αc+ β)
Dn
x {f (x)}Dm

l,λ−µ,t
{
tλ+h+ϕ1R1+...+ϕsRs+ac+t−1

}
.

(5.2.5)

Now using (5.1.13) in the RHS of (5.2.5), we get the following form

=

s∑
i=1

UiRi≤V∑
R1,...,Rs=0

(−V ) s∑
i=1

UiRi
A (V,R1, . . . , Rs)

wRii
Ri!

∞∑
n=0

n∑
h=0

(−1)
n

(−n)h x
n

n! h!

×
∞∑
c=0

Φ (c)
zac+t

Γ (αc+ β)
tλ+h+ϕ1R1+...+ϕsRs+ac+t+ml−1

×
m−1∏
ϑ=0

Γ (λ+ h+ ϕ1R1 + ...+ ϕsRs + ac+ t + ϑl)

Γ (µ+ h+ ϕ1R1 + ...+ ϕsRs + ac+ t + ϑl)
Dn
x {f (x)} . (5.2.6)

Further, recombining above result in terms of generalized hypergeometric

function PFQ we get the RHS of (5.2.1).

Theorem 2 can be proved similarly by using the following expansion [27]

tf (xt) =
∞∑
n=0

1

n!

(
1− 1

t

)n
Dn
x {xnf (x)} . (5.2.7)
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5.3 THEOREMS ON FRACTIONAL DIFFERENTIATION

Theorem 3. If convergence conditions (1.2.2) are satisfied then for a, t, u ∈

R, µ∈ C; such that t + u + 1 − µ ∈ C\Z−0 and t + u + an + 1 6= 0,−1, ...;

n ∈ N0, we have

zD
µ

zutEh
k

z (ρ, a) ; (γi, qi, si)1,h

(α, β) ;
(
δj , pj , rj

)
1,k


 =

Γ (t + u+ 1)

Γ (t + u+ 1− µ)

× t+u−µE
h
k

z (ρ, a) ; (γi, qi, si)1,h , (t + u+ 1, a, 1)

(α, β) ;
(
δj , pj , rj

)
1,k
, (t + u+ 1− µ, a, 1)

 . (5.3.1)

Corollary 1. If convergence conditions (1.2.2) are satisfied then for a, t ∈

R,µ∈ C; such that t + 1− µ ∈ C\Z−0 and an + t + 1 6= 0,−1, ...; n ∈ N0,

we have

zD
µ

tE
h
k

z (ρ, a) ; (γi, qi, si)1,h

(α, β) ;
(
δj , pj , rj

)
1,k


 =

Γ (t + 1)

Γ (t + 1− µ)

× t−µE
h+1
k+1

z (ρ, a) ; (γi, qi, si)1,h , (t + 1, a, 1)

(α, β) ;
(
δj , pj , rj

)
1,k
, (t + 1− µ, a, 1)

 . (5.3.2)

Proof. Let the convergence conditions (1.2.2) are satisfied and a, t, u ∈ R,

µ∈C; such that t+u+ 1−µ ∈ C\Z−0 and an+ t+u+ 1 6= 0,−1, ...; n ∈ N0,

we have

zD
µ

zutEh
k

z (ρ, a) ; (γi, qi, si)1,h

(α, β) ;
(
δj , pj , rj

)
1,k



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=
∞∑
n=0

(−1)
ρn

h∏
i=1

[
(γi)q

in

]si
Γ (αn+ β)

k∏
j=1

[(
δj
)
p
j n

]rj zDµ
(
zan+t+u

)
(5.3.3)

=
∞∑
n=0

(−1)
ρn

h∏
i=1

[
(γi)q

in

]si
Γ (αn+ β)

k∏
j=1

[(
δj
)
p
j n

]rj Γ (an+ t + u+ 1)

Γ (an+ t + u+ 1− µ)
zan+t+u−µ (5.3.4)

=
Γ (t + u+ 1)

Γ (t + u+ 1− µ)

∞∑
n=0

(−1)
ρn

h∏
i=1

[
(γi)q

i
n

]si
Γ (αn+ β)

k∏
j=1

[(
δj
)
p
j
n

]rj (t + u+ 1)an
(t + u+ 1− µ)an

zan+t+u−µ

(5.3.5)

=
Γ (t + u+ 1)

Γ (t + u+ 1− µ)
t+u−µE

h
k

z (ρ, a) ; (γi, qi, si)1,h , (t + u+ 1, a, 1)

(α, β) ;
(
δj , pj , rj

)
1,k
, (t + u+ 1− µ, a, 1)

 .
(5.3.6)

Theorem 4. If convergence conditions (1.2.2) are satisfied then form, a, t, u ∈

N, such that a (c− 1) + t + u < m ≤ ac+ t + u where c ∈ N, we have

zD
m

e−zzutEh
k

z (ρ, a) ; (γi, qi, si)1,h

(α, β) ;
(
δj , pj , rj

)
1,k




= (−1)
m
e−zt+uE

h
k (z) +

h∏
i=1

[
(γi)q

i
c

]si
k∏
j=1

[(
δj
)
p
j
c

]rj e−z (−1)
ρc

(ac+ t + u)!

