A STUDY OF MELLIN - BARNES TYPE INTEGRALS,
SINGLE AND MULTIVARIABLE POLYNOMIALS AND
FRACTIONAL INTEGRALS

Ph.D. Thesis

RAKESH KUMAR BOHRA

ID: 2011RMA7118

DEPARTMENT OF MATHEMATICS
MALAVIYA NATIONAL INSTITUTE OF TECHNOLOGY, JAIPUR

JUNE, 2018



A STUDY OF MELLIN - BARNES TYPE INTEGRALS,
SINGLE AND MULTIVARIABLE POLYNOMIALS AND
FRACTIONAL INTEGRALS

Submitted in

fulfillment of the requirements for the degree of
Doctor of Philosophy
by

RAKESH KUMAR BOHRA

ID: 2011RMA7118

Under the Supervision of

Dr. SANJAY BHATTER

DEPARTMENT OF MATHEMATICS
MALAVIYA NATIONAL INSTITUTE OF TECHNOLOGY, JAIPUR

JUNE, 2018






© Malviya National Institute of Technology (MNIT), Jaipur-2018,

All rights reserved.



DECLARATION

I, Rakesh Kumar Bohra, declare that this thesis titled “A STUDY OF MELLIN-

BARNES TYPE INTEGRALS, SINGLE AND MULTIVARIABLE POLYNOMIALS

AND FRACTIONAL INTEGRALS” and the work presented in it, are my own. | confirm

that:

e This work was done wholly or mainly while in candidature for a research degree at

this university.

e Where any part of this thesis has previously been submitted for a degree or any other

qualification at this university or any other institution, this has been clearly stated.

e Where | have consulted the published work of others, this is always clearly attributed.

e Where | have quoted from the work of others, the source is always given. With the

exception of such quotations, this thesis is entirely my own work.

e | have acknowledged all main sources of help.

e Where the thesis is based on work done by myself, jointly with others, | have made

clear exactly what was done by others and what | have contributed myself.

Date: RAKESH KUMAR BOHRA
ID: 2011RMA7118






CERTIFICATE

This is to certify that the thesis entitled “A STUDY OF MELLIN-BARNES TYPE
INTEGRALS, SINGLE AND MULTIVARIABLE POLYNOMIALS AND
FRACTIONAL INTEGRALS” being submitted by Rakesh Kumar Bohra
(ID: 2011RMAT7118) is a bonafide research work carried out under my supervision and
guidance in fulfillment of the requirement for the award of degree of Doctor of Philosophy
in the Department of Mathematics, Malaviya National Institute of Technology, Jaipur, India.
The matter embodied in this thesis is original and has not been submitted to any other

University or Institute for the award of any other degree.

Dr. Sanjay Bhatter
Place: Jaipur Assistant Professor
Date: Department of Mathematics
MNIT Jaipur






ACKNOWLEDGEMENTS

| take this opportunity to express my sense of gratitude to my supervisor Dr. Sanjay Bhatter,
Assistant Professor, Department of Mathematics, Malaviya National Institute of Technology,
Jaipur , for his continuous guidance not to leave any stone unturned. He has successfully helped

me to overcome my problems.

| acknowledge my sincere gratitude to Professor Uday kumar R. Yaragatti, Director and Prof.
I.K. Bhatt, Former Director, Malaviya National Institute of Technology, Jaipur, for their support
and facilities to produce this research work. I am also thankful to, Dr. Santosh Choudhary, Head
of the Department of Mathematics, for her kind care and help during the entire period of

research.

I am thankful to prof. (Mrs.) Rashmi Jain, Convener of DPGC. | express the deep and profound
sense of gratitude to my DREC member’s Dr. Vatsala Mathur and Dr. Ritu Agrawal, Department
of Mathematics, MNIT, Jaipur, for their persistent encouragement and suggestions and also

thanks to clerical staff and peon staff of the Department of Mathematics.

| am indebted to my beloved parents Shri. Hanuman Prasad Bohra and Smt. Urmila Bohra, for
encouraging me for my future career and goals of my life. They have supported me on every step

of my life.

| would like to thank my wife Jinal Bohra and daughter Aaradhya Bohra for appreciating my

work and guiding me through fruitful suggestions.

Last but not least, | extend our acknowledgement to my colleagues & friends for their sustained

support during this work.

(RAKESH KUMAR BOHRA)



Vi



ABSTRACT

In Chapter 1, we introduce a pathway fractional integral operator associated with the pathway
model and Pathway density. We also establish three theorems in this chapter. In first theorem we
find pathway fractional operator whose kernel involves the product of Aleph-function,
Multivariable’s general class of polynomial and H-function. In second theorem we find pathway
fractional operator whose kernel involves the product of Aleph-function, Multivariable’s general
class of polynomial, H-function and Mittag-Leffler function. At last, we establish third theorem
on pathway fractional operator whose kernel involves the product of two Aleph-functions. Also

we obtain new and known special cases of our all three theorems.

Chapter-2 deals with the study of a pair of multidimensional fractional integral operators whose

define the operators of our study and give conditions of existence of these operators. Then we
obtain some images of certain useful functions under these operators. Next, we establish two
theorems giving the multidimensional generalized Stieltjes transform of fractional integral
operators and conversely. Then we present Mellin transform, Mellin convolutions and inversion
formulae for these operators. Finally, we derive three new and interesting composition formulae

of our multidimensional fractional integral operators.

In addition we have also evaluated a double integral of a very general nature with the help of our

first composition formula. A special case of the same is also given.

Chapter-3 is divided into two parts. The main integral evaluated in part-A, we establish the
main integral whose integrand involve the product of a general class of polynomials, a general
sequence of function and Aleph-function with general arguments. The integral is sufficiently
general in nature and a large number of known and new integrals follow as its special cases. We

have obtained eight special cases of our main result, which are also new and known results.
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In part-B, we evaluate three finite integrals whose integrand involving the product of

5,0 an

generalized Legendre associated function Pa’B(x) , general sequence of function SH’ d

Y
Aleph () - function. Next we establish three theorems as an application of our main findings
and using three results of Orr and Bailey recorded in well-known text by Slater. Further, we
evaluate certain new integrals by applications of these Theorems, which are of interest by

themselves and sufficiently general in nature.

In Chapter 4, we establish three theorems. First two theorems whose integrand involve the

give six corollaries involving useful special functions specially first class of multivariable
hypergeometric polynomial, multivariable Jacobi polynomial, multivariable Bessel polynomial.
Finally, theorems 1 and 2 are then employed to establish two multiplication formulae for
multivariable Aleph-function from these multiplication formulas we can obtained a number of

known and unknown multiplication formulae as their special cases.

In chapter 5, we establish two certain new double integrals. In first integral whose integrand

. L . hq,...,h . .
involves the product of multivariable’s polynomials Sl_1 Y and Aleph-function and in second

integral whose integrand involves the product of multivariable’s general class of polynomials

ml,..., m

Snl,..., Nv

Y and Aleph function . Also we obtain New and known integrals as their special cases.

In chapter 6, At first we derive Riemann-Liouvile fractional integral transformation of the E-
function, Multivariable polynomial and Aleph function then we obtain various known special
cases. Finally establish Erdelyi- Kober fractional integral transformation and generalized
fractional integral transformation of the E-function, Multivariable polynomial and Aleph

function respectively then we get many known special cases.
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CHAPTER-(

INTRODUCTION TO THE TOPIC OF STUDY
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In this chapter, we give brief historical development of the study and contributions

made by some of the earlier workers in this field.
0.1 THE GAUSSIAN HYPERGEOMETRIC FUNCTION

The theory of hypergeometric function is fundamental in the field of mathematics and
mathematical physics. Most of the functions that occur in analysis are special cases of

the hypergeometric functions. In 1812, C.F. Gauss defined his famous infinite series as

follows

i(a)n(b hon_,, ab . a.(a+1)b. (b+1)Z2 L ©.1.1)
= (c)pn! l.c le.(c+1)

where

n
(a)n = ]I (@a+k-1)=a(a+1)...(a+n—-1)forn >O;(a)0 =1;c#0,-1,-2,...
k=1

The above series is called Gauss series or the ordinary hypergeometric series. It is

usually represented by the symbol D) F1 (a,b; c, Z), the well-known Gauss hypergeometric

function. Here a, b, ¢ and z may be real or complex. The series on the right hand side of

(0.1.1) 1s not defined if c is zero or negative integer and terminates if either a, b is zero

or negative integer. Again, the series given by (0.1.1) is convergent when |z| <1 and

whenz =1, provided that R(c—a-b)>0and also whenz=-1, provided that
R(c—a-b)>-1.

Ifin (0.1.1), we replace z by % and letb — oo, then

(b)n Zn N Zn
bn

and we gain the following well known Kummer’s series

—Z

S @ n_y, 2, alat]) o
Z%)(c)nn!z _1+1.c +1.c(c+l)z e (0.1.2)

n=
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The above series is convergent for all values of a, c, and z are real or complex excluding

¢=0,-1,-2,... and is represented by the symbol 1F1 (a:c:z) ,the well-known confluent

hypergeometric function.

A generalization of 2F1 is the generalized hypergeometric function qu, which is

defined in the following series

a geee a ) o0 (a ) ,...,(a ) n
qu bl b -Z :PFq[al’“"ap;bl"“’bq;z}= 1/n p/)n %’
1 q’ nzo(bl)n,,(bq)n !

(0.1.3)

where p and q are either positive integer or zero and an empty product is interpreted as

unity, the variable z and all the parameters al,...,ap ;bl,...,bq are real or complex
numbers such that no denominator parameter is zero or negative integer.

The conditions of convergence of the function pFq are given in the following manner

i.  When p=q+1, the series is convergent if |Z| <land divergent when |Z| >land on

the circle |Z| =1, the series is

(a) Absolutely Convergent if Re(w) > 0;

(b) Conditional convergence if —1 < Re(w)<0 forz #1;

q p
(c) Divergent if Re(w)s —1. where w = 3 bj - aj
LA

ii.  Whenp < q, the series on the right hand side of (0.1.3) is convergent.

1.  If p>q+1, the series never converges except when z=0 and the function is only
defined when the series terminates.
A comprehensive account of the functions 2F1 , 1F1 and qu can be found in the

works of Slater [100], Luke [55], Rainville [84] and Exton [23] and their

applications can be found in Mathai and Saxena [64].
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0.2 THE FOX H-FUNCTION

In an attempt to give meaning to the series (0.1.3) whenp >q+1, TM Mac Robert [56]

introduced and studied in detail a special function which is known in the literature as the
E-function. C.S. Meijer [67] introduced the G- function in terms of the Mellin-Barnes
type contour integral representation resulted in the rapid growth and development of the
special functions. G-function is available in familiar Higher Transcendental Function
Erdelyi Vol. I [22] and the book by Luke [55]. Mathai and Saxena [64] and Marichev
[60].

The year 1961, Charles Fox [24] introduced a more general function, which thereafter
became well known in literature as Fox H-function. Lot of research work has been done
during the last four decades and can be referred in the book by Mathai and Saxena [65]
and Srivastava [109].

The Fox H-function is defined and represented in terms of Mellin-Barnes type contour

integral [34, 65 and 109]

M,N{ (aj’Aj)l,P}

H[z]: HP,Q z (bj’Bj)l o

_ 1 g
—m{e(a)z dg

(0.2.1)
forall z#0 where i=+/(~1) and
M N
LT [bl _Bjijqr ( B +AJ§j
0(g)=—- = , (0.2.2)
Q P
j:ll\—/I[+1r ( 1-b. + ngj jzl;[ﬂr ( a;- AJ&)

here M, N, P and Q are non-negative integers satisfying O<N<SP,1<M<Q ;

Aj ,(j =1,...,P) and Bj , (j = 1,...,Q) are assumed to be positive quantities for
standardization purpose. For the convergence conditions existence of various contour L
and other properties see Mathai and Saxena [65], Srivastava , Gupta and Goyal [109],

Kilbas, Srivastava and Trujillo [46] and Kilbas and Saigo [45].
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0.3 THE I-FUNCTION

I-function was introduced and investigated by V.P. Saxena [93, 94]. It is represented in

the following manner

a.A. ,{ aJ.,A&..}
MN (J J)1>N (Jl Jl) N-+1,P.
Ip

QT Z|(b.,B.) ,{(b..,B..)}
LM g M+1.,Q.

_ 2L I 0(2) z5de 0.3.1)
i

I[Z]

for all z # Owhere 1= (— 1) and

M N
. Qﬂr (¢, _ngjgr (I:j +AE) 032
ig'l = 1\;+1r(1 RNt Bji&jj =1:I+1r (aji _Ajiéj

where P, (i = 1,...,r), Q, (i = 1,...,r); M, N are integers integration 0 < N < Pi <ML Qi

= A.,B.,A..,B..>0 a.,b.,a. b eC
for i=1,...,r, ris finite , iBpAioBii > and PO

The conditions of existence of the I-function have been given by Saxena [94]:

(i) 9,

z)|<§¢l =12,

(it) ¢, > 0,

z)|<g¢l,R(§Z)+l<0,

i Y (0.3.3)
where ¢, = ZA +ZB > A.,+ Y B. e
= = B S N R (S v SV

N

M N [
&Z=Zb.—2a.+ > b, - Y

1
a., |[+=(P,-Q;),Vi=12,...r
= =R A I v U s LR < e L B R Y
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0.4 ALEPH (X )-FUNCTION

The Aleph (N )-function introduced by Sudland [125] and is presented here in the

following manner in terms on the Mellin- Barnes type integral

A s A
@pA PN [Tl(aﬁ Jl)}N+l P,
_M,N i
Nlel=%p 0 e |b B b...B
PR OB 5B g
R
1 M,N —s
= — Q > d
2mL ST r(S)Z 5 (0.4.1)

for all z# 0 where i:w/(—li and

M
F(b +B.s) F(l—a -A sj
oftl ()= g : g (0.4.2)
P1’Q1’Ti;r r Qi P1 ’
Ztl H F[l—le—Bjis) H F(aJ1+AJISJ
i=1 j=M+1 J=N+1

the integration path L=L. iyoo® ,Y € R extends from y —icoto y+ioo, and is such that the

poles, assumed to be simple of I'(1— aj - Ajs) , j=1,...,N do not coincide with the pole
of F(bj + Bjs) ,j=1,...,M the parameter P.,Q, are non-negative integers satistying:

OSNSP-,OSMSQi,ri>O for 1=1,...,T . The AjBj A By >0 and

a 7 b i as i’ b i €C The empty product in (0.4.2) is interpreted as unity. The existence

conditions for the defining integral (0.4.1) are as following

1) ¢, |< ¢l,z—12
(ii) ¢; > ()<= ¢1,R(<:I)+1<o
N M

- (0.4.3)
Where¢l—ZAj+ZBj—rl Z A ;t Z B

=1 =1 j=n+l1 j=m+l1
g rfb % + QZZ b 1; +1(P Q,),vi=12

= .- a.+7tT .= a. — — , =1,2,...,T

A= I == R T I NS S U v U I L A

For detailed account of Aleph (X )-function see [125] and [126].
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0.4.1 ALEPH (¥)-FUNCTION OF TWO VARIABLES
Saxena [90] defined the Aleph () - function of two variables

N[x,p]= MM, [x A*J
’ y

P.q;P;-d;.T;:p;-q; T LY B
(0.4.4)
Lo [ [66.90,0)0,@)x"S y™ Sdsde,
(2m) L
1 2
A= (aj,OLj =Aj)1,p ’(Cj ,CJ.)Lnl oo {Ti(cji’cji)}nlﬂ,p, , (ej ’Ej)l,nz oo {ti(eji,Eji) ol
1 2 7N
B =0yB)Byg-(; ’Dj)l,m1 {Ti(dji’Dji) Lnﬁl,qi - ’Fj)l,m2 h(fji’Fji) m, +1.q;
n
H ra- a —as Aé)
05.6)=— - : (0.4.5)
Il T@. +0LJS+A g)H (- b Bs Bg)
] n+l1 J 1
1’1’11 n1
H r; +Djs)HF(l—cj -Cy)
0,(s)= Qpqul’ (s)= - ,  (0.4.6)
Zrl H (- d i ~D; £) H r(c +c £)
1=1 j—m1+1 J—n1+1
HF(f +F. a)Hr(l e;~Fg)
0,©=0.2,2 (&)= J,l H . 04)
pl’qlrl’r r ,
D H P —F;8) H F(ej; +E ;)
1=l J—m2+l ]—1’12+1 !
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0.5 MULTIVARIABLE ALEPH-FUNCTION

The Aleph - function of several variables is the generalization of the multivariable I-
function recently studied by Sharma and Ahmad [96] and Ayant [5], This function is
also a generalization of G and H-function of multiple variables. The multiple Mellin-
Barnes type integral occurring in this thesis will be referred as the multivariable’s
Aleph-function throughout our present study and it is represented in the following
manner

O,n;ml,nl;...;mr,nr Z:1 A*
p;-a:,TR;p(D,q (DT (1) R p (0.9.(1),7,(1) ;R z'r B*

A¥ —[(aj;agl),...,agr))ljn} ; (Cgl),ygl))l . )

N[z s Z ]: N
1 r

, I.(a..,a(..l),...,a(.r.))
g n n

n+l,pi 'y
M (1 } . .((r) (r)) ((r) ) J
T, |c Y A I P MEPNE Y
1(1)[ ji(l) ji(l) 041 (1) J J Ln 1(1‘) ji(r) ji(r) 0 41 (I‘)
1 apl T r 9p1
o, 1 @ (4@ (@)
4
) (D) (40 5(0) (@ () J]
T d ,0 sl [ dY 7, 0% T d ,0
Ll)[ ith ji(l)]mﬁl,qi(” (J le’mr @50 50 m +1,q("
— 70 K gs..d (0.5.1)
—m—w)erl~--Ljrw(sl,...,sr)k]11 (s) Z 8-ds 3.
where ®=,/(-1)
n
H F[l—a.+ i oc( )Sk]
j=1 J k=1
\V(Sl:'":s ): s
SR N SR e
k k
1 Fa—Za..s} F{l-b+2ﬁ.s]
(0.5.2)



Chapter 0

n

Ir (d(.k) —S(k)sk) r (l—c(.k) +y(.k)sk)
. =R IREEVE S SR
k - 9
R f T I R
% o 1 {ld ) 0k k] [1 F[ 0 7V 00° k]
i\K)—p J—mk+1 j= nk+1
(0.5.3)
where j=1,....,r and k =1,...,1
Suppose, as, that the parameters
aj,jzl,...,p;bj,jzl,...,q;
k) . _ A :
cj ,_]—1,...,11( k)’ (k) ,]= (k)+1""’pi(k) ;

(k) ._ k) ._ :
dj ,j=1,...,m () d (k) ’J_m(k)+1""’qi(k)’

with k=1..r.i=1..R,i® = r®

\J ' | '
are complex numbers, and o s, s,y s and Os are assumed to be positive real

numbers for standardization purpose such that

p; P
k)~ (k S 1 K
RS S R0 ¥ RN S L
= J=n+ —1’1 + Jl
my 4o
(k) (k)
— oy 7 —1 o <0
j; j i(1<)j=%:(+1 i
(0.5.4)
()_1 R(k).