(ac+ t + u−m)!
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×ac+t+u−mE
h+1
k+1

z (ρ, a) ; (γi+cqi, qi, si)1,h , (1 + ac+ t + u, a, 1)

(α, αc+ β) ;
(
δj + cpj , pj , rj

)
1,k
, (1 + ac+ t + u−m, a, 1)

 .
(5.3.7)

Corollary 1. If convergence conditions (1.2.2) are satisfied then form, a, t ∈

N, such that a (c− 1) + t < m ≤ ac+ t where c ∈ N, we have

zD
m

tE
h
k

z (ρ, a) ; (γi, qi, si)1,h

(α, β) ;
(
δj , pj , rj

)
1,k


 =

h∏
i=1

[
(γi)q

i
c

]si
k∏
j=1

[(
δj
)
p
j
c

]rj (−1)
ρc

(ac+ t)!

(ac+ t−m)!

×ac+t−mE
h+1
k+1

z (ρ, a) ; (γi+cqi, qi, si)1,h , (1 + ac+ t, a, 1)

(α, αc+ β) ;
(
δj + cpj , pj , rj

)
1,k
, (1 + ac+ t−m, a, 1)

 .
(5.3.8)

Proof. Let the convergence conditions (1.2.2) are satisfied and m, a, t, u ∈

N, such that a (c− 1) + t + u < m ≤ ac+ t + u where c ∈ N, we have

zD
m

e−zzutEh
k

z (ρ, a) ; (γi, qi, si)1,h

(α, β) ;
(
δj , pj , rj

)
1,k


 = (−1)

m
e−zt+uE

h
k (z)

+ e−z
∞∑
n=0

(−1)
ρ(n+c)

h∏
i=1

[
(γi)q

i
(n+c)

]si
Γ {α (n+ c) + β}

k∏
j=1

[(
δj
)
p
j
(n+c)

]rj zDm
(
za(n+c)+t+u

)
(5.3.9)

= (−1)
m
e−zt+uE

h
k (z) + e−z


∞∑
n=0

(−1)
ρ(n+c)

h∏
i=1

[
(γi)q

i
(n+c)

]si
Γ {α (n+ c) + β}

k∏
j=1

[(
δj
)
p
j
(n+c)

]rj
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× (an+ ac+ t + u)!

(an+ ac+ t + u−m)!
zan+ac+t+u−m

)
(5.3.10)

= (−1)
m
e−zt+uE

h
k (z) +

h∏
i=1

[
(γi)q

i
c

]si
k∏
j=1

[(
δj
)
p
j
c

]rj e−z (−1)
ρc

(ac+ t + u)!

(ac+ t + u−m)!

×ac+t+u−mE
h+1
k+1

z (ρ, a) ; (γi+cqi, qi, si)1,h , (1 + ac+ t + u, a, 1)

(α, αc+ β) ;
(
δj + cpj , pj , rj

)
1,k
, (1 + ac+ t + u−m, a, 1)

 .
(5.3.11)

Theorem 5. If convergence conditions (1.2.2) are satisfied then

βtE
h
k

z (ρ, a) ; (γi, qi, si)1,h

(α, β + 1) ;
(
δj , pj , rj

)
1,k

+
αz

a

d

dz

tE
h
k

z (ρ, a) ; (γi, qi, si)1,h

(α, β + 1) ;
(
δj , pj , rj

)
1,k




− αt
a

tE
h
k

z (ρ, a) ; (γi, qi, si)1,h

(α, β + 1) ;
(
δj , pj , rj

)
1,k

 = tE
h
k

z (ρ, a) ; (γi, qi, si)1,h

(α, β) ;
(
δj , pj , rj

)
1,k

 .
(5.3.12)

Proof. Let the convergence conditions (1.2.2) are satisfied then

βtE
h
k

z (ρ, a) ; (γi, qi, si)1,h

(α, β + 1) ;
(
δj , pj , rj

)
1,k

+
αz

a

d

dz

tE
h
k

z (ρ, a) ; (γi, qi, si)1,h

(α, β + 1) ;
(
δj , pj , rj

)
1,k




−αt
a

tE
h
k

z (ρ, a) ; (γi, qi, si)1,h

(α, β + 1) ;
(
δj , pj , rj

)
1,k

 = β

∞∑
n=0

Φ (n)
zan+t

(αn+ β) Γ (αn+ β)

+
α

a

∞∑
n=0

Φ (n)
(an+ t) zan+t

(αn+ β) Γ (αn+ β)
− αt

a

∞∑
n=0

Φ (n)
zan+t

(αn+ β) Γ (αn+ β)
,

(5.3.13)
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where

Φ (n) =

(−1)
ρn

h∏
i=1

[
(γi)q

in

]si
k∏
j=1

[(
δj
)
p
j n

]rj ·

Then (5.3.13) can be written as

L.H.S. =
∞∑
n=0

(−1)
ρn

h∏
i=1

[
(γi)q

in

]si
k∏
j=1

[(
δj
)
p
j n

]rj zan+t

Γ (αn+ β)
= tE

h
k

z (ρ, a) ; (γi, qi, si)1,h

(α, β) ;
(
δj , pj , rj

)
1,k

 .
(5.3.14)

CONCLUDING REMARKS

The present chapter provides a scope of defining M-L function of many

parameters as a MATLAB function. At present MATLAB provides MLF-

FIT2.M [183], in which the M-L function in two parameters are used.
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Appendix A

THE H-FUNCTION

In the present Appendix, we shall define a function which is more general

than well known Fox H-function. We also mention some special cases of

this function which are not particular cases of Fox H-function but have

practical applications. We shall denote this function by the symbol H.

The H-function was introduced by Inayat Hussain [80] and later studied by

Buschman and Srivastava [14] and many others.

TheH-function is defined and represented by Mellin-Barnes type contour

integral as follows:

H
M,N

P,Q

z |
(
aj , αj ; Aj

)N
1
,
(
aj , αj

)P
N+1(

bj , βj
)M
1
,
(
bj , βj ; Bj

)Q
M+1

 =
1

2πi

ˆ
L

φ (ξ) zξdξ, (A-1)

where

φ (ξ) =

M∏
j=1

Γ
(
bj − βjξ

) N∏
j=1

[
Γ
(
1− aj + αjξ

)]Aj
Q∏

j=M+1

[
Γ
(
1− bj + βjξ

)]Bj P∏
j=N+1

Γ
(
aj − αjξ

) , (A-2)
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M,N,P and, Q are non-negative integers satisfying 0 ≤ N ≤ P, 0 ≤M ≤ Q

and empty products are taken as unity. Also, Aj(j = 1, . . . , P ) and Bj(j =

1, . . . , Q) are positive real numbers for standardization purpose, aj(j =

1, . . . , P ) and bj(j = 1, . . . , Q) are complex numbers such that the points

ξ = bj+k
βj

(j = 1, ...,M ; k = 0, 1, ...) which are the poles of G(bj − Bjs) and

the points ξ = aj−1−k
αj

(j = 1, ..., N ; k = 0, 1, ...) which are the singularities

of
[
Γ
(
1− aj + αjξ

)]Aj do not coincide.

The contour L is the line from C − i∞ to C + i∞ suitably intended to

keep the poles of G(bj −Bjs) (j = 1, ...,M) to the right of the path and the

singularities of
[
Γ
(
1− aj + αjξ

)]Aj (j = 1, ..., N) to the left of the path. If

Ai = Bj = 1(i = 1, ..., N ; j = M + 1, ..., Q) the H-function reduces to the

familiar Fox H-function.

The following sufficient conditions for the absolute convergence of the

defining integral for H-function given by (A-1) have been recently given by

Gupta, Jain and Agrawal [67]

(i) |arg (z)| < 1
2πΩ and Ω > 0;

(ii) |arg (z)| = 1
2πΩ and Ω ≥ 0;

 (A-3)

and

(a)µ 6= 0 and the contour L is so chosen that (cµ+ λ+ 1) < 0;

(b) µ = 0 and (λ+ 1) < 0,
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where

Ω =
M∑
1
βj +

N∑
1
αjAj −

Q∑
M+1

βjBj −
P∑
n+1

αj

µ =
N∑
1
αjAj +

P∑
n+1

αj −
M∑
1
βj −

Q∑
M+1

βjBj

λ = Re

(
M∑
1
bj +

Q∑
M+1

bjBj −
N∑
1
ajAj −

P∑
N+1

aj

)
+1

2

(
−M −

Q∑
M+1

Bj +
N∑
1
Aj + P −N

)
.


(A-4)

The series representation of the H-function was given by Rathie [158]

and Saxena [165] has been used in the present work:

H
M,N

P,Q

z | (aj , αj ; Aj)
N
1
, (aj , αj)

P
N+1

(bj , βj)
M

1
, (bj , βj ; Bj)

Q

M+1

 =
M∑
ν=1

∞∑
π=0

θ (Sπ,ν) z
Sπ,ν , (A-5)

where

θ (Sπ,ν) =

M∏
j=1,j 6=ν

Γ
(
bj − βjSπ,ν

) N∏
j=1

[
Γ
(
1− aj + αjSπ,ν

)]Aj (−1)
π

Q∏
j=M+1

[
Γ
(
1− bj + βjSπ,ν

)]Bj P∏
j=N+1

Γ
(
aj − αjSπ,ν

)
π!βν

,

Sπ,ν =
bν + π

βν
· (A-6)

The following behaviour of the H
M,N

P,Q [z] function for small and large

values of z as recorded by Saxena et al. [172, p. 112, Eqs. (2.3) & (2.4)]

H
M,N

P,Q [z] = O [|z|α] for small z, where

α = min
1≤j≤M

Re

(
bj
βj

)
, (A-7)
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H
M,N

P,Q [z] = O
[
|z|β
]
for large z, where

β = max
1≤j≤N

Re

[
Aj

(
aj − 1

αj

)]
, (A-8)

provided that either of the following conditions are satisfied:

(i) µ < 0 and 0 < |z| <∞;

(ii) µ = 0 and 0 < |z| < δ−1,

 (A-9)

where

(i) µ =
N∑
1
αjAj +

P∑
N+1

αj −
M∑
1
βj −

Q∑
M+1

βjBj,

(ii) δ =
N∏
1

(αj)
αjAj

P∏
N+1

(αj)
αj

M∏
1

(βj)
−βj

Q∏
M+1

(βj)
−βjBj .