The real numbers T, are positive for i=1 to R, 1 (k) are positives for i
i
The contour Lk is in the Sy land and rune from G —1i00to o —icowhere G is a real

9



Chapter 0

number with loop, if necessary, ensure that the poles of F(dgk) —8§k)sk)with

: L (k) o

]=1,...,1’I1k are separated from those of F(l—aj+ > (xj sk) with j=1,...,nand
=1

to the left of the contour Lk

_ k) (K) =
I cj +yj sk)w1th] 1,...,nk

‘argzk‘ < %Ai(k) 7, where

n P P i
_ (X o (k) (k) (Xk)
A =) o’ —T. + y -1 Y -T. > Pt
() ; i J_nzﬂ ji Z () jz%ﬂ {00 lj; ji
q
(k)
(k) { 5
+ oy ' —1 >0,
Z 09 2,0

(0.5.5)

with k=1,...r,i=1,.R,i® =1, rR®),
The complex numbers z; are not zero. Throughout this document, we assume the

existence and absolute convergence conditions of the multivariable Aleph-function.

We may establish the asymptotic expansion in the following convenient form

o
r J,max“z
r 1
B p [ ]
— 1
&(zl,...,zr)—o(‘zl‘ ""Zr‘ I |, max ‘zl‘... ‘Zr‘ —> 00,

o

.|z ]—)0,

!
r

N(Zl,...,zr) =0 [ z

dtk)
where, k=1,...,1: a(k) =min| Re Sgk) ,j=1,...,mk and
cgk) -1
B(k) =max| Re y(—k) ,le,...,nk
J

10
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Chaurasia [15] give series representation of the Aleph function

M,N _ v,g
Np Ot r [z]= > > e(svgg) z : (0.5.6)
o v=1g=0
where
M N
Hb F(bj+BjSV’g)HF(I—aj—AjSV,g) (-1)8 -
J: ,J V J: v
0(Sy )= Sy g =——2. (0.5.7)
wg)= T P: V€7 B,
Zri H T(1-bj; ~B;Syg) H Flaj+A;Svg) 2! By
=1 =M+l =N+

0.6 GENERAL CLASS OF POLYNOMIALS

The classes of hypergeometric polynomials such as Brafman polynomials, extended
Jacobi polynomials and the classical orthogonal polynomials such as Hermite , Jacobi,
Laguerre , Konhauser orthogonal polynomials and several other polynomials play vital

role in the study of mathematics and applied physics.

All the above polynomials are the special cases of the general class of polynomials

introduced by Srivastava [104]

Ur 1 Yl <R
Sy [x]= RZ:;) (- V)ur Ayr Y =002 (0.6.1)

where the coefficients Ay, g (V,R 20) are arbitrary constants, real or complex and U is

an arbitrary positive integer.
Detail information of some of the special cases of the above mentioned class of

polynomials has been given in the Appendix —A at the end of the thesis.

11
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0.6.1 THE MULTIVARIABLE GENERALIZATIONS OF THE Sg POLYNOMIAL

The following generalization was introduced and defined by Srivastava and Garg [107,

p.686, Eq. (1.4)] as follows

k
> UR.<V R

YUy = % ! 0.6.2

Sy (Xl,...,xk):R ZR y (-V) ) A(V:R Ry ) = (0.6.2)
PRy = S UR 1

. 11
1=1

Where Uj,...,U, are arbitrary positive integers, V=0,1,2,... and the coefficients

A(V,Ry,...,Ry)are arbitrary constants, real or complex.

0.6.2 THE GENERAL CLASS OF MULTIVARIABLE POLYNOMIALS

The general class of polynomials defined by Srivastava [103], is given in the following

manner
m,,...,m [nl/ml] [nR/mR] R (_ni)m.s. S.
S et PRI B SR S | i s DN
"R 1 R Ll T'(s. +1)  n..s.
s. =0 s. =0 1=l i 171
1 R
(0.6.3)
Where m,...,mp are arbitrary positive integers, nl,...,nR:0,1,2,... and the

coefficients Ay ¢ (ni,si > () are arbitrary constant, real or complex
11
0.6.3 THE GENERALIZED SEQUENCE OF FUNCTIONS

A number of persons notably Srivastava and Panda [112], Patil and Thakare [76] Joshi
and Prajapat [41],Dhillon [16] (See also Srivastava and Manocha [110] ) have studied

several unified polynomial sets defined by means of Rodrigues formula.

Agrawal and Chaubey [1, 2] were motivated by some of these works defined and

studied the following sequence of functions
REP (= REPx; A B,C.D:GL Hiy,5:8. ko ()]

~axY 4B % cxH 1) P
B Kj o(x)

Tgk{(AxG +B) T x4 0y PO (0.6.4)

12
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where

n
T8y Z[Xk(SHDX)} D == (0.6.5)

{Kn }§=0 is sequence of constants, and w(x) is independent of n and differentiable any

number of times.

Raijada [80] , introduced a generalized sequence of function Sg Prr [x] as follows

S%’B’T [x;r,s,q,A,B,m,k,l]

:(AX+B)_a(1—TXr)_B/T Tm+’{(AX+B)OH'qn(1—1:Xr)

B/t+sn (0.6.6)
k.1

The above generalized sequence of functions Sg B [X] can also be derived from the

general sequence of functions defined by (0.6.6), it is of interest by itself. It unifies and
extends a number of well known classical polynomials studied by several research
workers such as Krall and Frink and Frink, Gould and Hopper, Singh and Srivastava ,
Chatterjea, Singh , Dhillon , etc.

A detailed information of important special cases of the generalized sequence of

functions (0.6.6) can be refer to in Appendix — A at the end of this thesis.
0.7 FRACTIONAL CALCULUS

The term fractional calculus has its origin to the letter written by Maiquis de L’ hospital
in 1695 to Gottoried Leibniz, wherein he enquired whether a meaning could be ascribed
df (X)

to
dx ™

if n was a fraction. Later it is well established that nh derivative of f(x)

means all values of n i.e. rational, positive, negative, real or complex. The real journey
of progress of fractional calculus started in 1974, when the first article on fractional

calculus was published [75].

The fractional calculus finds use in many fields of science and engineering, including
the fluid flow, electrical networks electro chemistry, rhelogy, quantitative biology,

statistical probability theory, chemical physics, and several other branches of

13



Chapter 0

mathematical analysis, like integral and differential equations, operational calculus and
univalent function theory. The work of Oldham and spanier [75], Samko, Kilbas and
Marichev [88], Miller and Ross [71], Podlubny [77],Caputo [12],Gorenflo and Vessella
[28], Kiryakova [47],McBride [66], Nishimoto [74] provide a comprehensive account of

the development and applications in the field of fractional calculus.

The theory of fractional calculus is mainly based upon the study of the well-known

Fractional integral operator , D% defined by (Lovoie [54] and Ross [85])

V4
L DE(z)=— j (z—y) "1 £(y)dy, Re(a)<0, (0.7.1)
I'(-a)
a
dm
=—— D% Mf(z), Re(a)>0, (0.7.2)
dx™

where m is a positive integer greater than Re(oc) and the integral involved exists.

When a=0, the fractional integral operator given by (0.7.1) reduces to the classical
Reimann Lioville fractional integral operator of order (— OL) and whena — oo, it may
be identified with the definition of the familiar Weyl fractional integral operator of

order (— OL) .

On account of the important role played by Reimann Lioville and Weyl integral
operators in several problems of mathematical Physics and applied mathematics,
various generalization of the fractional integral operators have been studied from time to
time by several research workers notably Sneddon [102] , Kalla [42],,Kalla and Saxena
[44], Gupta and Soni [38], Saxena and Kumbhat [92], Manocha [57], Koul [52], Rain
and Kiryakova [83], Garg [26], Garg and Purohit [25], Gupta [35], Saigo [86,87], Gupta
and Jain [36], Kober [50], Erdelyi [19,20], Gupta ,Jain and Agrawal [37].

A detail of various Fractional integral operators studied by researchers has been given

by Srivastava and Saxena [124].

In chapter 4 of this thesis, we have used the fractional integral operator aD% defined

above (0.7.1) to obtain certain multiplication formula and its generalization of order A

(defined below) to find out some new images.

14
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Let 0<a<l1,B,mM,xeR,me Nthen generalized modified fractional derivative

operator due to Saigo [86] is defined as

o ([ mB-m) X ) m
Dg,%ﬁ,r’g fx)=—- Xm—_a)(f) (xm —m ) QF{? ol n’l—i—}f(t)dtm}, (0.7.3)

the multiplicity of (x™—t"™)™% in equation (0.7.3) is removed by requiring

log(xm - tm) to be real when(x™ —t™) >0, and is assumed to be well defined in the
unit disk. When m=1 then the above operator reduces to Saigo derivative operator
Dg’f’n (cf. Srivastava , Saigo and Owa [123] ; See also Srivastava and Saxena [124]).
0.8 MITTAG-LEFFLER TYPE FUNCTIONS

Gosta Mittag-Leffler [72], introduced the function E(z) , defined as

_~ 1 n
Ea(z)_ré)r(anﬂ)z , (0.8.1)

where z,0.€C;R(a)> 0and |z| > 0.
Wiman [130] extended (0.8.1) in the form
00 1 0
Eop@= Z {T(anp) (0.82)
where z,0,p € C;R(a)>0,R(B)> 0.

Shukla and Prajapati [97], defined and investigated the function Eg’g(z) as

vq (1-7v,9)
By p =10 12[ |0, pBJ

1 Cc+ioo I(\T
S j (9)I'(y—gs) —z) Sds, (0.8.3)
2mil(y) o I'(p—Ps)
with B,7,pC,R(B)>0,q€(0,1)UN
Kiryakova [47] , has studied about “ Multi index M-L function” defined by

= 1

n 0.8.4
|: (l/p)(u )( ):| r120r(“1+n/131 (Mm+n/pm)z ( )

where m>1, is an integer, Py>>Pm > Oand Hysesly are arbitrary real numbers.
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Saxena and Nishimoto [95], studied an extension of M-L type function as

S Wk 2"
E 1 1(0.B1)s s (0m,.Bm):z]= , (0.8.5)
Y,k[ o o ] Ilzz%).inl(ajn+ﬁj) n!
J:

m
where z,aj,Bj,y eC; ZlR(a)> R(k)—l,j =1,..,m and R(k)> 0.
J:

Kalla , Haidey and Virchenko [43], showed Multi parameter M-L type function in the

following form
A ’.“’7\‘ lo'e) (_ 1)1’1 - An+M
HE. 1 v = = (0.8.6)
@)= 3 (27

— \%
n=0 F[1+u.+k.n)
=1 J J

v \
where L. €C,A.>0,j=1,2,..,v; > nu.=Mand Y A.=A.
J J =1 =1

Bhatter and Faisal [7], defined a M-L type E-function as follows

BN B 4 (psa)s[vpdpss; )y —rEﬂ{z Pl (Y398 o (Yhodp Sy )

(a,B);(Sj,pj,rj]l . (a,B);(Sl,pl,rl],..., [Sk’pk’rk)
SIT 5o Sh
[(vl)qln} (72)q2n} ---[(vh)qhn} (—1)Pnan+t

k! ) "k
{(sl)pln [(62)%“} ...[@k)pkn} I'(an+p)

(0.8.7)

>

where ZaaaBaYiaéj EC,R((X)ZO,R(B)>O aR(y1)>09R(6J)>03q1 20

h k
pj >0 ;S > O,rj >0;a,teR;pe {0,1}{i§0 q;s; < jélpjrj + R(a)J or

-1
h k h .S. k p.r.
S qis; = > pir. +R(a) when [1(q,) 11 aaH(P'J 2% <),
i=0 ' =1 ) i=] 1! =N

here 1=1,2,...,h;j=1,2,....k.
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0.9 INTEGRAL TRANSFORM

If f(x) denote a function of a prescribed class of functions defined on a given

interval [a, b] and K(X, s) denotes a define function of x in that interval for each value of
s, a parameter whose domain is prescribed, then the liner integral transforms T [f(X); s]

of the function f(x) is define in the following manner
b

T[f(x);s]= j K(x,s) f(x) dx (0.9.1)
a

Wherein the class of functions and the domain of parameter s are so prescribed that
the above integral exists. In (0.9.1), K(x, s) is known as the kernel of the transform, T

[f(x); s] is the image f(x) in the said transform and f(x) is the original of T [f(x); s].

If an integral equation can be so determined that

B
f(x) = j o(s,x) T[f(x);s]ds (0.9.2)
o

Then (0.9.2) is termed as the inversion formula of (0.9.1)
0.9.1 MELLIN TRANSFORM

The well known Mellin Transform is defined by

M[f(x);s]= j S F(x) dx (0.9.3)
0

and the inversion formula is given by

1 C+ioo
f= - j x5 M[f(x);s]ds (0.9.4)

Cc—100

provided that the above integral exist.
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0.9.2 GENERALIZED STIELTJES TRANSFORM

The generalized stieltjes transform, under appropriate conditions, is defined as

follows

L [FGx):s] J (x+5)7S £(x) dx (0.9.5)

We have studied the multidimensional stieltjes transform in chapter 2 of the present

work.

0.10 PATHWAY FRACTIONAL INTEGRATION OPERATORS

Nair [73] introduced the Pathway fractional integration operator and state as follows
Letf(x)e L(a,b);n eC,R(n)>0,a>0 and let us take a “pathway parameter”a. < I,

then the pathway fractional integration operator is

X
a(l-o) N
{Pén’a)f}(x)zxn {1 —M}— o £(t)dt (0.10.1)
+ D X

the pathway model is introduced by Mathai [61] and discussed further by Mathai and
Haubold [62, 63].For real scalar a, the pathway model for scalar random variables is

represented by the following probability density function (p. d. f.)

B
x)=clx!™ [1 ~a(l- oc)|x|8} - (0.10.2)

provided that—oo<X<oo;5>0;[320,y>0;[1—a(1—0c)|x|8:|>0, where ¢ is the

normalizing constant and ais called the pathway parameter. For reala, the

normalizing constant is as below
X

15[ a(l—a)] r(6+B+1j

1-a

* (e

c= , fora <1, (0.10.3)
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Y
)
18[3(0(—1)] F(OLB_J Iy
c=§ , for —=—>0,a0>1, (0.10.4)
sy
) oa—-1 9
5
c=%8[a'3] foro—>1. (0.10.5)

See that for au<1 it is a finite range density with [l —a(l- (x)|x|8} >0 and (0.10.2)

remains in the extended generalized type-1 beta family. The pathway density in
(0.10.2), fora. <1, includes the extended type-1 beta density, the triangular density, the
uniform density and many other p.d.f.

Forou > 1, writing 1—a =—(o.—1) we have

£(x) =/ [1 +a(a —1)|x|8}0°‘1 . (0.10.6)

Provided that —oo <x <00;6>0;B8>0,a >1 , which is the extended generalized type-2

beta model for real x. It includes the type-2 beta density, the F-density, the Student-¢
density, the Cauchy density, etc.

Here we take only the case of pathway parametero. <1. For oo — 1both (0.10.2) and

(0.10.6) take the exponential form, since
| 571 1 ot
limoc_)lc|x|Y {l—a(l—a)|x| } - =lim | c|x|Y [1+a(a—1)|x| }a—

)
_ep Ve

(0.10.7)

In this the generalized gamma, the Weibull, the Chi-square, the Laplace, Maxwell-

Boltzmann and other related densities are included.

19



Chapter 0

20



Chapter 1

CHAPTER 1
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The aim of the present chapter is to study of a pathway fractional integral operator
associated with the pathway model and Pathway density for Aleph-function. We
establish three theorems. In first theorem we find pathway fractional operator whose
kernel involves the product of Aleph-function, Multivariable’s general class of
polynomial and H-function. In second theorem we find pathway fractional operator
whose kernel involves the product of Aleph-function, Multivariable’s general class of
polynomial, H-function and Mittag-Leffler function. At last, we establish third theorem
on pathway fractional operator whose kernel involves the product of two Aleph-

functions. Also we obtain new and known special cases of our all three theorems.

Various definitions of the operators of the classical and generalized fractional calculus
(FC) are formerly well known and broadly used in the applications to mathematical
models of fractional order. Two well known classical and generalized fractional
calculus operators are Riemann-Liouville fractional integral given by Samko-Kilbas-
Marichev[88]) and Erddelyi-Kober operators are given (cf. [88], Kober [50], Erddelyi
[20], Kiryakova [48]). Further Saigo [86] was introduced and examined generalized
fractional calculus as the hypergeometric integral operators. Kiryakova [47] find
generalized fractional calculus whose integrand involves G and H-functions
respectively. We bring out a fractional integration operator, which can be considered as
an extension of the left-sided Riemann-Liouville fractional integral operator. We come
up with some results for this operator, including the images of the Aleph-function,

Mittag-Leffler function, and their appropriate cases.

In this chapter we obtain a result, which create a connection to broad classes of
statistical distributions. The pathway parameter o establishes a path for one distribution
to another and to different classes of distributions. If o goes to 1,we get generalized
gamma type function.
1.1 INTRODUCTION

1.1.1 PATHWAY FRACTIONAL INTEGRATION

Nair [73], introduced the Pathway fractional integration operator and state as follows
Takeou <1 and let f(x)eL(a,b) ,R(n)>0,a>0,neC , then the pathway fractional

integration operator is
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[P(()T“) f} (x)=x" L(lj'a) {1—*‘(1%“)?& £(t) dt. (1.1.1)
0

Mathai [61] introduced the pathway model and further discussed by Mathai and
Haubold [62, 63]. For real scalar ., the following probability density function (p. d. f.)

is the pathway model for scalar random variables

-1 511ty
f(x)=clx|" [l—a(l—a)|x| }1—“, (1.1.2)

provided that —oo<X<oo;8>0;BZO,y>O;[1—a(l—a)|x|6}>0, where ¢ is the

normalizing constant. For real o, the normalizing constant ¢ is given as follows

5
16[a(oc—1)] r[_j |
c=— Y for———Ts0,a>1, (1.1.3)
ey e
0 a—1
5
_tslaBl o1 (1.1.4)
2 Y
1—‘*
H
Y
18[a(l—(x)]81”(y+ P +1j
c=— o 1=a ) fora<l. (1.1.5)

Provided that for o<1 it is a finite range density with [1—a(1—a)|x|6} >0 and

(1.1.2) remains in the extended generalized type-1 beta family. The pathway density in
(1.1.2), forau <1, includes the extended type-1 beta density, the triangular density, the
uniform density and many other probability density function.

Forau >1, taking 1—a=—(a—1) we get
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f(x)=cx] v [l+a(a—1)|x|8}_a_l , (1.1.6)

provided that —co <x <0;8>0;B> 0,0 >1, which is the extended generalized type-2

beta model for real x.

Here we take only the case of pathway parametera <1. For oo —1 both (1.1.2) and

(1.1.6) take the exponential form, since

. v-1 v-1 d |a-l
hma_)lc|x| [1 | | } —hm 1c|x| {1+a(a-l)|x|
1 —a |x|6 (1.1.7)
e
This includes the generalized gamma, the Weibull, the chi-square, the Laplace,
Maxwell-Boltzmann and other related densities.

For more details on the pathway model, the reader is referred to go through the recent

papers of Mathai and Haubold [62], [63].

1.1.2 ALEPH (X)) - FUNCTION
Sudland [125] introduced the Aleph () - function, however the notation and complete
definition is presented here in the following manner in terms and the Mellin- Barnes

type integrals of Aleph-function is

a.A. Jt.(a..,A..
@A )1n {Tl( ji Jl)}n+l,p.
1

[ ] N ,q ST Z|
(bj’Bj)l,m’{Ti(bji’Bji)}

m+l,qi

__ 1l [omn (s)zSds, (1.1.8)
27t0)L P q T T

for all z#0 where w=,/(—1) and

m n
P gr [bJ +Bjs)gr [1 a, Ajs) .
Pi-4;- Tt r 9 b )
;Ti j:m+1F (1 —bji —Bjis)jzllrll“ (aji +Ajis)
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The integration path L = Liyoo,y € R extends from y—icoto y+ico and is such that the
poles, assumed to be simple of I'(1— aj - Ajs) , J=1,...,n do not coincide with the pole of
F(bj + Bjs) ,j=1,....,m the parameter p;.q;are non-negative integers satisfying
0<n<p,,0<m<gq,,7,>0 »A;Bj,A;.B; >0 and 2 b A b ;€C for 1=1L..,1
‘The empty product in (1.1.9) is interpreted as unity. The existence conditions for the

defining integral (1.1.8) are as following

(i) ¢, |< ¢z»1‘12
(i) 4 2 0.  arg(z) | < T4, . R(E) +1<0.
P 9
Whered)l ZA +ZB T > A'l+ 2 B'l (1.1.10)
=l =l ] j=n+l I j=m+ J
g rfb % qz b pzl 1( ),Vi=1.2
= .= a.+71 - a.; |+—=PpP;—9;), =1,Z2,...,T
! =11 =] ! j=n+1 il j=m-+l jep

For detailed introduction of Aleph () function given in [125] and [126].

1.1.3 ALEPH (X)) - FUNCTION OF TWO VARIABLES
Saxena [90], defined the Aleph () - function of two variables

On;m,,n, ;m,,n
S O
. -r| Y| B
pﬂqﬂpibqia iapi:qia’ciar

e (1.1.11)
L[ [66.8)0,9)0,@)x Sy Sdsde.
(27t1) LI
1 2
where

= A C. < ,(e.,E. s | (€ E .
@A L - “ i ) b +1p, €5 Fiin, {Tl(eﬂ JI)L12+1,pi
B*:b’a 'aB’ ad'aD' eeey d.. 9 "_ ’ faF 90y f ) [
(JBJ J)Lq (J J)l, m, [T( j Jl)m1+1,qi (J J)l,m2 {T(Jl Jl)} m,+L,q;
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n
Fl-a.-a.s—A.
i ( IR J&)
(s, &)= 5 1= : (1.1.12)
I] T, +0ch+A g)H r(- b Bs Bg)
j=n+l1 j=1
ml n1
non I:IF(dj+Djs)1:[F(l—cj—st)
0,(s)=0 }qll. (s)= - q i . (1.1.13)
Z Hr(ld—Dg)Hr(c +C i)
1=l J—m1+1 = n1+1
and
1’1’12 n2
n 11 I, +Fj§)qr(1—ej ~Fo)
0, (&)= Q) V2 (§)= r = ' C(1.1.14)
p’ql i’ T, q; p;
Ztl H ra- f _Fjii) H F(e +EJ1§)
1=l j= m2+1 = n2+1

1.1.4 THE GENERAL MULTIVARIABLE POLYNOMIAL
The general class of polynomials defined by Srivastava [103], is presented in the

following manner

ml,...,mR[ ] nl/ml nR/mR R (_ni)misi S.
= _ 1
Snl""’nR X Xp [ E E I._II I +1) Ani,six R (1.1.15)
s1 =0 sR =0 = 1

where Ny,..,Np = 0,1,2,... , the coefficients Ap g (ni,si > () are arbitrary constant,
11

real or complex and m,...,mp are arbitrary positive integers,

1.1.5 FOX H- FUNCTION

Mathai and Saxena [65] given the series representation for Fox H- function as follows

N £
MN (epa p> DY x(é)( j
Hp {| } h§: § F(v+1)E , 1.1.16)
(eh_l_h)

h=12,.,N
Eh s 9%y

where &=
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and
ﬁr( +Fg)ﬁr(l_eJ_Eg)
x(©=—4 =
j:ll\_/[[+1 F(l —f;- Fjg)jzl;lmr(ej + Ejaj

For convergence conditions and other details of the above function see Mathai and
Saxena [65].
Mathai and Saxena [65, Page 11, equation (1.7.81)] has given the relation of Wright’s

function p¥q and H-function, as follows

(al’Al) (a A)
pYq (b;sB))s- (b ,B )

(I1-a,A),..(I-a_,A )
Lp | _ hie o " p
] Hp,q+l[ Z|(o,1),(1 bysB) )i (l_bq’Bq) . (1.1.17)

1.1.6 MITTAG-LEFFLER TYPE FUNCTION

Shukla and Prajapati [97], defined and investigated the function Eg’g(z) , as follows

Y.9q v.9)
I F(y) 12[ 7l o p,B)}
C+ioo (1.1.18)
1 [ TOTO=6) (_,)=s4
2nil(y) °.  T(p—Ps) ’

with B,v,peC,R(B)>0,q<(0,1)UN

1.1.7 BETA AND GAMMA FUNCTION RELATION

1
m-1, _n-1, TI(mI'(n)
£ N O A el (1.1.19)

1.2 THEOREMS

Theoreml1: let M,u,up,up € C, R(S) >,R(1+ (111()()} > O,R(n,u,ul,uR) >0,A>0,

>0, R(B)> 0,and m, is an arbitrary integer and coefficients A g (ni,si > 0)are
171
arbitrary constants, real or complex and set of sufficient conditions (1.1.10) hold
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(aj’Aj)l,n’|:Ti(aji’Aji):|n+1,p

bARAS ] u .

Py XU~ 1s ™ TR " x Rygmn . dxd i

R Py 90Ty (b..B), ,[r.(b..,B..)}
PUILe T g
I i
+u+u,S;+...+Up S

CMN ] A CpeEp) | ] o TR F(1+ : ]
P,Q (Q Q) [a(l—a)]u+ulsl+"'+uRSR l—a

Z Z N, gMN|_cx ’ {GP’EPJ
X | ims _ X
Hpq A
5, =0 S =0 i=1 F(si ) £8 [a(l-(l)] (fQ’FQ]
(I—u—uys; = —upsp +1&,9), (aj,Aj)Ln T1(2111 ji) n+,p.

fa(1-)]°

m,n+1 dX8
><&p.+1q +1r ;T JL '
(bj,Bj)l’m,h(bji,Bji)Ln g (= s = e up s +AE,)

(1.2.1)
Proof: In the left hand side of (1.2.1), we use these definitions (1.1.1), (1.1.8), (1.1.15)
and (1.1.16) then we get

[n, /m,] [n, /m_ ]| R (-n.)
Pm’a) Lu-l 1/ 1 . R/ R 1'm.s. Xu-S-

0+ 81:0 SR:O i:11“(si+1) n.,s.

N 0 Vv -1 E.»
« 1 m,n §\—S (=1)" x(&) A
2TC(,0 Qplyqlarlar(S)(dX ) ds Z Z F(V-}-I)E {(CX ) }
L 1v=0 h

h=

X

[a(l—oc)} n__
u—-l+us +..+u,s, —0s—A _ I+—-1
_N ) | R°R ‘i(l_a(l a)tj o g

X
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g
ys DY x©
“2m0] pragirr(8)(d) 7 ds 21 Z Fv+DE, ( j ’ (122)

In equation (1.2.2) , if we take 20—t _ v, and interchange the order of integration,

X
we get
[nl/ml] R/m -, mlsl Xn+u+ulsl+...+uRsR—8s—7»§
= ] An-’s‘
5, =0 2o i1 I(s, +1) [a(l_(x)]u+ulsl+...-|-uRsR—ESS—M3 S,
L [opn B 1Y x(&)( 5
Q7 . d d
8 2T® pi’qi’Ti’r(S)( ) S Z Z 1"(V+1)E
L h=1lv
1 5s—AE-1 I+
0 (1.2.3)

now we evaluate the inner most integral with the help of known result (1.1.19), we get

[nl/ml] R/m (-n 1 mlsl Xn+u+u1s1+...+uRsR—63—7»§

| + +..4 -0s—A An.,s.
F(si+) [a(l—(x)]u Us Fetupsy -85 3 1

s1=0 sR=0 1=1

T(u+u,s, +..4+u.s —6s—x<:)r(1+1”)

I'1 R'R 1

) — Qg’g.'r.'r (S) (d )_S ds
F(u—l—us + +u._s _SS_?\J€+1+ n ) 2TECOL 1’ 1’ 1’
1"l ™ "R'R _
N o
3y (—l)v_x@(lf
he1v=0 F(V+1)Eh C

after a little simplification ,we get required result (1.2.1).
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Theorem2: let MU, up eC,R(6)>,R[1+ (ITQ)J>O,R(n,u,u1,uR)>O,X>O,B,yeC,

R(B),R(n), R(y),R(p)> 0, XE(O,I)UN and m, is an arbitrary integer and coefficients

A (n.,s. >0)are arbitrary constants, real or complex and set of sufficient
T R U

conditions (1.1.10) hold

a. A. Jt.(a..,A..

( J J)l,n [ il J Jl)LH,p

P xu—1s TR (1 R)Ng“a o dx® i
R

b.,B. ,|t.(b..,B..
i

NHU+WS . FupSp

2 CpEp) lLvafy B X
E b =
(fQ Q)} BP( X ) [a(l 0L)]u-i-u S+ Hupsp

[ny/my] g /mpl{ R (1), o
><1“(1-|—LjL e Z H—ll Ap. S.
l-a F(y g = P F(si+1) 171

1 SR~
(a.,A.)1 {‘t.(a..,A..)}

HMNI: cX (eP’EP):| m.n dX8 J JLn o 1 n+lapi
*Hp ¢ P Tr| T

Q-] Yo Q) | A fa1- o] (bj’Bj)l,m’{Ti(bji’Bji)}ml,qi
ey, (P kg TR bxP (12.4)

(0,B), (1+i+u+u S|+t Up Sy —AEB) [a(1-a)]P

Proof:-

In the left hand side of (1.2.4), we use these definitions (1.1.1), (1.1.8), (1.1.15),
(1.1.16) and (1.1.18) then we get
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:
1 - 1Y 1
Lol 6y e Z Z (-1)" 1®) { }

i i ho F(v+1)E (cxx)

o Twr(@r(v—q@ (—stj_CdC
i J T re-po)

i X
a(l-a)

] — 4 -
-1+ +..+ — — — 1 1

X

0

11

x n.,s.
171

[y /my ] [nR/mR]{ R (—n)ms. }

SI=O SR =0

s D)Y@ (1)F
“2re ] patr dsz Z (TO+DE, U

X —— (1.2.5)
2mil'(y) I'(p—PBC)

Cc+ioo
1 J FOI =45 _p)-¢ dg}
In equation (1.2.5), if we put ad—ojt _

v, and interchanging the order of integration,
X

we get

X

0

[ /m,] [nR/mR]{R (—ni)misi} NFUFUS, Fotupsy —8s-AE-PL
0

51: SR: i=1 F(Sl+1) [a(l a)]ll+llS +.. +ll S -0s— )\& BC

1

:
zm{ prazar(8)(d)” dsz z (DY x(&)( )

ho Irv+1)E

X

C + 100

“2mil(y) Co-BO)
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1 n
(——+1)-1
XJ‘ V1u+ulsl+'"+uRSR_SS_M“_BC_I(I—VI) l1-a dv

0

e (1.2.6)

now we evaluate the inner most integral with the help of known result (1.1.19), we get
THutus e AURSg - Iny/myl [ng /mg 1| R M)ms. s

e o o F 11 1 X 1 An.’s'

T (si +1) 171

[a(1— a)]u+ulsl+"'+uRSR e o

(a.,A.) {r.(a..,A..)}
(eP,EPj ma dx® A 0 1 S e B S

o) | PR -]

n+1,pi

b.B.), _.|t.(b..B..
O3B D1 |5 Jl)}mﬂ,qi

(1—3(,7»),(1—u—uls1 —.~UpSp +M1E, B)

p
xl"(l-kiJ Lyb2)  bx
(O,l),(l—p,B),(—%—u—ulsl —mUpSpy +1EB)

T 23] fa-o)P

5

(1.2.7)
In equation (1.2.7) with the help of known result (1.1.17) and after a little

simplification, we get the required result (1.2.4).

Theorem 3. Let 1,B,p,yeC,R(M),R(B),R(p),R(y)> O’R(H (1 11oc)j 70

and set of sufficient conditions (1.1.10) hold

PO p—1 le’nl
0+ P, 45 TT

c.,C)) ,[r'.(c..,C..)} ,

d..D. ltd..D.. ,
“ J)l’mz [ iji Jl)]m2+1,qi

m,,n v

XN ] ] ' WX
.,0..T.T
pl’ql’ 1’
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M C*
n+p 0,;m ,n ;m,,n [a(l-oc)}M
== r[n N jx 22 (1.2.8)
P _ . . v |D* |’ -
[a(l—(x)] 1 lzlapi:qiariapia qizri:r W X
[a(l-a)] ¥
where
c :(I_G’M’V)’(aj’Aj)Lnl’Ti(aji’Aji)Llﬂ,p Gy (3
1
and
D' =(-—L —c,u,v),(b.,B. { b...B d..D. { d..
( T—a o,1,V),( ] J)Lm (]1 ]1) m1+1q 5( j ])Lm T.( ji’ Jl) m2+1,q'i

Proof: - In the left hand side of (1.2.8), we use these definitions (1.1.1) and (1.1.8), we
get

L fath o] a2 @it el PR e ag

(2751)2L1 Ppdp Tyt L2 U P
© Q.22 ©rSw s

(2m)2I qrrqutr

ol Ly

X

a(l-a) n
XXn j tP—HS—VE_,—l[l M)l—(l dt dsdg (129)
X
0

In equation (1.2.9).if we put ald—ajt _ v, and interchanging the order of integration
X

then we get the following form

' r()jQ 272, @aSw b

(2711)2 ‘[ q P, QT

1 2
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dv, tds d¢

p—us—vE-l o
X
J a(l-o) |

(1-vpl-¢

1
xan. [ XV,
0 a(l-a)

1 m;,n
_ o Il 0 2 2' A~S w5
(m)zj bt r(s)j o BOERAANC
1 L
n+p-ps-vg 1 ( +1)-1
X [{ovpPhs” Verlgoy) 1-e dv, pds dg (1.2.10)

fa-ayjprsmVs |

now we evaluate the inner most integral with the help of known result (1.1.19), we get

m,,n , e —
=——— o 'l .r(s>jn 272 (&) S w S (ndsde
(2mi1) L Py-dT P.»q.5Tr

1 2

N+p—us—VE r(liﬂ)r(p—us—va) N+p—ps—vE
x —a - N —+D)
fal-a)}PHS TV MM popsovesn)  fad-o}PTH ve
-

2 1’qlr r()ja 272 @S wTE ) —RTESTVE) gqe
(2n1) 171 2 P;»q;5 T 5T F(li+p—us—v§+l)
-

(1.2.11)
Now we use definition (1.1.11) in (1.2.11) then we get required result (1.2.8), after a

little simplification.
1.3. SPECIAL CASES
1.3.1 BY THEOREM 1

(1). If we put T = 1 in (1.2.1) then we get following result in term of I-function

(a.,A) ,[(a..,A..)}
n,o) 1 S kel n+Lp
pMa) u- S_ i R R(X X R)Imn dx ‘ i
0+ LR p;-9q;:T (b.,B.) ,[(b..,B..)}
3 Lm? [ Mg m+1,q
I i
HM N (e E ) Xn+u+ulsl+...+uRsR . (1 . j
X ’ t——
P,Q ( Q Q) [a(l—(x)]u+ulsl+"'+uRSR 1—a
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[n,/m;]  [ng/mp]| R (1) A
) 1/ o R/MR i'ms; | LMN| _ex (ep-Ep)
N n.,s. Y
G s fio Terd | P g o)t Q)
(l—u—ulsl—---—uRsR—KEJ,S),(a.,A.)1 , (a..,A..)}
-+l dxd® ok ge n+1,Pi

PiLa T a1 o] 8 M s —

—a 151 ---—uRsR+X§,6)

(b;B j)l,m{(b ji’Bji)}erl,qi .
(1.3.1)

(11). If we choose T =landr=1 in (1.2.1) then we get following result in term of H-

function

(a.,A)) ,[(a.,A.)}
u VoLt i)
,...,X R)Hmpn dXS Il+l,p

p.q
R b.,B. ,|(b.,B.

M) u—-1"Mp MR M
Pos | x S'nl,...,n (x

MHUHUS +ooHup Sy

(eP’EP) X n
(f ’FQ) _[a(l—a)]u+ulsl+m+uRSR F(“_—j

xH A

M, N cx
P

,Q

[ny/m] [np /mp]| R (_ni)misi MN|  ex A
o o o An.,S, HP 2 7\‘
S DD [ PR )

X

S =0 SR =0

(l_u_ulsl_ e _uRSR +}\4é P} 8) ’ (aJ jAJ )l,n ’

a.A. }
(J J) n+l,p

- N _yus,——
(OB, | OB i s D)

(1.3.2)
(ii1). If we choose M=N=P=Q=1andd=1 in (1.2.1) then we get following result

Hm,n+l dX6
p+1,q+1 [a(l ) O(,)] )

due to Jain and Arekar [40]

@A Dy @A )]

n+1,p

1
OB 508

m,,..,m u u
Pgl’a)[xu_lsnl n R{x I x R}Nm’n N x0
"R Py~ Ty

m+1,q
1
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TSRSy mym] Do /mgl | R )y g

n
= rii+ . — A

l-u—u,s,——upsp ,0),(a.,A.), ,/t.(a.. A..
] dxd ( 11 R°R )(] ])l,n i( ji Jl)n_}_l,pi

p; +l,q +1; LT [a(l-a)]

(b. B)lm[t (b, Jl)} g .( 2 —umu = mupsg )

(1.3.3)

(iv) If we substitute T = l,r=1,M=N=P=Q=1 and general class of polynomials

1s unity in equation (1.2.1) then we obtain known result due to Nair [73, equation (15)].