 (A-10)

SpecialCases

1. The Fox H-Function

If Ai = Bj = 1 (i = 1, ..., N ; j = M + 1, ..., Q), the H-function reduces

to the familiar Fox H-function [196]:

HM,N
P,Q

z |
(
aj , αj

)P
1(

bj , βj
)Q
1

 = H
M,N

P,Q

z |
(
aj , αj ; 1

)N
1
,
(
aj , αj

)P
N+1(

bj , βj
)M
1
,
(
bj , βj ; 1

)Q
M+1

 .
(A-11)

The following special functions which are quite general in nature

and of our interest, are particular cases of H-function but not of Fox

H-function:
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2. The Generalized Wrignt Hypergeometric Function [68, p. 271,

Eq. (7)]:

PΨQ


(
aj , αj ;Aj

)P
1

;(
bj , βj ;Bj

)Q
1

;

z

 =
∞∑
r=0

P∏
j=1

{
Γ
(
aj + αjr

)}Aj
Q∏
j=1

{
Γ
(
bj + βjr

)}Bj z
r

r!

= H
1,P

P,Q+1

−z |
(
1− aj , αj ;Aj

)P
1

(0, 1) ,
(
1− bj , βj ;Bj

)Q
1

 . (A-12)

The function PΨQ reduces to PΨQ, the familiar Wright’s generalized

hypergeometric function [196, p. 19, Eq. (2.6.11)], for Aj = 1(j=1,...,P),

Bj = 1(j=1,...,Q).

3. A Generalization of the Generalized Hypergeometric Func-

tion [68, p. 271, Eq. (9)]:

PFQ


(
aj , 1;Aj

)P
1

;(
bj , 1;Bj

)Q
1

;

z



=
∞∑
r=0

P∏
j=1
{(aj)r}

Aj

Q∏
j=1
{(bj)r}

Bj

zr

r! =

Q∏
j=1
{Γ(bj)}

Bj

P∏
j=1
{Γ(aj)}

Aj

H
1,P

P,Q+1

−z |
(
1− aj , 1;Aj

)P
1

(0, 1) ,
(
1− bj , 1;Bj

)Q
1



=

Q∏
j=1

{
Γ
(
bj
)}Bj

P∏
j=1

{
Γ
(
aj
)}Aj PΨQ


(
aj , 1;Aj

)P
1

;(
bj , 1;Bj

)Q
1

;

z

 . (A-13)

The function PFQ reduces to well known PFQ for Aj = 1(j=1,...,P),

Bj = 1(j=1,...,Q) in it.
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4. Generalized Wright Bessel Function [68, p. 271, Eq. (8)]:

J
ν,µ

λ (z) =
∞∑
r=0

(−z)
r

r! {Γ (1 + λ+ νr)}µ

= H
1,0

0,2

z | —

(0, 1) , (−λ, ν;µ)

 . (A-14)

The function J
ν,µ

λ (z) reduces to the Wright’s generalized Bessel

function [196, p. 19, Eq. (2.6.10)] for µ = 1.

5. The Generalized Riemann Zeta Function [34, p. 27, §1.11, Eq. (1);

47, p. 314-315, Eqs. (1.6) & (1.7)]:

φ (z, p, η) =
∞∑
r=0

zr

(η + r)
p

= H
1,2

2,2

−z | (0, 1; 1) , (1− η, 1; p)

(0, 1) , (−η, 1; p)

 = η−p2F 1

 (1, 1) , (η, p) ;

(1 + η, p) ;

z

 .
(A-15)

On taking z = 1, in (A-15) the above function reduces to well known

Hurwitz zeta function ζ (p, n) [34, p. 24, §1.10, Eq. (1)]:

ζ (p, n) = φ (1, p, η) =
∞∑
r=0

1

(η + r)
p
, (A-16)

and further on taking η = 1 in (A-16) it reduces to the Riemann zeta

function ζ (p) [34, p. 32, §1.12, Eq. (1)]:

ζ (p) = ζ (p, 1) = φ (1, p, 1) =
∞∑
r=0

1

(1 + r)
p =

∞∑
r=1

1

rp
· (A-17)
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6. The Polylogarithm of Order p [34, p. 30, §1.11, Eq. (14); 47, p. 315,

Eq. (1.9)]:

F (z, p) =
∞∑
r=1

zr

rp
= zφ (z, p, 1) = −H1,1

1,2

−z | (1, 1; p+ 1)

(1, 1) , (0, 1; p)



= zH
1,1

1,2

−z | (0, 1; p+ 1)

(0, 1) , (−1, 1; p)

 = z1F 1

 (1, p+ 1) ;

(2, p) ;

z

 . (A-18)

The above function reduces into Euler’s dilogarithm [34, p. 31,

§1.11.1, Eq. (22)], for p=2:

L2 (z) = F (z, 2) =
∞∑
r=1

zr

r2
· (A-19)

7. The g1-Function over the d-Dimensional Space [80, p. 4125, Eq. (20);

71, p. 98, Eq. (1.3)]:

g1 = (−1)
m
g (γ, η, t,m, z) =

Γ (m+ 1) Γ
(

1+t

2

)
πd/22m+dΓ

(
d−1

2

)
Γ (γ) Γ

(
γ − t

2

)

×H1,3

3,3

−z | (1− γ, 1; 1) ,
(
1− γ + t

2 , 1; 1
)
, (1− η, 1; 1 +m)

(0, 1) ,
(
− t

2 , 1; 1
)
, (−η, 1; 1 +m)

 .
(A-20)

Further if we take γ = 1 + t/2 in Eq.(A-20), we have:

g1

(
1 +

t

2
, η, t,m, z

)
=

Γ (m+ 1) Γ
(

1+t

2

)
πd/22m+dΓ

(
d−1

2

)
Γ
(
1 + t

2

)φ (z,m+ 1, η) .

(A-21)
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8. The Function Associated with Gaussian Model Free Energy

[80, p. 4126, 4127, Eqs. (23) & (28); 71, p. 98, Eq. (1.4)]:

βF (d; ε) =
−1

4πd/2 (1 + ε)
2H

1,2

2,2

− 1

(1 + ε)
2 |

(0, 1; 2) , (−1/2, 1; d)

(0, 1) , (−1, 1; 1 + d)



=
−1

22+d (1 + ε)
2 2F 1

 (1, 1; 2) , (3/2, 1; d)

(2, 1; 1 + d)

;
1

(1 + ε)
2

 . (A-22)
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Appendix B

A GENERAL CLASS OF POLYNOMIALS

Srivastava [188] introduced the general class of polynomials (see also [189]

and [194]) defined as follows:

SUV [x] =

[V/U]∑
R=0

(−V )URAV,R
R!

xR, V = 0, 1, ...; (B-1)

where U is an arbitrary positive integer, the coefficients AV,R are arbitrary

constants, real or complex.

If x = 0, A0,0 = 1, then SUV [x] reduces to unity.

SPECIAL CASES OF THE POLYNOMIALS SUV [x]

On suitably specializing the coefficients AV,R occurring in (B-1), the gen-

eral class of polynomials SUV [x] can be reduced to the classical orthogonal

polynomials and the generalized hypergeometric polynomials as cited in the

papers referred to above.

We give below some of the important special cases of the Srivastava’s

polynomials SUV [x]:
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1. Hermite Polynomial

If we take U = 2 and AV,R = (−1)R in (B-1), we have

S2
V [x]→ x

V/2HV

(
1

2
√
x

)
, (B-2)

whereHV (x) is the Hermite polynomial [208, p. 106, Eq. (5.5.4)], which

is given by:

HV [x] =

[V/2]∑
R=0

(−1)
R
V ! (2x)

V−2R

R! (V − 2R)!

= (2x)
V

2F0

 −V
2 ,
−V+1

2

−
;− 1

x2

 .
2. The Jacobi Polynomial

On taking U = 1 and AV,R =

 V + α

V

 (α+β+V+1)
(α+1)R

in (B-1), we have

S1
V [x]→ P

(α,β)
V (1− 2x) , (B-3)

where P (α,β)
V is the Jacobi polynomial [208, p. 68, Eq. (4.3.2)], which is

given by:

P
(α,β)
V (x) =

V∑
R=0

 V + α

V −R


 V + β

R

(x− 1

2

)R(
x+ 1

2

)V−R

=
(1 + α)V

V !

V∑
R=0

(−V )R (1 + α + β + V )R
(1 + α)R R!

(
1− x

2

)R
.

124



Also the polynomials SUV [x] defined by (B-1) can further be re-

duced to several special cases of the Jacobi polynomials P (α,β)
V (x) , for

example, the Gegenbauer polynomial Cv
V (x), the Legendre polynomi-

als PV (x), the Tchebychef polynomials TV (x) and UV (x) of the first

and second kinds

C
α+ 1

2

V (x) =

 V + α

V


−1 V + 2α

V

P
(α,α)
V (x) (B-4)

PV (x) = P
(0,0)
V (x) (B-5)

TV (x) =

 V − 1/2

V


−1

P
(− 1

2 ,−
1
2)

V (x) (B-6)

UV (x) =
1

2

 V + 1/2

V + 1


−1

P
( 1
2 ,

1
2)

V (x) . (B-7)

3. The Laguerre Polynomial

On taking U = 1 and AV,R =

 V + α

V

 1
(α+1)R

in (B-1), we have

S1
V [x]→ L

(α)
V (x) , (B-8)

where L(α)
V (x) is the Laguerre polynomial [208, p. 101, Eq. (5.1.6)], de-

fined by:

L
(α)
V (x) =

(1 + α)V
V !

1F1 [−V ; 1 + α;x] .
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4. The Bessel Polynomial

Taking U = 1 and AV,R = (α + V − 1)R in (B-1), we have

S1
V [x]→ y

V
(−βx, α, β) , (B-9)

where y
V

(x, α, β) is the Bessel polynomial [101, p. 108, Eq. (34)], de-

fined as follows:

y
V

(x, α, β) =
V∑
R=0

(−V )R (α + V − 1)R
R!

(
−x
β

)R

×2F0

[
−v;α + V − 1;−;

−x
β

]
.

5. The Gould and Hopper Polynomial (Generalized Hermite Poly-

nomial)

Taking AV,R = 1 in (B-1), we have

SUV [x]→
(
−x
h

)V/U
gUV

[(
−h
x

)1/U

, h

]
, (B-10)

where gUV [x, h] is the Gould and Hopper polynomial [56, p. 58, Eq. (6.2)],

given by:

gUV [x, h] =

[V/U]∑
R=0

V !