(vii) If we take T =1,r=1 and general class of polynomials is unity in equation

(1.2.1) then we obtain known result due to Chaurasia and Gill [14, equation (12)].

1.3.2 BY THEOREM 2

(1). If we put T = 1 in equation (1.2.4) then we obtain the following result in term of I-

function

a. A. J(@a..,A..
m,,...,m .
+ 19 ’nR p q T

b.,B.), .[(b...B..
( J J)l,m {( ji ]1)}m+1,q
i

nNHuHU S, +.AUp Sy

M Ep) | yaf, B X
E b
(Q Q)} B.p [ X j [a(1— )] FUST T TURSR

[nR/mR] R (_ni)m.s.

11
— 11 A
L TG +D) 035

[y /my
xT" [1 + —j Z

= sR=O
(aj,Aj)l’na {(aJIJA‘]l):ln_i_l,pl

MN[ %
xHYVLNI__€X
[a 5B m: {(le Jl)}

PR aa-w]*

(e E) Im,n' dX6
(Q Q) B a1 - )] ®

m+1,qi
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(1@, (u+us, +..+upsy —3s—8E,p) bxP

(p’ﬁ)’(l+%+u+ulsl totUpSp —85-038,B) [a(l-a)]B

2¥2 (1.3.4)

(i1). If we choose T = land r =1in (1.2.4) then we get the following result in term of H-

function
(a.,A.) ,[(a.,A.)}
1
PS]:Q) . ls L ’nR(X °~-~aXuR)Hm’n dxs‘ DAL T nelp
Nty P.q (b.,B.) [(b B. )}
;orkm N m+1,q
M N K(GP,E ) T (b Bj ) XT]+u+ulsl+...+uRsR
P,Q (QFQ) B.p _[a(l—a)]u+ulsl+"'+uRsR

[nR/mR] R (_ni )m S

[0 /my s.
X _ | — 11
F(1+1 ocj I'(y) Z 2 ilzllr(si+1) Ani°si

sR:0
XHM’N{ CXX— (ep.E P)]Hm’n axd @ (aj’Aj)LH,p
P’Q [a(l—a)] (Q Q) a [21(1—0()]8 (bJaBJ)l’m,{(bJ,BJ)LIH_Lq

(1A, (utws, +.+upsy —0s—1E,p) bxP

— (1.3.5)
(PaB),(l+%+u+ulsl+...+uRsR—65—7@,[&) [a(1-a)] P

(ii1). If we choose General polynomials is unity, Aleph function unity and q=1 in

(1.2.4) then we get the following result due to Chaurasia and Gill [14, equation (21)]

maf u-1 M N 2[Cp-Ep) |y, BY|__x™ ( LJL
A« HPQ{ (fy: FQ)}EB oo j}[a(la)]urHl—a )

xHM’N Cx7L
[a(1-00)]

<epaEp>] o | D @2EB) bxP
Tt |22 opy.0+ rune py| -]

(1.3.6)
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(iv) If we put M=N=P=Q=1 and Wright’s function 2V, convert in terms of H-

function then we get the known result due to Nair [73, equation (24)].

1.3.3 BY THEOREM 3

(). If we put T = l,rvi =1 in (1.2.8) then we obtain the following results in term of I -

function
a. A. ,(a..,A..
( J J)l’nl [( I Jl)LIH,D
P x P kx“‘ |
+ ..q.;
Plaql,r (b.,B.)1 ,[(b, )}
Jorbmpep g gt m, +1q
i i
(c.,C)) ,[(c..,C..)} .
7 ) Ln o
><Irr,12’vn2 wx" 2 n2+1,pi
p:,q.:;T (d.,D.) ,(d..,D..) ,
1771 771 Lm [ o
2 m2+1,qi |
A xH
+ . . 2
B e e
[a(1— )] P l—a) LLip.q:p,aisr|  wxV |F
[a(l—oc)}v
L _ (1.3.7)
where
E'=(1- LA AL :(c.,C. ..,C..
( G,H,V),(a], J)lanl,(ajl’ .]1):|n1+1,pi,(c.], J)l,nz’(cjl’ Jl) n2+1’p|i
F*: _i_ s 7b‘aB' ’{b’B )d’D { d’D
B L
i

2. If we put T = 1,1:; =landr=1,i=12,...,rin (1.2.8) then we get the following result

in term of H- function
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(aj’Aj)ll’l ’[(aJ’AJ)i|
_1 m,,n | n. +1p
p(n)] =1y Mu‘ !
p.q (b.B), ,[(b.,B.)}
_ 7o ybm g m, +1,q
(c_,C_) ,|:(C.,C.)j| '
mon N N R ny+Lp
x H ,2, 2 wx"
p’q d,D ) d’D '
( J J)Lmz [( J J)}m2+l,q
_oaxk
. : H
T n ) O0Lmpnimo.n | fa(l-a)]" | g
1 q - % | (1.3.8)
[a(1-)]P l-a) 1,1;p,q;p,q ~wxVv _|H
[a(l—oc)}v
where
=0 v). @5 Ay g o\ @j J)Lﬁl,p’(cf Py €5 ny+Lp

H = o uv).(b..B. ,{b.,B.} .(d.,D. {d.,D.}
( lI—a G“V)(J J)Lml (J J) m1+1,q(J J)l,m2 (J J)m +1,q'

2

3. If we use the relation (1.1.18) in (1.3.8) then we arrive at the following result
) )
P g (5o, ()
171’]1 271’]2

axH
W (1_0, u 5V) > (1_51 5%1) > (1_82 5%2)

n 0,1;1,1;1,1
— F H B 5 B ’.5 .
la(1-a)]P (1_(1) LELZL21 wxv (=L = ov).(0.D):(-n.8)0.1): (1-n.8)
[a(l—OL)}V

(1.3.9)
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CHAPTER 2

A STUDY OF MULTIVARIABLE
FRACTIONAL INTEGRAL OPERATORS
INVOLVING MULTIVARIABLE
POLYNOMIAL AND

THE ALEPH (X)-FUNCTION

Publications:

1. Multidimensional fractional integral operators involving general class of Polynomial
and Aleph (N)function, International Journal of Mathematics and its Applications,
Vol. 5, Number 2 (B) (2017), pp. 293-300.

2. On some composition formulae for multidimensional fractional integral operators

associated aleph ( &)- function and general class of polynomial, International journal of

computational and applied mathematics , 12(2) , (2017), pp. 255-272.
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Chapter 2

In this chapter, we develop and present multidimensional fractional integral operators
whose kernels involve the product of a multivariable polynomial (0.6.2) and the Aleph

(N)-function (0.4.1). First we define the operators of our study and give conditions of

existence of these operators. Further, we obtain some images of certain useful functions
under these operators. Next, we establish two theorems giving the multidimensional
generalized Stieltjes transform of fractional integral operators and conversely. Then we
present Mellin transform, Mellin convolutions and inversion formulae for these
operators. Finally, we derive three new and interesting composition formulae of our

multidimensional fractional integral operators.

In addition we have also evaluated a double integral of a very general nature with the
help of our first composition formula. A special case of the same is also given. The
results obtained by Goyal and Jain [30], Erdelyi [21], Goyal, Jain and Gaur [31], Raina

[81] and many others follow as special cases of our composition formulae.

2.1 DEFINITIONS

2.1.1 THE ALEPH (&) - FUNCTION IN SERIES

Chaurasia [15] give series representation of the Aleph function

M,N I & -8
b — V7g
NP.,Q.,T.,I‘ [Z]_ Z Z e(S\/,g) Z > (211)
v=1g=0
where
M N
[T ro. +stg)Hr(1 aj-A Sy ) (18
.] 17J¢V bv-|-g
0(Sy o) = Sy ’
L) P 27 g,
Zri H [(I-b; -B;Syg) I1 [laj+A;Svg) 2! By
1=l =M+ =N+

(2.1.2)

The behaviors of the Aleph function for small and large of z is given by Chaurasia [15]

in the following manner

42



Chapter 2

b.
nM.N [z]=0 |z|a For small z, wherea=_ min | Re 1 , (2.1.3)
Pi,Qi,ti,r <M Bj
M,N b a1
N, [Z]: O|:|Z| }For small z, where b=_min | Re J (2.1.4)
Pi,Qi,ti,r I<)EN Aj

and conditions (0.4.3) are also satisfied.

2.1.2 TAND J- INTEGRAL OPERATORS

Throughout in this chapter we assume that A denotes the class of function for which

for which [.v. [, [£(t],...te)|dt;.....dtg <e0
S

for every bounded s- dimensional region Ag ,excluding the origin and

S U,
O 1] tj J max{tj‘}—>0
E(tpaty) =] 7! . j=ie.s. (2.15)
S V. -W.|t.
OT1 |t Te ! min{t.‘}—)w
izl j

Now, we defined and represented two multidimensional fractional integral operators
with kernels involving Aleph-function and multivariable polynomial having general

arguments as follows

_ . p,oie,fim, A [ . ]
IX[f(tl,...,tS) ]—I xU.V:Z f(tl""’ts) SX e X

S 1 S S p. c.—1
_ —P;—O; cec o J J
= . t. .—t

HXJ i [ [T =1

= 0 0[Jj=1
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( ) { ( ﬂ £t ts) dt ey dt
b.,B. Jt.|b..,B..
UV AANE M+1,Q;r

(2.1.6)

where

(i) minRe (ej, fj, nj, A.) =0, not all zero simultaneously;

b b
(i) min Re 1+p.+U.+n.—k >0, min Re c.+h. K |>0l. (2.1.7)
I<k<M b JBk 1<k<M J JBk

where j=1,...,s.

where

(1) min Re (ej,fj,nj,kj)zo, not all zero simultaneously;

b b
(i) Re (W.)=0, min Re|l+p.+V.+n.—K [>0, min Re|o.+Ar.—K|>0
J 1<k<M b3 By 1<k<M J By

b
or Re (W.)>0, min Re 6. +h.—K |50 ,where j=1,...,s.
J 1<k<M I By

(2.1.9)
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2.2. SOME IMPORTANT IMAGES OF THE INTEGRAL
OPERATORS

s ) -90.
In this section we will obtain the images of some functions H th (hj + tj) J under
j=1
the operators given by (2.1.6) and (2.1.8) as follows
n Yj o +f R -9,
13[ yj —Sj i 1 f[ X; X, X; U R
IX t. (h+t) = e T 1+—
jopd 4 4z Tn+1) 1 h, ) h,
>
U.R. <V
=1 B, M,N +3s >N ' A*
_ 1 ) _J
x Y (V) AR s RO NP0 e z[] 4 i
R ,..R =0 Y UR 1 1 1 Fli=l J
1 S . 11
1=1
(2.2.1)
where

A*:(a.,A.j ,(—p.—y.—e.R.;n.) ,(l—c.—f.R.—n;?\,.) ,
J 11N U N DA IS J 1] J1s
(_c.—p.—y.—(e.+f.)R.+8.—n;k.+n.j ,[r.(a..,A..H
J 1] J 1)) ] b I I WIN+1.P.r
b b 1’
and

B*:(b.,B.) ,(—0.—p.—y.—(e.+f.)R.+8.;)\,.+n.j ,
M J )] J ) ) s

—0.——p.—v.—|e.+f. |R.—n;A.+1n. ,|T:|b..,B..
( %P (eJ J) i ”le’s [Tl( ji Jlj}

Provided  that min Re (ej,fj,nj,kj) >0 not all zero  simultaneously,

M+1,Qi;r

i _bk in R +A —bk >0,(j=1,...,8)
min Re|lo.+A. ,(=1,...,8).
iy Re| L +y;+m; B, >0Oand | J\, i""ip ]
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Also, for J-Operator

S
> UR. LV R
S . -35. i=1 ' 1! E. |
Ty Ht.J(h.+t.j Pl= Y =V . A(V,R,..Rg)
j=1 Rl, ,RS:O 3 UIRI 1
i=
h n 5 c+f R -6
0 S — J ]
1 ] 1775 ]
X -— X I+—
Sl (7
b\
M, N +3s ] c*
Np 36,01 425,11 ZH1 [1+Xj o | (2.2.2)
1=

C*:(a-,A-) ,(l—p.+y.—e.R.-8.;n.) ,(1—0.—f.R.—n;k.) ,
JJAN N N R S R J ) J1s

(1—0.—p.+y.—(e.+f.)R.—n;k.+n.j ,[r.(a..,A..H
N 1 1)) b s I W IN+1.P. ot
b ’i’

and

D*:(b.,B.) ,(1—(5.—p.+y.—(e.+f.)R.;}\,.+n.j ,
7 IAM R B | ] 1) 1] IMNs

(1—0-—p.+y.—(e.+f.jR.—n;k.+n.j ,[r.(b..,B..H
] 1) J 1)) J ) Lo M+1,Q.;r
b 3 l’

Provided that minRe (ej,fj,nj,Xj) >0 ,(j=1,...,s) not all zero simultaneously,

%k n Re|o+r K |50 (j=1,...,8)
: _ _K min Re|oc.+A. — ,(1=1,...,9).
i Re o yjJ’SjJrnjBk >0 and | 0 ¢ O iB, ]

Proof: To prove (2.2.1), at first we express [-operator in the integral form with the help
of equation (2.1.6). Next, we write generalized multivariable polynomial in the series by

using (0.6.2). Then, we change the order of tj-integral and the series and express the

Aleph function in term of Mellin Barnes type contour integrals with the help of (0.4.1)

additionally we change the order of t j (j=L2,..,s)and & —integrals (which is
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permissible under the given conditions). Solving the tj-integrals with the help of

known result Gradshteyn [33, p.287, Eq. 3.197 (8)], we get the following expression

2mi

S y.=0. Y [h. )| 1]
AL _aB( +fR.-L.E,p.+y.+e.R.—7. +1)
g ( ] : .{(b(i)z oj+FR; =18, pity;+e R,k

O.,p.+y.+e.R.—m.&E+1 X.
i Pyt njﬁ

F JoJJ .——J 1gg (2.2.3)
2 1loc.4p.+v.+(e.+THR.— (L. +MHE+T >
;P (J J) ; (J nJ)i hj

where

X .

J )

— ||<m ,R .+f.R.-L.§ [>0,R .+y.+e.R.—n.E+1 |>0,(j=1,...,8).
arg hj T G(GJ R JE..) e(pj vi+eR, nji j (J 5)

By using the transformation formula Rainville [84, p.60, Eq. (5)] and rearranging the

above result, we easily reach at the required result after a little simplification.

Again the proof of result (2.2.2) can be easily obtained on the similar lines of the above

result.

2.3. THE MULTIDIMENSIONAL GENERALIZED STIELTJES
TRANSFORM WITH I AND J-INTEGRAL OPERATORS

The multidimensional generalized Stieltjes transform of a function (I)(tl,...,ts) is

expressed as

© - © S -W,

— J

Sy, (0) (hl,...,hs)_j... j Ot ot ) H (t+hy) Tdtpdi 2.3.1)
0 0 j=1

provided that the integral is valid.

The multidimensional generalized Stieltjes transform of the IandJ -integral operators

can be given by the following theorems.
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Theorem 1 Letq)(tl,. .tg) €A, minRe (eJ fJ,nJ XJ) 0 ( =1,.. ,s), are not all zero

simultaneously, min Re [pj + nj + Wjj| >0 and min Re {cj + )“j} > 0. then

@ Sw.,..,ws 149) (hys.. hg)

1
Q0 Q0
J I¢(x1,...,xs) \ul(xl,...,xs ;hl,...,hs) Xm"'dXs , (2.3.2)
0 0
S
> UR. <V n
i=1 t 1 0 1 S hj
_ i _J
= Y V) AVR,LR) u F(n+l)H -
R R =0 ¥ UR 1" n=0 7l ]

—
[

. X.
-W PO I R | .
j 7l M,N +3s _]
X(XJ ] 1+x- NP1+3s +2sr ,r ZII 1+x P

—

E*:(a.,A.j ,(l—p.—e.R.-w.;n.j ,(1—0.—f.R.—n;k.) s
1IN J 11 ) INs J 1] J s

l-6.-p.—|e.+f. |R.—n;(A.+1n. T la.. AL
( °i7P] (eJ J) i nj)jls [Tl(aﬂ JlﬂN+lP'r
9 M i’
and
F*:(b.,B.j ,(1— .- .—( .+f.)R.;x.+ j ,
B v o Pey Ry “J)LS

(1+w.—0-—p.—(e.+f.)R.—n ;k.+n.j ,[t.(b..,B..H
] J J ] ] J J J Ls noJj n M+1,Q.;r
b 2 1’
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(i1)) For minRe (ej,fj,nj,kj)ZO ,(jzl,...,s), not all zero simultaneously,

min Re[l+pj+nj}>0 and minRe[cj+Xj]>0.then

Sw g (J®) () hg)
(2.3.4)

o0 o0
- j j¢(x1,...,xs) Wy (Xp s Xg 3hysens Bg) dxdx
0 0

UR. <V

1 1
2

R

Il Me

1 I o 1

1

. S i
V), AVR R S Y e T
S 0 S UiRi 1" n=0 =l ]

1=

R

csj+ijj—wj S A

W, X. X. ] %

i ] M,N +3s ] G

x[hj ] 1+h NP-+3S,Q.+2S,T.,I‘ z]] I+ .. 235)
! L I T B

where

S — W,
wz(xl,...,xs;hl,...,hs):IX[ I1 (hj+tj) ] ]
j=1

G*:(a.,A.) ,(—p.—e.R.;n.) ,(l—o.—f.R.—n;k.) s
J JJ1IN J 1V 1 )]s J J ] ls

5 > J b
(—6-—p.—(e-+f.jR-+w.—n;K.+n-) ,[T.(a.-,A..j
U AN VA J J I LI N

and

H*:(b.,B.) ,(—c.—p.—(e.+f.jR.+w,;)L.+r|.j ,
1 1M ] ] J 1) ] 1] J1s

> 9

[“’j‘pj‘(ej”j)“j‘“”‘j*“j] ’[Ti(bji’Bji”
Ls M+1,Qi;r

}NJrl,Pi;r

It is pretended that the integrals on the right hand side of equation (2.3.3) and (2.3.5)

exist.
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Proof: To prove first of theorem 1, we express the left hand side of (2.3.2) with the help
of (2.1.6) and (2.3.2) as follows

o0 o) S ts p. G —
:J'...J. Htj—pj—cj J'...J' HXjJ (tj_xj) J
0 0 0 0

j=1

N J J
Z —_— —_—
i>Qi;Tiar ng t] t

J

n. L. (a.,A.) [r.(a..,A..ﬂ
M s {x] ] { x.] VTN LI N 1
P, 1= i

S -W.
j
X (X Xo) dX deH {(hj +) } dt s i

Fl (2.3.6)

Now we interchange the order of Xj and tj -integrals (which is the Permissible under

the conditions stated with the theorem), we get

S -p.—oC 1

o  ® 0. o0 o ' G —
:J'...I H(XJJ) (I)(X]"”’Xs) I.I H(tJ J J)(tj_xj) J
0 0 Xl XS J_l

S - W,
]
XH {(hj+tj) }dtl...dts dx, ... dx.. (2.3.7)
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Now by interpreting the tj -integrals in terms of the operators defined by (2.1.8), the

above result can be taken in the following manner

:(J)-- B mXs) T H(h +t) Y dx,...dx .