R! (V − UR)!
hRxV−UR

= xV UF0

[
∆ (U ;−V ) ;−;h

(
−U
x

)U]
.
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6. The Brafman Polynomial

Taking AV,R =
(α1)R...(αp)R
(β1)R...(βq)R

in (B-1), we have

SUV [x]→ BU
V

[
α1, ..., αp; β1, ..., βq;xU

U
]
, (B-11)

where BU
V [α1, ..., αp; β1, ...βq : x] is the Brafman polynomial [13, p. 186],

given by:

BU
V [α1, ..., αp; β1, ...βq : x] = U+pFq [∆ (U ;−V ) , α1, ..., αp; β1, ..., βq;x] ,

here ∆ (U ;V ) abbreviates the array of U parameters V
U
,V+1
U

,· · ·, V+U−1
U

,

U ≥ 1 the set ∆ (0, V )being empty.

7. The Konhauser Biorthogonal Polynomial

If we take U = 1 and AV,R = 1
V !

Γ(1+α+kV )
Γ(1+α+kR) in (B-1), we have

S1
V [x]→ ZαV

(
x

1/k; k
)
, (B-12)

where ZαV (x; k) is the biorthogonal polynomial [99, p. 304, Eq. (5)],

given by:

ZαV (x; k) =
Γ (1 + α + kV )

V !

V∑
R=0

(−1)
R

 V

R

 xkR

Γ (1 + α + kR)

=
(1 + α)kV

V !
1Fk

 −V ;

∆ (k;α + 1) ;

(
x

β

)k .
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8. Bedient Polynomials

(a) Taking U = 2 and AV,R =
(β)V
V !

(λ−β)R
(λ)R(1−β−V )R

in (B-1), we have

S2
V [x] → x

V/2RV

(
β, λ;

1

2
√
x

)
, (B-13)

where RV (β, λ;x) is the Bedient polynomial [198, p. 186, Eq. (48)],

given by:

RV (β, λ;x) =
(β)V
V !

(2x)
V

3F2

 ∆ (2;−V ) , λ− β;

λ, 1− β − V ;

1

x2

 .

(b) Taking U = 2 and AV,R =
(α)V (β)V
V !(α+β)V

(1−α−β−V )R
(λ)R(1−α−V )R(1−β−V )R

in (B-1),

we have

S2
V [x] → x

V/2GV

(
α, β;

1

2
√
x

)
, (B-14)

where GV (α, β;x) is the Bedient polynomial [9, p. 15, Eq. (2.5) and

p. 44, Eq. (3.4)], given by:

GV (α, β;x) =
(α)V (β)V
V ! (α + β)V

(2x)
V

3F2

 ∆ (2;−V ) , 1− α− β − V ;

1− α− V, 1− β − V ;

1

x2

 .
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9. Shively Polynomial

Taking U = 1, AV,R =
(λ+V )V
V !

(α1)R...(αp)R
(λ+V )R(β1)R...(βq)R

in (B-1), we have

SUV [x]→ S
(λ)
V [x] , (B-15)

where S
(λ)
V [x] is the Shively polynomial [198, p. 187, Eq. (49); 179,

p. 54], given by:

S
(λ)
V [x] =

(λ+ V )V
V !

p+1Fq+1

 −V, α1, ..., αp;

λ+ V, β1, ..., βq;

x

 .

10. Bateman Polynomials

(a) Taking U = 1 and AV,R =
(1+V )R
R!R! in (B-1), we have

S1
V [x]→ ZV [x] , (B-16)

where ZV [x] is the Bateman polynomial [198, p. 183, Eq. (42)],

given by:

ZV [x] = 2F2

 −V, V + 1;

1, 1;

x

 .
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(b) Taking U = 1 and AV,R =
Γ(λ2 +σ+V+1)

V ! Γ(λ+R+1) Γ(λ2 +σ+R+1)
in (B-1), we have

SUV [x]→ x−
λ/2J

(λ,σ)
V

(√
x
)
, (B-17)

where J (λ,σ)
V (x) is the Bateman polynomial [8, p. 574 & 575], given

by:

J
(λ,σ)
V (x) =

 λ
2 + σ + V

V

 xλ

Γ(λ+1) 1F2

 −V ;

λ+ 1, λ2 + σ + 1;

x2

 .

11. Cesaro Polynomial

Taking U = 1 and AV,R =
(s+1)V R!
V ! (−s−V )R

in (B-1), we have

S1
V [x]→ g

(s)
V (x) , (B-18)

where g(s)
V (x) is the cesaro polynomial, [198, p. 449, Eq. (20)], given by:

g
(s)
V (x) =

 s+ V

V

 2F1

 −V, 1;

−s− V ;

x

 .

12. Generalized Hypergeometric Polynomial by Fasenmyer

Taking U = 1 and AV,R =
(V+1)R
R! (1/2)R

(α1)R...(αp)R
(β1)R...(βq)R

in (B-1), we have

SUV [x]→ fV (α1, ..., αp; β1, ..., βq;x) , (B-19)

where fV (α1, ..., αp; β1, ..., βq;x) is the generalized hypergeometric poly-
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nomial [198, p. 182, Eq. (41); 41, p. 806, Eq. (1)], given by:

fV (α1, ..., αp; β1, ..., βq;x) = p+2Fq+2

 −V, V + 1, α1, ..., αp;

1/2, 1, β1, ..., βq;

x

 .
13. Krawtchouk Polynomial

Taking U = 1 and AV,R =
(−y)R
(−N)R

in (B-1), we have

S1
V [x]→ KV

(
y, x−1, N

)
, (B-20)

where KV (y, x,N) is the Krawtchouk polynomial [198, p. 75, Eq. (2)],

given by:

KV (y, x,N) = 2F1

 −V,−y;

−N ;

x−1

 ,
0<x<1,y=0,1,...,N.

14. Meixner Polynomial

Taking U = 1 and AV,R =
(−y)R
(−β)R

in (B-1), we have

S1
V [x]→MV

(
y; β, (1− x)

−1
)
, (B-21)

whereMV (y, β, x) is the Meixner polynomial [198, p. 75, Eq. (3)], given

by:

MV (y, β, x) = 2F1

 −V,−y;

β;

1− x−1

 ,
0 < x < 1, y = 0, 1, ..., N, β > 0.
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15. Gould’s Polynomial

Taking AV,R = Γ(p+1)Cp−V+(U−1)RyRUV−UR

V !Γ(p−V+(U−1)R+1) in (B-1), we have

SUV [x]→
(
−x1/U

)V
PV

(
U, x−

1/U , y, p, C
)
, (B-22)

where PV (U, x, y, p, C) is the Gould’s polynomial [198, p. 77, Eq.(13);

55, p. 699], given by:

PV (U, x, y, p, C) =

[V/U ]∑
R=0

 p

R


 p−R

V − UR

Cp−V+(U−1)RyR (−Ux)
V−UR

.

16. Gottlieb Polynomial

Taking U = 1 and AV,R =
(−y)R
R! in (B-1), we have

S1
V [x]→ (1− x)

V
IV (y; log (1− x)) , (B-23)

where IV (y, t) is the Gottlieb polynomial [198, p. 185, Eq. (47); 54,

p. 454, Eq. (2.3)], given by:

IV (y, t) = e−V t2F1

 −V,−y;

1;

1− e−t

 .
The polynomials SUV [x] can be reduced to other hypergeometric

polynomials such as extended Jacobi polynomials [201, part I, p. 24;

201, part II, p. 106, Eq. (1.3)] and their generalizations [200, p. 471,

Eqs. (4.2) & (4.3)] and [201, part II, p. 107, Eq. (1.11); 201, part II,

p. 108, Eq. (1.17)] etc. For details, one can refer to papers by Srivastava

and Singh [203, p. 158-162] and Srivastava and Garg [195, p. 686].
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MULTIVARIABLE ANALOGUE OF SU
V [x]

The generalized class of polynomials, SU1,...,Uk
V (x1, ..., xk) introduced by

Srivastava and Garg [195, p. 686, Eq. (1.4)] is defined in the following

manner:

SU1,...,Uk
V [x1, ..., xk] =

k∑
i=1

UiRi≤V∑
R1,...,Rk=0

(−V ) k∑
i=1

UiRi
A (V,R1, ..., Rk)

xRii
Ri!

,

(B-24)

where U1, ..., Uk are arbitrary positive integers, V = 0, 1, ...; and the

coefficients A (V,R1, ..., Rk) are arbitrary constants, real or complex.

By suitably specializing the coefficients A (V,R1, ..., Rk), occurring in

(B-24), the class of multivariable polynomials can be reduced to several

multivarialbe polynomials defined by different authors.

(a) Multivariable Hypergeometric Polynomials F (k)
D

In (B-24), if we take

A (V,R1, ..., Rk) =
(β1)R1φ1

... (βk)Rkφk
(γ)R1ψ1+...+Rkψk

,

then

SU1,...,Uk
V [x1, ..., xk]→ F

(k)
D [(−V : Ui) : (βi, φi) ; (γ : ψi) ;x1...xk] ,

(B-25)

where F (k)
D is the first class of multivariable hypergeometric polyno-

mials defined by Carlitz and Srivastava [198, p. 462-463, Eq. 9.4(4)]
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and is given by:

F
(k)
D [(−V : Ui) : (βi, φi) ; (γ : ψi) ;x1...xk]

=

k∑
i=1

UiRi≤V∑
R1,...,Rk=0

(−V ) k∑
i=1

UiRi

(β1)R1φ1
... (βk)Rkφk

(γ)R1ψ1+...+Rkψk

xR1
1

R1!
...
xRkk
Rk!
· (B-26)

(b) Generalized Lauricella Polynomial

In (B-24), if we take

A (V,R1, ..., Rk) =

M∏
l=1

(βl)φ(1)l R1+...+φ
(k)
l Rk

M1∏
l=1

(
β

(1)
l

)
R1δ

(1)
l

...
Mk∏
l=1

(
β

(k)
l

)
Rkδ

(k)
l

N∏
l=1

(γl)ψ(1)
l R1+...+ψ

(k)
l Rk

N1∏
l=1

(
γ

(1)
l

)
R1λ

(1)
l

...
Nk∏
l=1

(
γ

(k)
l

)
Rkλ

(k)
l

,

then

SU1,...,Uk
V [x1, ..., xk]→ FM+1:M1,...,Mk

N :N1,...,Nk


x1

...