S
=1 (23.8)

O'—.S

Now wusing the result (2.2.2) and take Yj =0, to find the wvalue of

{ M (h +t. ) Vi } , after a little simplification ,we reach at required result (2.3.2).
j=1

The proof of result (2.3.4) can be developed by proceeding on similar lines to the above

result.

The following theorem gives the I and J-integral operator of Multidimensional

Generalized Stieltjes transform.
Theorem 2. Letd)(tl,...,ts) €A ,minRe (ej,fj,nj,kj) >0 ,(j=1,...,s) not all zero
simultaneously, then

1. For min Re[1+pj+nj}>0 (_] L,.. ,s)

Iy [SW]"“’WS Oty tg) 3 (Xqoemss xs)]

O'—;8

o0
j¢(t1,...,ts) Yo (tn b X)X ) (2.3.9)
0

ii. For min Re[pj+nj+wj}>0 (j=1,...,8)

Iy {Swl,_”,ws ¢(t1,...,ts); (Xl,..., Xs)il

(I)(tla at )\V (tla 7tSa 13 ,Xs)dt dt 9 (2310)

Il
O'—;S
O‘—:8
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where wl(tl,...,ts;xl,...,xs) and wz(tl,...,ts;xl,...,xs) are as given in (2.3.3) and
(2.3.5) respectively, provided that the integrals in the right hand side of the equations

(2.3.9) and (2.3.10) exists.

Proof: The proof of theorem 2 for results (2.3.9) and (2.3.10) , can be obtained by the
similar proof of Theorem 1.

24. MELLIN TRANSFORMS, INVERSION FORMULAS AND
MELLIN CONVOLUTIONS

The multidimensional generalized Mellin transform of the function f (tl,...,ts) eAis
defined by the Srivastava and Panda [115, part I, p.125, Eq. (3.5)] as follows
(0.0] O g e -1
. — J
M[f (t)nt ) ’01""’9s]_ I j t) £ (ty,tg) dtpdt (2.4.1)

0 01
provided that the integral exists.

1

Now we obtain the following results which give the multidimensional Mellin transforms
of I and J- fractional integral operators (2.1.6) and (2.1.8) respectively, we also find the

inversion formulae and mellin convolutions of these operators.

Result 1

If M[Ix{f<t1,---,ts);91,---, 95}] and the conditions of the existence of the operator

Ii’zc;e’tjm A [f (tl,...,ts) ] exists, then

M {f(t),et, ;0,500 | = M £ty t5)3 040,05 1 A (65,0, Og)

(2.4.2)
where
S
> UR <V R.
jop 1 E 1
AOp0)= Y (V) A(V.RpRs) 2
_ 1
RpwnR =0 ElUiRi (2.4.3)
M,N+2s *
XN z ,
Pi+ZS,Qi+S,Ti,r{ ‘J*}
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here
I*:(a,A) ( p+6 —eR,n) ,(1—0.—f.R X) ,{r (a H

U ) RN »S ] las e N+1,P.;r
and
*
A A o e R F N ]

i i

7, J ] 1)1 ) 1,s ) M+1,Q.:r

Result 2

If M[JX {f(t1 st )6, ,...,95}] and the conditions of the existence of the operator

Jl;)(’:%,e\,/f,n 5 [f(tl, o ts) ]GXlStS then

9

M [T Af(t,t,);0100s 0, [= M £(t) 0 t,);0,,..,0, A (1-6....,1 - 0g),

(2.4.4)

where A (1-90 1-0g) can be obtained by replacing 04 by 1-0gin (2.4.3).

1,...,

Proof: To prove the result 1, first of all with the help of the equation (2.4.1), we write
the multidimensional Mellin transform of the I-operator defined by (2.1.6), we have

M[I {f(t,,....t.):0,,...,0,}]

0 o0 S 0 —1 1 S -1
:IJ ijj H(Xj—pj—cj)j...j HtJX_t)J
0 o=l j=1 0 0j=1
U,.....Ug 0 ). b ¢\t )T
X S E, | L -] . E|-% 1--S
A\ 1 S| x X
1 1 S S

xf(t

1 Lt )dtl, . } Xm""’ dxs.

(2.4.5)
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Now, we interchange the order of Xj and tj -integrals (which is the Permissible under

the conditions stated with the theorem) and we obtain the right hand side of (2.4.5) as

follows:

Il
O‘—;S

© s ©° % . . c.—
E')'H(t J)f(t]’ . S) I...I H(XjJ ] ] )(Xj_tj)l

j=1 t t j=1

(2.4.6)
The above result can be reduced by wusing the definition of (2.1.8)

1"..

F(tyomenrts) Iy H X. dtl...dts. (2.4.7)
j=1

O'—.S

Further by using the below result

s v 5. S 2v +6 +1 —(l4v+3; )
IX[Hth(xj -ty J} [Hx J [Htj J (t -x;) ] (2.4.8)
1 1

the integral (2.4.7) reduce to

00 S
j jf(tl, ) [T b O T« 7 {dede (2.4.9)
! : :
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S -0.
finally, by using the result (2.2.1), we find It[ I1 Xj ] ] occurring in the above
j=1

equation and we easily reached at desired result (2.4.2) after a little simplification.
Similarly, the proof of result (2.4.4) can be obtained in the similar lines of the above
result.

2.4.1 INVERSION FORMULAS

Srivastava and Panda [115, part I p.125, Lemma 2], give the inversion theorem for the
multidimensional Mellin transform (2.4.1),with the help of this theorem we can easily

get the following inversion formulae for the fractional integral operators defined by

(2.1.6) and (2.1.8).
Result 3

1
(27i)S

f(t) e tg) =

S -0.
cl+ioo c +ico T t.

< [ LM[IX{f(tl,...,ts);el,...,es}]del...des,

) - A(O,...,0)
c,—1lo ¢ —iw 1 S
1 S
(2.4.10)
where A (91,...,95) is given by (2.4.3).
Result 4
1
ft,,....,tg) =
! (2xi)S
S -0.
C, +i ¢ +iwo Imt.’
T T s e Ml ]
x j j N M [Jx {F () t6)30y e, 05 1] 46, ...d O,
c, —io ¢ —iow s
1 s
(2.4.11)

where A (1- 61,...,1 —0g) can be obtaining by replacing 6, by 1—0gin (2.4.3).
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The validity conditions for the inversion formula (2.4.10) and (2.4.11) can be deduced
from the existence condition of the fractional integral operators defined by (2.1.6) and

(2.1.8) and their multidimensional Mellin transform started earlier.

2.4.2 MELLIN CONVOLUTIONS

The Multidimensional Mellin convolutions of two functions f (tl,...,ts) and
g (t1 ,--» tg) will be defined by
(Fxg)(t)mte)=(g*F)(t 1 tg)
O . oot
:jj Hx. f| .., = g(xl,..., xs)dx1 Lodxo, (2.4.12)
: J X X S
0 o0j=1 1 S

provided that the multiple integral in right hand side exists.

If f (tl,...,ts) €A , then the fractional integral operators expressed by (2.1.6) and

(2.1.8) respectively can be written as multidimensional Mellin convolutions in the

following way

Result 5
,05e,f;m,A
U vz gty
I *g8 | (Xqy Xg) s (2.4.13)
p,o;e,fim,A,x:U,V;Z P s
where

Ip,cs;e,f;n A, x:U,V;Z

S .- cj—l
- PiT% (x. -1 Ux.-1
H X P () (x; 1)
il
U,.,.Ug| —e —f £,
| ] ] ]
x Sy HEJ. (xj) (xj—l)

j=1
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) (o) Lo
J -n.—A\. A. I,N N+LP.;r
M,N J J _ J b b b
XNP-,Q-,‘C-,I‘ ZH(XJ.) (Xj 1) 1 ,
17171 i=1 b.,.B. ,T.|b...B..
U S0 S RN M+1,Qi;r
(2.4.14)

here U(x) being the Heaviside’s unit function.

Result 6

,05€,f;m,A
b ,V;Z“ g(tyonty)

) (Jp oefmh,xU,ViZ 8 ) (X o Xg), (2.4.15)

where

Jp,c;e,f;n AL,x:U,V;Z

S p. c.—1
=] x;’ a-xp? ua-x)
= ] J

u,,...,U S c. f.

1S ] ]
x S E.(x. 1-x.

AV4 jI I1 J( J) ( J)

(a.,A.j ,[r.(a..,A..ﬂ
oA N LI JWVINS1. Pt
Ji’

S n. .
M, N ] ] >
x N z X . 1-x.
P Qo Tyt H(J) oy (b B) Hb Bj
1= VUM LTI I N 1,Q.
b i)

(2.4.16)

here U(x) being the Heaviside’s unit function.

Proof- To Prove result 5, first we express the I-operator defined by (2.1.6) in the

following form with the help of Heaviside’s unit function.
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Ip,c;e,f;n,k

xU,v;z =~ 8pets)
—-p.—0C. c.—-1
00 00 S S X. ] 1l X. ] X.
= [T TTe7 "\ T3 g Ul -1
. J . t. t. t.
0 0\=1 j=1]1] J J

£ty t) e dt

(2.4.17)
By using the definition of the Mellin convolutions given by (2.4.12) and equation

(2.4.14) in the above equation (2.4.17), we easily arrive at the required result.

The proof of the result 6 can be developed by proceeding on the similar lines of the

above result.

2.5 COMPOSTIONS FORMULAE FOR THE MULTIDIMENSIONAL
FRACTIONAL INTEGRAL OPERATORS DEFINED BY EQUATIONS (2.1.6)
AND (2.1.8)

Result 7
pso:e.fin. k) p.ose ,f';n' A [f(t t )] ~ ﬁX—P}—l
y:U. Vs y:U,V;Z 1 =
X X I
1 S S p. tl t
ilglL s
<[] Htj G| S (1 tg) ol 2.5.1)
0 0 (j=1 L s
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S
ileiRISV EBi
where G(tl,...,tS)Z Z (—V) S A(V,R1,~-~,Rs) Rl.'
R.,..R =0 > UR 1
1 S . 11
1=
S ' ' ' R'
> U.R. £V v i
i=1 L'
x V). AN RpLRD - -
1 1 _ Z UR ..
Ry RG=0 i=1 ' 1 E
M' o0 "Sv’g \
x > 06, )7 ( +f.R. -\ sv,g)
v=1g=0
00 6.4+ +f.R 4f. R'.—k'.SV +n-1 ¢ R'-n.S
8 ¢ N, Oy,
XZ (lt)JJJJJJJ Ciive
F(n+1) J J
S
M,N+2s A**
Np L 26 0. 42511 zH per | (2.5.2)
i 1 1 j=1

A**:(a.,A.j ,[T-(&--,A--jl ,(l—n—c.—f.R-;k-j ,
ol NL IV N+1’Pi J 1V )1

and

**:(b-,B-) ,(—p.+p'.+cs'.+n—e.R.+(e’.+f’.)R'.-(n'.+7J.jS ;n.) ,
PR U T )T U ) e )

(1—n—c.—c'.—f.R.—f'.R'.m'.s ;x.) , r.(b..,B..)
A R A R - A W AR

and 0(Sy, g) and SV o are given by (2.1.2). also the following conditions are satisfied:

M+1,Qi
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min Re
1<k<M

b .
. | \J
1+pj+anin ]>O,1 Inin Re 1+pj+Uj+n .J£1>0 R

(2.5.3)
>0 ,j=1,2,...s.

b . .. b
min Re|c.+A. K [>0, min Re|lc.+A. K
1<k<M J 1By 1<k<M J B,

Result 8

s p.|® ® s —p'.—l X X
_ i J 1 s
_ ij j j Htj G[tl - ]f(tl,...,ts)dtl...dts, (2.5.4)
X S

where f(t1 otg) €A and G (t1 ,.» tg) 18 given by (2.5.2), also the integral occurring in

the left hand side of (2.5.4) is absolutely convergent and the following conditions are

satisfied:
) b ) v b
min Re|o.+A.=K [>0, min Re|c.+A.—K >0,
1<k<M JBk 1<k<M ] _]Bk
) I b )
Re(W.)=0,Re(W.)>0, min Re|l+p.++0.+V.+n.=K [>0,j=1,2....s.
J J 1<k<M J J ) B
Result 9
p.oie.fin. A p.cie.fim A [ ]
XU, vz {J U vz Eyaty)
1 Xl XS t
S -p- p. t
_ j J 1 s
=TT, ] [ ] Htj G| b S (1 nt) dty ditg
= 0 0 Lj=1 1 S
s p | @ ® —p'.—l o x X
+ ijJ jj Htj I G t—lt—s £(t)ts) dt.dt, (2.5.5)
le X X J:l 1 S
1 S
where
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S
> UR.<V R.
i=1 t1 E. !
G(tl’ ° ): (_V) S A(V R15 ) S)
1, ,R =0 > UR 1
i=1 !
S '
> U R <V 'Ri
i=1 '
x Z V), AV Ry, S) -
Rj.R =0 i§1U1R1 %
M S 0j+0;+ijj+f;R}—xljSVg—1
X 0 1-t. ;
DI CHES
v=Ilg=
0 1 C,R,-Hl , , , ,
Z - tJ F(G.-I-f.R.—}\,.S +nj
_OF(n+1) ] J 1] ] v,
A
M,N+2s i O *
X NP +2s,Q +2s T ZH ( ) ( ) D** |’ (2.5.6)
1 le

here

C**:(a.,A.j ,I:'c.(a..,A..):| ,(—p.—pv,—e.R.-ev,R',-n'_S ;n.j ,
JJ1>N11111N+1,Pi 373 1Y) 1) v’ )1

S

l-6.-p.—p.—c.—|e.+f. |R.-[e.+f. |R.+[n.+x.]|S -n;ln.+A.
( i PitPiTe (J J) J(J J) j (nj Jj v.g (nJ JDLS

and
* ] 1 1 |l 1 1 1
= b.,B.) ,|-p.—n— .—0.—e.R.-(e.+f.)R.-(}».+ .jS ; ) ,
(JJl,M(pJ S R O R R A N R RS P
(1—pj—p'.—o.—o'.—(e.+f.jRj-(e'.+f'.)R'.+(n'.+x'.jsv (x . D { (blBﬂ”
R R R i) e ) )y MHLQ,

also 0(Sy, g) and Sv o are given by (2.1.2) and the following conditions are satisfied

bk 1 bk
min Re|l+p.+n.—|>0, min Re l+p +U. 4. >0
1<k<M J JBk " 1<k<M b1 By

b
Re(W.)>0 or Re(W.)=0 , min Re[l+p.++c.+V.+n.—k]>0j_1,2,...s.
] ] 1<k<M ] ] K
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Proof- To Prove results 7, we first define the I-operators involved in its left hand side

of (2.5.1) in the integral form, we have

y:U,V;Z

S Xl XS S '

—p.—C. p.
- ijJ J jj Hth £ (t),0tg) A dt ...dtg (2.5.7)
Fl 0 o0 (j=
where
A= [ [Ty (Xj‘yj) (yj‘%)

ot j=1

(2.5.8)

To determine A , we first replace both the multivariable polynomials in terms of their

respective series with the help of (0.6.2), and interchange the order of these series and

y i -integrals (j=1,..., s), Next, we express one Aleph & -function in terms of series

(2.1.1) and second Aleph N -function in terms of Mellin —Barnes type contour integral

(0.4.1), and interchange the order of @J- and yj— integrals (which is the permissible
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under the conditions stated). We arrive at the following expression after a little

simplification.
S
> UR. <V R.
i=1 ' 1! E.!
_ _ 1
A= Y (V) ANVRpRe)
R.,..R =0 > UR 1
1 S i1 11
s 1 ] 1 !
> U.R, <V R S
j=1 ' 1! . M o L g
X -V AV R, SRg) L 0ls z
’Z’ V), AR )R,'ZZ (g)
Ry, R =0 UR, i v=lg=0
1: ’ S i 1 1 1
S -eR—fR+(n+%)ieR Sy
1 .
« _J‘P H ] A B R
2mi
L :
X X
JJ f f[ p p -0. +eJR —(e +f)R +(n "y )s g-nja
t1 s =1
0j+ijj—kj§—1 GJ+f RJ Y Sy ,g
—V. .—t. dy,..dy [d§. 2.5.
X(XJ yJ) (yJ J) Vel de (239
(Xj_yj).

On setting u. =
] (x.-t.)

] )
integrals with help of the following result Gradshteyn [33, p.287.eq.3.197 (8)]

involved in the above equation (2.5.9) and calculate the uj -

1
Ixs_l (X+a)}L (1—x)u_l dx =a’ B(5.un) >F {—7»,5;5+H;—1] (2.5.10)
! a

On substituting the value of A in the equation (2.5.7), we get the desired result (2.5.1)

after a little simplification.
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The proof of result 8 can be developed by proceeding on the similar line to result 7.