xk

∣∣∣∣∣∣∣∣∣∣∣
(−V : U1, ..., Uk) ,

(
βl : φ

(1)
l , ..., φ

(k)
l

)
1,M

:
(
β

(1)
l , δ

(1)
l

)
1,M1

, ...,
(
β

(k)
l , δ

(k)
l

)
1,Mk

(
γl : ψ

(1)
l , ..., ψ

(k)
l

)
1,N

:
(
γ

(1)
l , λ

(1)
l

)
1,N1

, ...,
(
γ

(k)
l , λ

(k)
l

)
1,Nk

 ,
(B-27)

where FM+1:M1,...,Mk

N :N1,...,Nk
is the polynomial form of generalized Lauri-

cella function of Srivastava and Daoust [194, p. 454], given by:
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FM+1:M1,...,Mk

N :N1,...,Nk


x1

...

xk

∣∣∣∣∣∣∣∣∣∣∣
(−V : U1, ..., Uk) ,

(
βl : φ

(1)
l , ..., φ

(k)
l

)
1,M

:
(
β

(1)
l , δ

(1)
l

)
1,M1

, ...,
(
β

(k)
l , δ

(k)
l

)
1,Mk

(
γl : ψ

(1)
l , ..., ψ

(k)
l

)
1,N

:
(
γ

(1)
l , λ

(1)
l

)
1,N1

, ...,
(
γ

(k)
l , λ

(k)
l

)
1,Nk


(B-28)

=

k∑
i=1

UiRi≤V∑
R1,...,Rk=0

(−V ) k∑
i=1

UiRi

M∏
l=1

(βl)φ(1)l R1+...+φ
(k)
l Rk

N∏
l=1

(γl)ψ(1)
l R1+...+ψ

(k)
l Rk

×

M1∏
l=1

(
β

(1)
l

)
R1δ

(1)
l

...
Mk∏
l=1

(
β

(k)
l

)
Rkδ

(k)
l

N1∏
l=1

(
γ

(1)
l

)
R1λ

(1)
l

...
Nk∏
l=1

(
γ

(k)
l

)
Rkλ

(k)
l

k∏
i=1

xRii
Ri!
· (B-29)

(c) Multivariable Jacobi Polynomial

In (B-24), if we take U1 = ... = Uk = 1 and

A (V,R1, ..., Rk) =

k∏
i=1

(1 + αi)V
k∏
i=1

(1 + αi + βi + V )Ri

(V !)
k

k∏
i=1

(1 + αi)Ri

,

then

S1,...,1
V [x1, ..., xk]→ Pα1,β1;...,;αk,βk

V (1− 2x1, ..., 1− 2xk) , (B-30)

where Pα1,β1;...;αk,βk
V is the Jacobi polynomial of k variables defined
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by Srivastava [205, p. 65, Eq. (14)] and is given by:

Pα1,β1;...;αk,βk
V (x1, ..., xk) =

k∏
i=1

(1 + αi)V

(V !)
k

k∑
i=1

UiRi≤V∑
R1,...,Rk=0

(−V ) k∑
i=1

UiRi

×

k∏
i=1

(1 + αi + βi + V )Ri

k∏
i=1

[
(1 + αi)Ri Ri!

]
k∏
i=1

(
1− xi

2

)Ri
. (B-31)

(d) Multivariable Bessel Polynomial

In (B-24), if we take U1 = ... = Uk = 1 and

A (V,R1, ..., Rk) = (1 + α1 + V )R1

k∏
i=2

(1 + αi + ni)Ri ,

then

S1,...,1
V [x1, ..., xk]→ yα1,...,αk

V,n2,...,nk
(−2x1, ...,−2xk) , (B-32)

where yα1,...,αk
V,n2,...,nk

is the Bessel polynomial of k variables [207, p. 164,

Eq. (2.3)] and is given by:

yα1,...,αk
V,n2,...,nk

(x1, ..., xk) =

k∑
i=1

Ri≤V∑
R1,...,Rk=0

(−V ) k∑
i=1

Ri

k∏
i=1

(1 + α1 + V )R1

R1!...Rk!

×
k∏
i=2

(1 + αi + ni)Ri

k∏
i=1

(
−xi

2

)Ri
. (B-33)
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(e) Multivariable Hermite Polynomial

In (B-24) if we take U1 = ... = Uk = 2 and

A (V,R1, ..., Rk) = (−1)
R1+...+Rk ,

then

S2,...,2
V [x1, ..., xk]→ (x1)

V/2
HV (X1, ..., Xk) , (B-34)

where

X1 =
1

2
√
x1
, Xj =

xj
x1

(j = 2, ..., k)

and HV (X1, ..., Xk) is the multivariable Hermite polynomial [206,

p. 97, Eq. (24)], defined by:

HV (x1, ..., xk) = xV1

k∑
i=1

2Ri≤V∑
R1,...,Rk=0

(−V ) k∑
i=1

2Ri

(2)
V−2(R1+...+Rk)

R1!...Rk!

×
(
− 1

x2
1

)R1 k∏
i=2

(
−xi
x2

1

)Ri
. (B-35)

Many other special cases of SU1,...,Uk
V [x1, ..., xk] can be obtained

by specializing its parameters, but we do not record them here explic-

itly.
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