Proof the results 9 - we express the [-operator and J- operator involve in the left hand
side in the integral form with the help of equations (2.1.6) and (2.1.8) respectively, then

we get the integral given below

u,v;Z
X X
S -p-oc 1 s| s _1
= ij Jo] JI HyJJ (Xj_yj) ]
e f e f
Ua 7U y 1 y 1 S S
xS LTS El[ 1] (1——1J ... E {y—sj (1—y—SJ
Xl X1 S| x X
S S
}\4. ' ] ] ]
s [, " y Vs e m ] s g 5 -1
X N ZH X— 1-— HyJJ J"'I HtJ ] J(tj_yjj ]
j=11"] ] ]= yl ys j=1
U Ul (v St v vy )% (v \'s
xS E | — 1-—| ,.LE_|-*% 1--5
v 1t t S| t t
1 1 S S
' A
xN |z Hl = I-— £(t] e ts) dtp s dt dy) o dy (2.5.11)
7=10"] j

Now we change the order of yj and tj - integrals (which is permissible under the

conditions stated), we get the following expression after a little simplification

(o finhppoose, o ’k[f(tl"“’ts)]
B y:U,V;Z
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p—

Ady..dy_ ¢ £(t,t ) dt ..dt

O'—;
O'—;mﬁ

) 111{

X

o0 oo
+_[ J' I J'Ady1 dy e f(tp,t ) dep.dt
1 X 0 0

(U

X

X X

o0
I III £t o t) dtpodt_+ I IIZ f(tpt ) dtndt , (25.12)
0 0

X X
1 S

—_—
721

where

S . .
J J J J
xN|z — l-— N |z — 1-— dy,,...,d 2.5.13
H X X. H t. t. yl yS ( )
=10 ] =101 ]
tl ts X1 Xs
and I1 = J. . I Adyl...dyS ,12 = j I Adyl...dyS . (2.5.14)
0 0 0 0

To evaluate Il , involved in the integral on the right hand side of (2.5.12), we express the

. . . Ul""’US U1> ’U ! .
multivariable polynomials SV , SV S and Aleph X -function expressed

in terms of their respective series with the help of equation (0.6.2) and (2.1.1)
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respectively and also write the Aleph X -function in terms of Mellin —Barnes type
contour integral by using (0.4.1). Now change the order of summations and Mellin-

Barnes contour integral with y i -integrals and solving the y i -integrals, we have

S
> UR. LV .
bt j=1 1 E.Rl
B _ _ 1
Il—J-...IAdyldyS = Z ( V) s A(VleaaRS) R.!
0 O R.,.,R =0 > UR, 1
1 S . 11
i=1
S 1 1 1 '
> U.R. <V vRi
i=1 ! ! ' ' ' ' E
<2 V) AVIRRy)
' v > U R R.:
R ..R =0 i B !
! -S
M 0 v.g
1 -¢
< X0, )z o fe®z cde
v=1g=0 L

-p.—o.—(e.+f)R +(m.+A,)S
L R

S -
R R J ,8
X X t.
[ ;

t [ ' [ [
N S R.+e.R.-n. S -
p.+p.+eR.+e R —n. n.¢&
XJ’ J‘ HyJ A R -
L ] j
0 0

o (2.5.15)
G_+f.Rj—Xj§—1 G,+f,R,_7\,,SV -1
“(xj=y) ! (t-ypd T ay Ly

Now we substitute y it t i u i in (2.5.15) and integrate it with help of the known result

Srivastava and Garg [107, p.47, Th. 1.6], we get the following equation

t1 tg PP B R
i=1 E.1

— — 1
L=[o[Adydys = Y V) AVRLR -4
0 0 R ,..R = > UR, 1
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> UR <V R
i=1 ! , v .
x V) AV LRpLRg) S
' v_ Z UR R..
Rl, .,RS—O 1=1 1 1 1
' -S
M 0 Cove
X 0(S z — 254
PIDILICHN - Jo®z = de
v=1g=0 L

.+e. R, .—mn.
“pyme R L1 PyTreRy—ms

11 |

ch +fR —-A.S .+ '.+e.R.+e'.R'.— '.S —n.&E+1
( JJJVg)(pJpJJJJJnJV,gnJF’)

T'p.+ .+e.R.+e.R'.— '.S -n. +1+(5v.+f'.R'.—k'.S
(pJpJJJJJnJV,gnJé JJJJV,g)

X

—|o.+f.R.—-A.E-1|;1+p.+p.+e.R.+e.R.— - t.
(JJJJéjpJpJJJJJnJgni_J_(2_5_16)

><2F1 X .
l+p.+p.+c.+e.R.+|e.+f. |[R.=[n.+A.|S - X
PiTPi™% JJ(J le(nl Jj v.g MjS ]

By using the following result Rainville [84, p.60, Eq. (5)], on right hand side of

(2.5.16),
2F1[a,b;c;z]=(l—z)C a-b 2F1[C a,c-b;c;z] |z|<1

and expressing the ) 1 in the series form and re-arranging the result in terms of Aleph

function we arrive at the solution of I1 .

X X
The proof of [_ = jl js Ady,..dy, »can be developed by proceeding on the
2 0 0 1 S

similar line as Il’ the only difference that we put yj = Xj uj in the equation (2.5.15).

On substituting the values of I1 and 12 in (2.5.12), we get the required result (2.5.5).

67



Chapter 2

2.6 SPECIAL CASE OF COMPOSITION FORMULAE

We now find a two dimensional analogue of our first composition formula. By

substituting s = 2 and taking the general class of polynomials as unity, we get

Ii,,r;l;,g,n ;n,és,x,u{lpt,n;,c,n IRV INTI [f(u,V)]}
s, t3

] 1 ' ' '

\l 1 ] t
ZIp,m,c,n;n,S,X,p gP -0 -m -n J‘ uP M (s—u)c _l(t—v)n -1
0

S
X,y;Z .[
0

Al Al Al Al

o | 2 [gj“(;f (1_3”[1_%)“ F(u.v) dudy

A%

M © 1 :g 1 1 1 |l
- Z z e(svagj z T (6 —ASyg)l(n —pSyy)

-0-p -0 -k +(n.+A.)S
]y

0 ,g —n—m'—n'—k'-l- 8',+ ', S
« 32 y 5
i 'k +1
Lo (k +1)
* Ak -AS -l ik -pnS -l p'_”'sv m|_6lsv
XJ'.[ (X_u)o+0+ - v,g_ (y_v)n+n+ —pj v,g_ u 8y ,8
00
M+2,N+2 A It
y NP v 4 Z[l__j (1__j s f(u,v)dudv,
1+ ,Q1+ 7Tiar X y F
(2.6.1)
where
E**:(aJ’AJ)l N,[l—k'—ﬁok) ’(l_k'—n;H')al:ti(aji’Aji)} s
: N+1LP; (2.6.2)
R A T
and
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F* :(bj’Bj)l,M’(p' —p+0' —(n' +k'j Sv,g +k' ;nj ,(m' +n| -m - (6' +u’j Sv,g +k‘;3) ,
{T.(b..,B..)

il

(2.6.3)

,(l—c—c'—k’HJSV ;X),(l—n—n'—k'ﬂllsv ;pj
M+1,Q; 8 8

Also 6(Sng) and SV o are given by (2.1.2) and following conditions are satisfied:

b b
min Re|l+p+m+(n+3) k>0 , min Relc+n+(L+p) k>0
1<k<M Bk 1<k<M Bk

1 ' ' ' b" 1 1 ' '
min  Re|l+p +m +(n +6)—,k >0, min Re|c +n +(k+u)—k >0
1<k<M 1<k<M
B B
k k
In the same way two dimensional formulae can be obtained easily from result 2 and 3.

These formulae can be further reduced into the results given by Raina [81] by taking

T = land I-function to unity.

If in these composition formulas we reduce both the generalized class of polynomials to
unity, we reach at the multidimensional analogue of the simpler results given by Erdelyi
[21], Again reducing the generalized class of polynomials to unity and the Aleph-
function to the generalized hypergeometric function, we arrive at the result due to Goyal
and Jain [30, p.253, eq. (2.4), p. 254, eq. (2.7); p.255, eq. (2.12)] after a little

simplification. Further , if we reduce generalized class of polynomials to Sg

polynomials we arrive at the result which are in core the same as those obtained by

Goyal , Jain and Gaur [31, p.404-405,eq. (2.1);p.406,eq. (2.7); p. 407-408,eq.(2.12)].
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CHAPTER 3

A STUDY OF GENERALIZED EULERIAN
INTEGRAL AND UNIFIED FINITE

INTEGRALS INVOLVING SH-0-0 ,P%aB AND

THE ALEPH- FUNCTION

Publications:

1. A Study of unified integrals involving the generalized polynomial set, generalized
Legendre's associated function and Aleph (N)- function With Applications, South East
Asian J. of Math.& Math. Sci, Vol.13, No.1 2017, pp. 27-46.

2. The general Eulerian integral with Aleph (N)—Function, South East Asian J. of
Math.& Math. Sci, Vol.12, No.1 2016, pp. 57-66.
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This chapter is divided in two parts A and B.
Part-A

We establish the main integral whose integrand involves the product of a general class
of polynomials, a general sequence of function and Aleph-function with general
arguments. The integral is sufficiently general in nature and a large number of known
and new integrals follow as its special cases. We have obtained eight special cases of

our main result, which are also new and known results.

3.1 INTRODUCTION AND DEFINITIONS

3.1.1 THE GENERAL CLASS OF POLYNOMIALS Sy

A general class of polynomials introduced by Srivastava [104] is represented as

vul (-V)yr A
U1 V,R R _
SV[X]—RZ:;) = xR, v=o0,1,2,.. , (3.1.1)

where U is an arbitrary positive integral and the coefficients Ay R (V.R>0)are arbitrary

constants, real or complex. A number of well known polynomials follow as special

cases of Sg are referred in Appendix A.

3.1.2 THE GENERALIZED SEQUENCE OF FUNCTIONS

Raijada [80, p.64, Eq. (2.18)], defined and represented the following Rodrigues type
formula of generalized polynomial as
Sﬁ’s’g [X;w,s,q,A,B,m,i,l]
-9
)

=(Ax+B) M (1-¢ xV) - Tén;'n[(AerB)MJrqn(l—Q V) (3.1.2)

with the differential operator

_ ! d
Tk,l =X [k+xdx}.
The generalized sequence of functions in the explicit series form is given by Raijada

[80, p.71, Eq. (2.3.4)]
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SHOL ;w5 g, A B m, &, 1 ] = BIM ! (m+ 1) ¢y /yen

e M0 @ mn o (<1)3 (- ) (W) (~o); (-r—qn);
x! ZZZ 3 lotr!l it (1—p—j);

6=0 r=0 j=0 1=
[ 5 J (i+g+er [_z;XWMAXT
X|-——sn| |——— —— =
g 5 I Jm+n (1-Cx B (3.1.3)

Raijada [80] has given some special cases of (3.1.3). We shall use the following special

case in our finding.

Ifweput A=1,B=0in(3.1.3) and let { — 0 and using the well known results

I}

¢ n
Ltc_)o(l—CXW) :exp(—er), Ltb—)oo(b)n(%J =",

then we reach at the following important polynomial set

S}r’ll’S’O[x] = Slr’lt’s’o[x; w,q,1,0,m, &,Z] = an+l (rn+n)lm+n

(3.1.4)
p+qn+E+rw
m+n ( ﬂ) r / n
% Z Z m+n (6 W ) '
1=0 =0 nir!
The following results also required to prove our main integral.
The binomial expression
Vs - ~au)’
ut+ v a u+ v , 3.1.5
( ; [ au+v } ( )
[|(t —a)u|<|
The Eulerian beta function
b
[(t=2)* o-0)Pde=(b-a) P B(a.p), (3.1.6)
a

where [Re(a)>0;Re(B)>0;a=b], using (3.1.5) and (3.1.6) we readily find that
Gradshteyn and Ryzbik [33, p.287, Eq.3.198; 7, p.301, Eq.2.2.6.1]
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(t—a)* T (b— )P (ue+v) Yt

Qe

3.1.7)
= (b—a)a+ﬁ_l(au+v)YB(a,B) 2F1[(x,—y;a+[3; —M} ,

au +v

where

{Re(a) >0:Re(B)>0;

(bu+vj
arg
au+ v

againifweput y=—a—B,u=A—p and v=(1+p)b—(1+21) a then the special case of

S?‘E—S(O<8<7‘E);a¢b},

(3.1.7) given by Prudnikov [79, p.301, Eq.2.2.6.1].

‘f () o-0P ) )P

[b—a+r(t—a)+u(b- t)](X+B (b—a) B(a,B), (3.1.8)

[Re(a)>0;Re(B)> 0;b-a+A(t—a)+u(b—t)=0,te [a,b];2 = b].

3.2 MAIN INTEGRAL
Y(e—1)Mw - )P aj’aJ'Jl N aJl&JiHN 1,p
t—1 —t M,N ’ *
£ )kivu+2 Np. :Q.,r.,r Z{g(t)}v b b 1
1 At} . [j’BjL,M’{Ti[ J'i’BJ'iHMHQ

ng{y{g(t)} pv}sg"B "O[X{g(t)}s}dt

R R
[VUI (-V)yr A
=(W— l)—l (l +p)—7u—YA—1 (1 4 G)—M—Aﬁ—l Z ( )U::' V.R [ y J [i} pm+n
R=0 :

. (n)e[a'+qn+§+de] | 0 )
0 o) )
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A*,[a.,a.] ,{r.[a..,a..ﬂ
JIUANL[ I N N+1'Pi

R MLN3 Z{ 1+p)Y }V
&

5

1
(3.2.1)
where
AY=(1-k=Av),(ck=rA—yA,yv),(~u—-58A8V) 522
B " =(1-A,v),[Fk—A—p—(y+8)A—1,v(y+3)]
R':qn+h(m+n),A:p'R+8R'+dn,
f(t)=w—1+p(t—1)+o(w-t), (3.2.3)
and
8 l—y—S

Blw—1)+ ( Bp+a- B)(t N+Bo(w-t)
The integral (3.2.1), hold true when

(@ V>0;y>0;0>0;p=0;w=1;p,0%-1
and{w —[+p(t—1)+o(w—t)}=0,te[l,w],

b. b.
(b) Re{l+k+yv[B—JJ}>oand RG{IJFLHVS{B }>0 (j=1,...,M) Where M is an
J J

arbitrary positive integer,

(c) M, N, P,Q are positive integers constrained by 1<M<Q,0<N<P,

@ ()< by

(e) | )(t- l|<|[3[w [+p(t-1)+o(w—t)][,te[a,b],

() The coefficients AV R (V,R > 0) are arbitrary constants real or complex and U is an

arbitrary positive integer and

(g) The series on the right hand side of (3.2.1) converges absolutely.

75



Chapter 3

Proof: We first put the value of Sy and sg'»ﬁv’o by the using of equation (3.1.1) and

(3.1.4) respectively and expressing the Aleph function in terms of Mellin-Barnes
integral with the help of (0.4.1) for evaluating the above integral (3.2.1). Changing the
order of summation and s and t integral (which is permissible under the conditions

stated), the left hand side of (3.2.1) convert into the following form (say R ):

( ﬂ) a'+qn+e§+de
N (-v)ur A m-+n © h
D LAY Z = Jmen
R=0 : n=0 e=0 nie!
W 7\‘ l’l ' '
' d)nL oM.N =s 44 [\t= ™ (w-t) —vsp R+8R+dn |
X(B X znli'./ Pi,Qi,Ti;r (S S ! ( )} 7&+IVH-2 {g(t)} t,

(3.2.5)
where €(s),f(t) and g(t) are given by (0.4.2), (3.2.3) and (3.2.4) respectively.
Now we put the value of g(t) in (3.2.5) and after a little simplification we get the

following integral

( n)e[a +qng§+de}

[V/UI(- V)UR Ay g ey D
ne 3R R S S
= n=0 e=0

()5 Qw%ﬂ%

) 1 w(t_l)k—vys+Ay (W_t)u—5VS+A5 1_(B—a)(t—l) vs—Adt
BA ] {f(t)}x+u+(y+6) (=vs+A)+2 Bf(t)

By using binomial expansion, the integral (3.2.6) reduces to

(3.2.6)

R R’ ( n) {a'+qn+§+dej
R < [\%l\j] (- V)URAV,R A i pm+n mz+:n Z ) h m+n
R=0 R pr i n=0 é=0 nle!
" 0 k —s
x B(ij Z(B—QJ LL QIIYI,N . .r(s) F(—VHA“{)(L\J ds
B =0 B k!2mL ST F(—vs+A) B
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I@ OHk—vys+Ay+D=1(y _ “u—Svs+A6+1y4

! (P rurk+ly+8)(—ys+A)+2 dt,

(3.2.7)

then the inner most integral in (3.2.7) can be evaluated by using the known integral
(3.1.8) and rearranging the expression in terms of Aleph (X) - function, after a little

simplification we get the required result (3.2.1).
3.3 APPLICATIONS AND SPECIAL CASES

In this part we specifically show how the general integral formula (3.2.1) can be applied
(and suitably maneuvered) to derive various interesting (and potentially useful) results

including those given by Wille [128].

(y+8—1)v
(i) Ifweput p=0c=0and z= (W — l) in (3.2.1) then we have

[a.,a.] T[aaﬂ
y+3-1)v vV NI N+1,P,

{e()}
g [bj’B j]1,M{Ti[bji’B jiHMH,Qi

‘ft— ”NMN
; X+u+2 P, Q.. T.r

(w-)

<Y st} [ xtet} o

R
_ -1 [V/U] (_ V)UR AV,R y X m+n
=(w-1" > - | =g | b
R=0 - ﬁp B

' d
(_n)e[a +qn}-1|-§+ e}

nle!

e e

—v A*,{a.,a.J {r.[a..,a..ﬂ
M.N43 (w— )Y +Ho-1 JTIOLNL I ING P,
*Np 13.Q. 42,11 ’

+3.Q+2,7; B [b.,[}.] {r.[b..,g..ﬂ ,
Prin e I i v .,

m+n N
<2 2
n=0 e=0

95

B*

(3.3.1)
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where A"and B’ represented by (3.2.2) and provided that the conditions of (3.2.1) are

satisfied.

: . 1 .
Next if we substitute p=o=— 1in(3.3.1), then we have
€

\f(t—l)x(w—t)“ Sg[y{g(t)}p'} Sg',ﬁ',o[x{g(t)}s]

{ ¢ ( ¢ )}X+u+2

aj’ajjl N’ {Ti[aji’aJiHNﬂ P
% NM’N (w _ 1) (y+o-1) V{g(t)}v > +q

dt
P..Q,,T.r [b-,B-J {T[bﬁﬂ
D/ I8\Y BN R G L M+1,Q;
=(w=0)7 > L-‘/Spj (x28)" pimen
R=0 :
. a'+qn+E_,+de
, d nmt+n M ( Tl)e( h J
X(B(xs) ) Z Z — m-+n
,n:O e— n:c:
A*,[a.,a.J {ri[a.i,a.iﬂ
XNM’N+3 {( _l),y+8_1}’\’ J Jl,N J J N+1.Pi
P.+3,Q.+2,1.;r % |’
1 1 1 [b.,B.J , T.[b..,B..j ,B
JUIaM M+1.Q

(3.3.2)
where A"and B’ represented by (3.2.2).

Further if we set y=90=1,A=p= _71, o« — o2 and B— [32 in the integral formula

(3.3.1) and sum the resulting series with the help of a known formula Erdelyi [22,
p.-101.Eq.2.8 (6)], then after a little simplification, we obtain the following integral

e

1 VP - p2w—y)

Sa’,B‘,O X{(t ~I)(w—t)(w —l)_1 }9

! a2(t—1)+p2(w )

SRR PR () [ V[aj’“jL,N’Maji’“ji}N+1,pi .
P-,Q-T-,r 2 2
<1 a (t—l)+B (w—t) {b.,[}.

j JL M’ {Ti[bii’BJiHMH Q
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R '
=\/;[\§J](—V)URAV,R( y J ( X JR pm+n

k=0 R L(oc + B)zp' (a+p)2Y

(_) a'+qn+§+de
SRR e m+n

x n;)e; nz:! {B'((afs)j}

-V [1—A,v,[a.,a.J ,{r.[a..,a..ﬂ
M,N+1 (w-1)| |12 PN DIEIT VNP,
xNp 1

Pi+1,Qi+l,ri;r [b B ] ) {’E- [b--, p H ’(_A’V)
URDIY SR SR M+1‘Qi

(33.3)

again if we substitute y =0 = > p=-A—-2andv—2v in (3.3.1), we obtain following

interesting integral after a little simplification

'

Yo 2] =0 (w-r)2 " g0 =0 -yt Y
I(t 1) (w—t) Syly s¢
!

a(t-1)+p(w-t) a(t—1)+p(w—t)

R
et WZ/‘:” (- V)UR' AVR 1-A { Blp } (i]R [ Bj”“%

( 11) {a'+qn+§+de
—Me

h J d\"
 pmtn m+n '(i}
T]Z%) e;) nle! [B B J
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-A— %A,v], 7»+2—%A,v ,[a-,a-J {Ti{a'i’a'iﬂ
L MND ™ PN NG,
P.+2,Q.+2,Tr [b, B-} Mb.. B"] {1—1/\ v {1—1/\ v}
PM I v 202 2
(3.3.4)

(ii) If the general class of polynomial Sg reduce to Hermite polynomials (A.2) and

Sg P ,O[X]

reduce to unity in equation (3.2.1), then we get the following result

W 259 {ﬂ@ialﬂ
J~ —t)l’l MN 1,N o N+1P

— - z{g(1)}
! {f(t) k w2 R Q) 7 [bj’Ble,M’ {Ti[bﬁ’ﬁjiHMH,Qi

v
x [Y{g(t)} p,} 2 Hy, L at=(w=0 " epy Y p R-1

2Vy&aﬁp'

(o) PR EVIR Oy | L{(B—a)}k

R=0 R! =R

N

e g
M,N+3 Z{ (1+p) } 1N’ N+1.P,

R e A

(3.3.5)

where

c* :(l—k—p'R,vj,(—k—k—y PR ,yv),(—u—S PR, 8\/)

(3.3.6)
D* :(1—pR,vj ,|:—k—k—p—(y+8)pR—l,v(y+8)}
and above integral holds true under the same conditions as those required for (3.2.1).
(iii) If we reduce the general class of polynomials to Laguerre polynomial (A.8) and

Sg P ’O[x] to Gould and Hopper polynomial (A.10) in integral (3.2.1), then we get
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W) w ) JESIN
j t{f(t)}M“ A ’Ti’r =t &(t)

(K )[y{g(t)} P } HM [y{g(t)} S,G',B'}dt
n

= (1)) YA (14 gy A 1 [n'+k'j 1
R=0 n (k'+1)R
d n
R g (n){ (Bj J )
% L i m+n OOL (B_a)
{BP'J (BSJ < 1) z z n'e! 1;)1( {B(1+p)}

A*,[a.,a.} ,{r.[a..,a..ﬂ
JouU N[ N-+1.P;

—v
M,N+3 (L+p)" }
XNG A
P.+3,Q.42,T.;r { —0 al
, -5 b..B. T/ b...B.. ,B
1 171 B(l+o) { JBJ]LM {Tl[ n BJlHMH.Qi
(3.3.7)

where A"and B represented in (3.2.2).

(iv) If we put T = 1 in (3.2.1), then Aleph -function reduce to I- function result due to

Bhatter [10, equation (4.2.1)] and we get

w-t)* U

VIJYt z)}x+u+2 SV{Y{g(t)}pl}S%"B"O[X{g(t)}g}dt

] j]l,N’ [aji’aji]NH,P-
<10 | z{g(t)} 1
1
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' d
(_ )e[a +qn+&+de .

=0 ¢=0 n n!he! Jmm[ V(Xﬂni ki{ 1+p}

vIA* [a ocJ ,[a..,a..]

>

1 z
P.+3,Q.+2,I' —d (b J [b J B*
1 1 B(].-FG) _],B_] l,M, _]IQB_]I M+1Ql’

(33.8)
where A"and B represented in (3.2.2).

(y+6—1j v
Againifweput p=c=0and z= (w - l) in (3.3.8), then we get the

following interesting integral

O Ol a1 [P0 et}

7 AP AR2

+

(n)e(a' +qn+&+de
2 2,

m-+n dnoo 1
e e T,

i
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x 1

>

-V
M.N+3 (w—1)Y*+o1
Pi+3,Qi+2;r

B*

AT [J ] [1 jiJN+l.Pi
5555

(3.3.9)

where A"and B'represented in (3.2.2) and provided that the conditions of (3.3.1) are

satisfied.

Again setting B=0 = 1 in (3.3.9), we obtain
€

vjzv(t—z)’”(w—t) Y 1e” st ¥ xie0)]

fr(op 2

a.,a.J ,[a..,a..]
DN UJVPJUNLP,

-1
RO R E O B it
[ PTiwm’ [ RIUMA+1,Q;
[V/UI(-V)ygr A ( R R’
1 UR Av, R 9 man
=(w— h
~wy SRR j (xe2)
a'+qn+<§+de ' d\n
m+n M (_n)e( h J (B (xs) )
X m-+n
n=0 ¢=0 nlel
M,N+3 -1 i 1N [ i ji}N+l.P.
IP+3Q+2r { ? ] [b” B"J ];* . (3.3.10)
J MU IUMAL.Q,

where A"and B represented in (3.2.2).

Next, if we put y=0=1,A=pn= _71,(1 - a2 and B — B2 in the integral formula (3.3.8),

then we get
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F12, 2y y{a o)) }” Y X{(t-mw—t)(w—z)-l}g
VT 2(e=1) 42 (w—1) 02(c=1)+p2(w 1)

ey a5
<t (w—z)Y+5—1{ (=) w—1) } LN N,
e 0L2(

t—1)+p2(w—1)

N!—.g

058, M 5B Q

R R'
= [VZ/I:H (_ V)UR AV,R( y } [ X J pmt+n

R=0 R! L(a + B)ZP

n=0 e=0 nlel

- (_n)e(oc'+qn1:r§+de} | g "
S mm{ﬁ[ x ] }

[I_A,v}[aj,aj] ’(aji’ajij
L MN+1 { (w—1) } 2 I,N N+1.P:

P+1Q+1r B - (3.3.11)
-+ p)’ [bJ’BJ’J1,M’[in’BJi]M+1Q (A

Vo

If in equation (3.3.8) we sety =0 = %, p=-A—-2and v — 2v, after a little simplification,

we obtain following interesting integral

[ T o 3 L R I e e
(t=1)"(w—t)” Sy|Yy { ale— 1)+ lw—1) Sh X 1) Bl 1)

Z{ (1) (w—)]Y }[aj’“le,N’ [aji’ajiJNH,Pi
b..B.

2v
o (6= 2)+B (w—1)]

‘\&—.2

MN
Pler

R=0 Rl

R R A
) ) 1[V/U]( V)UuR Avr Al y < Bl+?»+§
ERPEL el T [B ] B
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~ ) [a'+qn+§+de}
m-+n © h (' d\"
« pm+n Z z — m+n B(XJ
=0 o0 nle! L B
—k—lA,vJ,[KJrZ—lA,v], 0 [ }
M.N+2 2 2 yUiLN U J1N+1P

x]

{4ap}™
P.+2.Q.+2;r [bj,Bj]LM»[bji’Bji]MH.Qi’[l

e

(v) If we put U 1 in (3.3.5) then Aleph (X)-function reduce to I- function result due

to Bhatter [10, equation (4.2.11)] and we get

[a.,a.J ,[a..,a..]
JI,N UJE ) N-+1,P,

U™ N et

R0 Kt [ J’Bj]l,M’ [bji’Bji]MH,Qi

A\

x |:Y{ g(t)} p' }?HV 1 ' dt — (W —l)_l (l 4 p)_x_y p'R—l
2\/y{g(t)}p

R
o retert 3 v |y | S i{ (ﬁ_a)}k

R=0 R! B p' k=0 k! B(l + p)

I

9>

y —v|C* [aJ OLJJ , [aji’ajiJ
o e
;T — s
b..B.| .[b..B.. D
(1+0) [ j BJJl,M [ ji BJIJMH.Qi
(33.13)
where C"and D" represented in (3.3.6).

(vi) If we put T =1 in (3.3.7) then N -function reduces to I- function result due to

Bhatter [10, equation (4.2.12)] and we get
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T(t_l) (W_t)u g e Ea’aj]l N’[aji’ajiJNH,Pi

AHu+2 ,
fr() o383 e (P e

(K ){y{g(t)}p } H | y{e©) %o’ p fa
n

O (T e (e %ﬂ[n'fk'j L

=0 R

: cado(z) |

m+n 1N B

(S a e el
B = & n'e! =k B +p)

x1

B* |

—v A*,[a.,a.J ,...,[a.i,oc.iJ
M,N+3 Z{B(I+p)y} VLN I NP
P +3 Q +2;r -3 [ ] [ ]

1+ b.,B. sy DB ,
(1+0) iP MU Bji M+1.Q,
(3.3.14)
where A"and B represented in (3.2.2).
(vii) On taking 7, =1,r=1 and reducing Sy [x]and 8% # °[x] to unity in (3.2.1) the result

reduces to the known results due to Srivastava H. M and Raina R. K. ([117], p.693,
eq.15).

(viii) By putting 7, =1,r=1and reducing SY[x]and S? *°[x] to unity in (3.2.1) the

result reduces to another known results obtained by Srivastava H. M and Raina R. K.

([117], p.695, eq.20 or 21).
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Part B

In this part of chapter, we evaluate three finite integrals whose integrand involving the

product of generalized Legendre associated function Pf{l P (x) , general sequence of

function S%’S’O and Aleph (N) - function. Next we establish three theorems as an

application of our main findings and using three results of Orr and Bailey recorded in
well-known text by Slater [100]. Further, we evaluate certain new integrals by
applications of these theorems, which are of interest by themselves and sufficiently

general in nature.
3.4 INTRODUCTION AND RESULTS REQUIRED
3.4.1 THE LEGENDRE ASSOCIATED FUNCTION

B. Meulenbeld [68, p.560, equation (3)], is defined and represents Generalized

Legendre Associated function P;x P (X) as follows

B

PP (x) = (1+X)2 F
vy X)= o 2] l-a o [

I'(l-a) (1—x)2 (3.4.1)

R AR B

where o is negative integer and 3,y are unrestricted.

If we substitute a=p1in (3.4.1), then P;X P (X) becomes the associated Legendre

Function P;x (X) given by Glasser [27, p. 999, Eq. (8.704)] and also if we put a=p=0

in (3.4.1) then P{,x B (X) reduces to known result Rainville [84, p.166, Eq.2].

The following three results will be needed in this chapter.
(A) Meulenbeld and Robin [69,p.343,Eq. (38)],given

1
jl(l_x)P(Hx)Gpg’B(x) dx
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p+0+B£—a+l o B
2 F[Hp—z)l“(lﬂwzj Y—a;ﬁﬂ _

, =Y J4p
] e e ekt
F(l—a)r(2+p+0+aj l-a ;2+p+o+™5
2 (3.4.2)

where o is a negative integer and

Re(l+p—gj>0,Re(l+0+Ej>0,

2 2
(B) Sneddon [101, p.61, Eq.2.16 (i1)], given
j‘ l—l(1 )m—l F XApseeOp 1T—X d
X —X ; b’
) PYa1B...Bq * 2
_B(.m) Oy ssOp,m 1 (3.4.3)
p+1 q+1 Bl, Bq,l+m )
(C) Sneddon [101, p.61, Eq 2.16 (iii)],given
1
—1
2\™ 1o %p 1-x
1— d
(f) ( = ) {Bl, WBg T2 [N
. l - Gy senes Glp ] (3.4.4)
o 2’ p+1 q+1 Bl’ Bq,Zm 2|

3.5 MAIN RESULTS

3.5.1 FIRST INTEGRAL

1

[P 0= ) PR ) s Py x 1-x)Y)
0

#5005
[bj ’Bjjl,M ’h [bﬁ ’Bﬁ]

M,N h k
XNPi’ T zx (1-x) ‘

N+, Pi

M+1, Qi
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u+qn+&+yw a—p a-p
| m+n N (‘n)y[ ] ] 0 (Y_ij {_Y_Z
_yRAwn men Yy 51 t t
120 120 y!n! & 2'ur(-a+)
A** [a.,a.} ’{Ti [a.i,a.iﬂ
XNM’N+2 Z| J JIN ) N+1,Pi 35.1)
UM LU IV Y IMA1,Q.
1
where
A**:(l—p—uRv—uwn,h),(1—0+%—VR'—an—t,kj
B**={1—p—0+%—(u+v)(R‘+Wn)—t,(h+k)} (3.5:2)
and

R =qn+/(m+n).

The integral is valid under following conditions

1.a>0;u20,v>0,h>0,k>0 (not both zero simultaneously),

. b.
min ]
2'Re(p)+h13jSM Re _B.] +1>0 and
J
Re(c—g)+k min Reﬁ +1>0
2 1<j<M B. ’

J

3. Equation (0.4.3).

Proof:-

To prove the above integral, first of all we write the generalized polynomial set
sg’&o[x] in its series form with the help of (3.1.4), Generalized Legendre function with
the help of (3.4.1) and expressing Aleph () function in terms of Mellin- Barnes type
integral with the help of equation (0.4.1) in the left hand side of (3.5.1) and change the

order of integration and summation (which is permissible under the condition stated),

then we get
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Jl'XP i-x) (14 x) P2 (1+x)P2 R Y_%EH’_Y %ﬁ;l_x
: (1-x)¥2r(1-0) 2 ! o 2

pn+gqn+&+yw
m+n N (_ n)y /
m+n

Lol a0 T g 2R foxh-x)k] dsax

) p+qn+E+yw
Wy / 1
m-+n 61’]
vy!n! F(l—a)

_ yR +wn jmen rrin n (-

n=0 y=0

1 '
XL Qliv[é\]r-r(s 7 Sds J‘xp+uR +uwn-—hs-1
2mL ST 0

_o—p _,_a=P
— 2 —_ Y 1 b y —_
% (1 )G 2+VR +vwn—ks—1 E 2 2 : 1-x ix

2"1 1o, >

then the above integral can be evaluated with the help of the known result (3.4.3), we

get
( ) u+gqn+&E+yw
R'+wn,men &0 LY ! 1
—y n;m+n Z m+n gN

1 M,N

x— | Q
i PLQ T

(s)z %ds B p+uR' +uwn-—hs ,G—g-l-VR' + vwn —ks
2751L 2

JH —y—i g’-FVR'-FVWT] ks

31211 p+c——+{u+v)(R44Nn)(h+km 2

2

90



Chapter 3

after a little Simplification and rearranging the result , we get the required result in

terms of Aleph-function.

3.5.2 SECOND INTEGRAL

jl(l—x)p(l+x)6 P’;X’B(X) SE’S’O{y(I—X)u(lJrX)V}

a.,a.] e [aaﬂ
V1IN {1 o N+1,P;

N Z dx
PLQmr .

e MN (1-x)M+x)k J
’ ) ‘[bJ’BJ]l,M’{Ti[bji’BJiHM“»Qi

n+qn+E+yw
(_ n)y /
m+n ST]

e MN+2 2h+k‘ LN N+LP; (3.5.3)

. z
P1+2,Q1+1 P} ’Ci ,r [b -,B } , |:T- [b . 9[3 . ]} ,D* 3k
P v,

where

c** (%—p—uR'—uwn—t,h),[—c—%—vR'—vwn,k]

(3.5.4)

p** {—p—c—t—(B_T“)—(u+v)(R'+wn)—1,(h+k)}

and R =qn+I/(m+n).

The integral is valid under following conditions

1.a>0;u>0,v>0,h >0,k >0 (not both zero simultaneously),

. b. . .
2Re(l+p—S)+h, M0 IRl L |50 Re(t+o+ Dy ek M0 Rel L |50,

3. Equation (0.4.3).
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Proof: To prove the above integral, first of all we write the generalized polynomial set

SH,S,O[X] in its series form with the help of (3.1.4), Generalized Legendre function with

the help of (3.4.1) and expressing Aleph () function in terms of Mellin- Barnes type
integral with the help of equation (0.4.1).Now changing the order of summation and
integration (which is permissible under the condition stated) and evaluate the integral,
by using (3.4.2). We get the right hand side of integral (3.5.3) after a little

simplification.

3.5.3 THIRD INTEGRAL

1
JA=x)%2x)P2a-x) PlegP () s 20 ya - x)
0

! ’OLJLN’{Ti [ajl Jiﬂ
, N+1,P.
xNp &I;T Z(I—X2 h‘ L bdx
17991 [b ,B J ,{r. [b H
UM L TU I U IMALQ.
1)
pu+gqn+E+yw
R+ m+n N (_n)y /
=y wnym+n /i Z m+n g™

_o-B . oa-B
Oo(y 2 HJt(y 2 jt

E**{a.,a.] {t.[a..,a..ﬂ
PUIINTLE I YN P,

| %k %k
[bj ’BJL,M ’{Ti [bji’B jiHMH,Q. F
1

XNPi “:2’Qi 2,530 (3.5.5)

b

where

E**:(l—p—kR'—kwn,hj,(l—p—kR'—kwn—t,h)
. t , t 1 ' (3.5.6)
F**=|1-p—kR —kwn-—,h |,|1-p—kR —kwn-—-—,h
(1-p- kR —tomn-2.0 | (1-p kR kw2 -2
and R'=qn+I/(m+n).
The integral is valid under the following conditions
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l.a>0;u>0,v>0,h>0,k>0 (not both =zero simultaneously),

b.
min j
2Re(p)+h1< M R{_B.} +1>0 and

3. Equation (0.4.3).
Proof:

First of all we write the Generalized Legendre function in terms of , F,with help of

(3.4.1). Generalized Polynomial set S’fll’s’o[x] in its series form using (3.1.4) and
Aleph- function in terms of Mellin Barnes contour integral with help of (0.4.1) in the
left hand side of (3.5.5). By changing the order of summation and integration (which is

permissible under the condition stated) we get the following form of integral (A)

p+qn+&+yw
R'+ m+n N (—n)y ; |
A=y "W mn z z m+n gN_1 J‘Q (s)7~5ds
1=0 =0 vin! 2mi LTt
' o-— o —
1 »\P+kR +kwn-hs-1 Y_TBH,—Y— 2[3 .
I : Xl
F(l—(l) 0 211 1o 5
(3.5.7)

Applying well known result (3.4.4) and expressing the function ) in terms of series

and interchanging the order of summation and integration on inner most integral (3.5.7)

after a little simplification. we get following form

( W) [u+qn+§+ywj
v [ m+n ST]
y!n!

_ R+Wnlm+n Z Z

n=0 y=0

(s
X 3 2 L 2 Jr 1 JQM’N (s)z5ds
& t1T(1-o+t) 2miy P.Q,, Tt
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r(lj r (p+kR' +kwn—hs+tj {r{z (p+kR' +kwn—hs)H
X 2 9
r [p+kR' +kwn—hs+;j {F{2(p+kR' +kwn—hs+;jH

now using the well known duplication formula F[%jl“@n): p2n-l F(n)l“(nJr%j. and

rearranging the resulting expression in terms of Aleph function, we reached at the

desired result (3.5.5).
3.6 THEOREMS

THEOREM 1
_ o0 '
ir (1-x)**P7C R [2a2b2cx]= 3 a , x" (3.6.1)
n'=0

2

Then

1
[xP 7102 1+ x) PP (x) SO0 yx (1- %)Y )
0
Flabictrix | F bret o
X5 Fy| ,c+5,x HF|c—a,c— ,c+5,x

g, [ o)
M.N h k‘ J-JLN I IUIN+LP,
ZX (l—x)

p+qn+&+yw
R+ m+n 1 (_n)v / 0 (c)y
—y Wﬂlm+nz — m+n8ﬂz+a '
n=0 y=0 e n':()(c-i-j n! 0
2 n'

oa—B o—p
< (y_ 2 +1)t (—y—zl

& 2t tir(l-a+t)

X
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G**, (a.,ot.] {'c. [a..,a..ﬂ
JouiLNp e N+LP;

M,N+2
XNV Rz . (3.6.2)
Pi+2,Qi+1,‘ti ;r | [b"B'] {T_ [b’BH HFE
JTIOIM LU I I IMA,Q.
i
where
G** = [l—p—uR'—uWT]—n' ,hj ,[l—n' —G+%—VR'—VWT|—'[ ,k}
(3.6.3)

H** = {1—p—6+%—(u+v) (R'+wm)-n't, (h+k) }
The conditions of validity given in first integral (3.5.1) are satisfied.

Proof-

To prove the above theorem, we use the following result given by Slater [100, p.75,

equation (2.5.2)]

0 ' 1
2F1[a,b;c+%;z} 2F{c—a,c—b;c+%;z}: Z &a Lzt (3.6.4)
nV
we let an operation (say A )

A=xP =% 1 x) P2 e (x)slO0 {yx U (1 - x)V |

[a.,a.] ,{’C- (a..,a..j
JolaAN [t

(bj ’ﬁle,M ’{Ti [bji’BjiJ M+L,Q;

N+LP,

b

M,N k
XNPi’Qi’Ti;r th( —x) ‘

Now we multiply both side of equation (3.6.4) by A and integration with respect to x

from x =0to 1. Now interchanging the order of integration and summation in the right

hand side we get the following result

1
— o—1 —B/2 _a, ,0,0 \%
J-Xp 1(l—x) (1+x) b/ P;x B(x) Sﬁ {yxu(l—x) }

0

szl[a,b;c+%;x} 2F{c—a,c—b ;c+%;x}
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il
, N+1,P.
lei\dé\IT.r th(l—x)k‘ Lot
RTEE [b.,B.} ,{T. [bBH
J UM [0 M+1,Q; (3.6.5)

finally, we easily reach at the required result by evaluating the integral on the right hand

side with help of same procedure given in the integral first.

THEOREM 2

o0 '
If 2F1[a,b;c;x] 2F1[a,b;d;x]=n§()cn,xn (3.6.6)

Then
1

[xP 10— a4 PR P () sl O Oy x (1 x) Y
0

c dc b 1
x . F,la,b,—+—,—+———;a+b,c,d;4x(l—x
43[ 2 272 2 2 ( )}
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p+qn+E+yw
' m+n N ( T])’y
=0 7=0 yin!

Z (c+d—1)y" (©)y' i (y_a;B+ljt [_y_a;Bjt

(a+b)nn’ t=0 Ztt!F(l—ocht)
I, [a.,oc.] ,{ri [a.i,oc.iﬂ
M., N+2 J 1IN ) N+LP:
*Np 120, or | 2 ’ 3.6.7)
i St > [b,BJ ,{‘C- [b,BH ,J**
Prihme Ui v, Q.
i
where
= [l—p—uR'—uwn—n' ,hj ,[1— G+%—VR'—an—t,kJ
(3.6.8)

7= {l—p cs+——(u+v)(R +wn)— n—t ,(h+k) }
The conditions of validity given in Integral first are satisfied.

Proof- To prove the above theorem, we use the following results given by Slater [100,

p.79,equation (2.5.27)]

o0 ' '

a, b d £+E_l;a+b,cjd;4x l—X — M c ' Xn , (369)

455 n
2 2.2 2 n'zo(a+b)n‘n!

where ¢ . is given by (3.6.6) . We reach at the desired result (3.6.7) by processing the
same lines as given in the Theorem 1.

THEOREM 3

If F1 [a,b;c;x]

) [a,b;d; x] Z c ,x (3.6.10)

21

Then

[0 P20 50 1)
0
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5 )
, N+LP.
M, N zx1 (1- X)k‘ 1

XNP > o dx
BTE [b.,ﬁ.} ,{T. [bBH
UM LU IV IYIMALQ.
1
n+qn+&+yw
m+n N (—ﬂ)y ]
R +wn m+n Z Z m+n §N
a—p a—p
S _(©n'@n' ¥ (y_ 2 +lj (_y_ 2 j
x > = S, 2. . :
no(d+b)y'nt {3 2 t!'T(1-o+t)
., [aj’“j]l N{Ti [aji’“jiﬂ
> N+1,P-
N MNH2 ] il (3.6.11)
Pi+2’Qi+l T T e

|
[ j’Bj]LM’{Ti [bji’BjiHMH,Qi’

where 1" and J** represented in (3.6.8) and the conditions stated in (3.5.1) are true.

Proof — To prove the above theorem, we use the following results given by

Slater [100,p 79,equation (2.5.29)]

2 0 ' ' '
(1-2z)° 43 {a,b,d,c—a;g+%,g+%+%,c. —Z }: z (©)n'([@)n /N

(3.6.12)

We easily arrive at the right hand side of (3.6.11) by proceeding on same lines to

those of theorem 1.
3.7 APPLICATIONS AND SPECIAL CASES
(D) If we put c=a in our Theorem 1, the value of @ . in (3.6.4) come out equal to

(b)nr and we get the following interesting integral after a little simplification

1
J.Xp _ 1(1 B X)G_l (1 N X)—B/2 P’}(/X,B (x) Sg,S,O {yXU (1 — X)V} 2F1 ‘:a, b;a+ %;x:l
0
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[aj’aleN’{rl [aji Ji” 1
, N+1,P.
XNIEVI&I;T - th(l—x)k‘ bbdx
ETIOE [b'ﬁ] ,{T. [b , H
INSVRY R R RN DS D] VER oY
0 ) (p+qn+§+ywj
. + 0 ' '
:yR +wn lm+an“n l [ m+n gn Z (a)n (b)n L
— L yin! : 0N
n=0 y=0 n'=0|a+—| 0

oa-p oa-p
N aeay
5 2 t 2 )t

2t tir(-a+t)

G™*, [a.,a.] {'c. [a..,a..ﬂ
M,N+2 | FIULNE I IUINGLP,
b . Z
P1+2,Q1+1,T1 I [b,B] ,|:T- [b ,B]} ,H**
iMoo M+1’Qi

where G**and H™*" represented in (3.6.3).

XN

b

(3.7.1)

Next on substituting b :%+1 and a = —e (a non negative integral) in (3.7.1), then we

get the following integral

1
[xP 1 a-x)" e PR e P ) s Oy x - %)Y
0

X

M,N k
X1 FO [—e;—;x] NP. Q. th(l—x) ‘
1’171

. (_n)y (u+qn+§+yw

R'+ m+n
—y wn m-+n Z — )
: . |

Sl

=0 2 t!IT(1-a+t)
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M, N+2 LN N+LP,

NP+2Q+111-4@‘3] P{b“ﬁ“ﬂ —_—
PRLMI LT O IUIMALQ,

: (3.7.2)

where G** and H™™ represented in (3.6.3).
I1. We easily achieve the following result by putting b=c=d in theorem 2

1
IXP_I(I—X)G_I(I+X)_B/2 p}(}:B(X) SE,S ,O{yxu(l—x)v} 2F{a,c—%;a+c;4x(l—x)}

255 250
, N+1,P.
M, N z xh(l x)k‘ 1

XNP T dx
QT [b"B'J ,{T. [bBH
JTUIM LTIV IYIMA4,Q.
1
pn+gqn+&E+yw
' m+n M ( T])'Y /
_ JR +wn jm+n Z m+n N
y!n!

x i (2c — )y’ (Za)n Z( _Q;B+1)t [_y_a;Bjt

—, (@a+c)’ 2t tir—a+t)

I**

5 [a.,oc.] ,{‘c. [a..,og..ﬂ

| VLN U IUINGLP,
@)»B-J ,{r-[b-wﬁ--ﬂ e
JTULM LU IV IUIMALQ;

where 1™ and j**represented in (3.6.8).

M, N+2

PuQHrrZ (3.7.3)

x N

b

Again, if we substitute a =—¢ in (3.7.3), it reduces to the following interesting

integral

1
jxp_l(l—x)6_1(1+x)_ﬁ/2 P{(X’B(x) Sﬂ’a’o{yxu(l—x)v} 2F{—e,c—%;a—e;4x(l—x)}
0

[a.,oc.} {1:. {a..,a..ﬂ
U NI NP
1 dx

M, N
><Z\aP. L, T-T

th(l — X)k‘
1’171



Chapter 3

( ) p+qn+E+yw
R'+w + mtn 1Ty [
=y n;m+n Z Z m+n g7
n=0 y=0 vin!
oa—Pp a—Pp
2P o —
(2c— D' (=2¢)y' [y 2 " jt( T2 jt

2 ol

n'! t=0 2tt!F(l—oc+t)

I** i [a.,oc.] {’E- {a..,a..ﬂ
JJYIN [ 10U ) N+1’Pi

% %
,J

M,N+2

x N )
Pi+2’Qi+1 > 1T

Z| , (3.7.4)

B T 1 b..B..

[ JBJ}I,M { 1[ n BJlﬂMH Q.
!

where 1™ and J** represented in (3.6.8).

III. We reach at the following integral, if we substitute b=c=d in Theorem 3

1

2
[P =)0 ) PR P ) st OOy -x)Y zFlla,c_a;H;;:‘}

(1-x)

><ZQP T.;T dx
Q.. b., . [b...B..
o VLI JIHMH,Q.
1
ptqn+é+yw
' m+n 1 (_n)y /
1=0 =0 y!in!
o— o —
00 ' v 00 (y_ B + lj (_'Y - Bj
» Z (¢)n'(22)n Z 2 t 2 )
n'=0 (2¢)y'n! 0 2t Fl-a+t)
il [aj,och N’h (aji’ajiﬂ
M,N+2 > N+1,P.
x NPI-FZ,QI—FI , Ti ;T Z| - *1 , (375)

[bj’Bj]l,M ’h [bji’BjiHMH,Qi ’

where 1™ and J™* represented in (3.6.8).
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IV If we put T =lin equations (3.5.1) , (3.5.3) and (3.5.5) respectively then Aleph

function reduce to I-function and get new special cases

(1) From equation (3.5.1), we get

1
[xP a1+ PR sy x M (1-x) V)

[a.,a.J [an
JUiINUIe ) N+1,P,

dx = yR +wn m+n

y!n! & 2 tir(-a+t)

A*F* [aj,ocjj ’[aji’ajij
M,N+2 1IN N+L,P

x I LNZ
Pi+2’Qi+1 ;T | [b

(3.7.6)

3k 3k

B.1  [b... J ,
JBJJI,M [ n BJ1 M+1,Q;
where A**and B™* represented in (3.5.2).
(i1) From equation (3.5.3), we get

1

jl(l—x) P+ X)Gpgaﬁ(x)sg@ﬁ{y(l_X)u(1+x)v}

aj’ajle’[aJ'i’aji]N 1P
> +3 1
xIM’N. z(l—x)h(l—kx)k‘ 1 X

519 0 051

7I,M T UITT I MA1,Q,
p+gqn+E+yw

R'+wn m+n (R'+wn)(u+v)nhLn 4 (—ﬂ)y / +n <M

=y M2 > > — mn g

a—p a-p
< (y_ 2 Hjt [_y_zjt 2p+G+B_Ta+1

x D t

=0 2 t!IT(1-a+t)
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1 : (3.7.7)

M,N+2 y 2h+k‘ c, (aj’ajjl,N’[aji’ajiJNH,Pi
P+2,Q;+1 ;r [ D**

b..B. b... B.:
iBiliael JI’BJIJMH,Qi
where c**and D** represented in (3.5.4).

(i11) From equation (3.5.5), we get

1
[a=x)*20+x)P2a—x2)PpfP(x) sgﬁo{y(l - xz)k}
0

a.,oc.J ,[a ,oc..J
FUILNTUITTIUNGLP,

(b.,B. B.

dx
Ub...B..
JJJl,M J1 JIJM+I,Qi

x I M’N, z(l—xz)h‘

u+qn+§+ywj
/ m+n 8“

' m+n 1N (_ n)y [
_ yR +wn;m+n m

=232 (-5 B a0 o {250 %1

3 2 t 2 )t {M,N+2 VLN I NP,
XZ I

=0 2

t P.+2,Q.42 i Z|[_ J [
27 tIT(1-o+t) i bJ,BJLM,b

sk 3k

i BjiJMH,Qi’
(3.7.8)

where E**and F** represented in (3.5.6).

V If we put T = land r =1in equations (3.5.1) , (3.5.3) and (3.5.5) respectively then

Aleph function reduce to H-function and get new special cases

(1) From equation (3.5.1), we get

1
jxp_l(l—X)G_l(l+X)_B/ZP;X’B(X)S%’S’O{yxu(l—X)V}
0

M,N h K [al’alj’[aP’aPJ _ R'+Wn m+n
XHP,Q zx ' (1—x) ‘(bl,Blj,[bQ,BQJ dx =y /
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m+n N (_Tl)y (Wj o (Y_(X;HJ (_Y_a;)
% Z m+n s Z t t
n=0 y=0 y!n! t=0 2tt!F(l—oc+t)
A** b > > >
T Il)\f;gil | (aj.0q) [aP*‘iP] , 570
: (b1,B1)-[bgBg |- B

where A™ and B™* represented in (3.5.2).

(i1) From equation (3.5.3), we get

jl(l_x)p(ux)cspgaﬁ(x) st-S00y(1—x 1 14+ x)V |

lei\féN{z(lx)h(Hx)k

(al’al)’(aP’aP)J }dx

(b1:B1 )+ [bQ B
. (_n)y(p+qn+§+yw

— R'+wn jm+n 2(R'+W1”l)(u+V) z [ Jm+n sN

o— oa—f
< (y_ 2 +1jt (_y_ 2 }t prot Eaﬂ
2
& tIT(1—o+t)

MoN+2 | onek| © (ap e h(apsap)
<Hp'\3 01 {Zz + ‘[blaﬁlj,[bQ,BQ],D** , (3.7.10)

where c**and D** represented in (3.5.4).

(ii1) From equation (3.5.5), we get

1
[a=x)*20+x)P2a-x2) P71 pP(x) s';{’&o{y(l - xz)k}
0

fayn Mapsp) |
(0181):[ oo B

2.h

xH z(1—x7)

M,N
P X

5
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nw+qn+&+yw
R'+w m+n 1 (_n)y /
=y n m+n /(n) — m+n g™
]’]:O "Y:O Y * Tl *

a—p oa—f
o) [Y— 5 +1]t (—Y— ) jt HM,N+2 | E**’[aral]’[af”al’]

thz(:) 22 T (1— o+ t) P+2,Q+2)" by By)- by By |- F**
(3.7.11)

b

where E** and F** represented in (3.5.6).

VI If we reduce general sequence of Polynomials SH’S’O to unity and Aleph ()

function to Fox H function, we get known result given by Anandani [4, 9.343, Eq.
(2.2)].

VII If we substituteq = =m =0, / =-1and generalized polynomial set SE’S’O reduce

to the Gould and Hopper (A.42) in third integral (3.5.3) then we get the following
integral

1
[a-x)*/21+ ) B2a-x2 p_IPS’B(X)HS){y(l - xz)k,u,s}

e
, N+1,P.
« N M.N . z(l—xz)h‘ L dx
i’ [b.,B.] ,{r. [b,BH
Joiam o[t M+I’Qi

=y " ENE) XY 5

(=50 )

mn A (—n)y ((yw)y NS 2 ) 2 ),

= y=0 v!n! 0 27t (-t t)
255 %55

M,N+2 ’ +1, 1

Y/
Pi+2.Q+2. 7 |[b.,s.} ,{r. b
PTilm

x N
i ( iP jiHMH,Qi

b

(3.7.12)

where
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K*™* = (1—p+kn—kw n.h ) , (1—p+kn— kwn—t,h

)
L = [1—p+kn—kwn—%,h ), [1—p+kn—kwn—%—%,hj .
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CHAPTER- 4

FRACTIONAL DIFFERENTIAL

CALCULUS OF THE ALEPH-FUNCTION

Publication:

A study of generalized fractional derivative operator involving aleph (N) -function,

general class of multivariable polynomials and certain multiplication formulae for aleph

(N%)-function of multivariable functions, International Journal of Modern Mathematical

Sciences, Vol. 15 (3), 2017, pp. 291-310.
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Chapter 4

In the present chapter at first we give the definition of the fractional operators and the
results which are needed to initiate our three theorems. First two theorems whose
integrand involves the product of Aleph-function and multivariable’s polynomial

Uy,...,U . . . . . . .
SV1 k ysing Riemann-Liouville fractional operator and last theorem involving the

product of multivariable Aleph-function and multivariable’s polynomial Sgl""’Uk

using Generalized Saigo derivative operators. Next, we give six corollaries involving
useful special functions specially first class of multivariable hypergeometric
polynomial, multivariable Jacobi polynomial, multivariable Bessel polynomial. Finally,
theorems 1 and 2 are then employed to establish two multiplication formulae for
multivariable Aleph-function, from these multiplication formulas we can obtain a
known and unknown multiplication formulae as their particular cases. Our Theorems
are generalization of the results given by Dube [17], Goyal and Saxena [32], Manocha

and Sharma [58, 59], Raina and Koul [82], Srivastava and Goyal [108] and Bhatter [9].

4.1 DEFINITIONS

4.1.1 FRACTIONAL DIFFERENTIAL OPERATOR

In this chapter following two types of fractional operators have been used and further
extensively.

(i) Riemann-Liouville Fractional Operator

Oldham and Spanier [75] were defined the Riemann-Liouville Fractional operator for

function f(z) of a complex order | can be represented as follows

-

X

- (lu) I x—t)y Hleo)dt, Re(w< 0,
o DX (%) =+ o 4.1.1)
dcgl o DEE(X) 0<Re(n)<m,

where m is non - negative integer.

Mishra [70] further generalized the (4.1.1) operator as follow

_ kta qo
Dk,a,x_x Dx,o=pu.

(ii) Generalized Saigo Fractional Derivative Operator
The generalized modified fractional derivative operator due to Samko, Kilbas and

Marichev [88] is defined as given below, if welet 0 <a <1,B,mM,xeR, me N
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(4.1.2)

m(p-—n) X 1— m
i[x— J‘ (x™ — ™)~ 2F1[B_?_’é N ;l—l—m}f(t)dtm

If we take m=1in (4.1.2) then the above operator reduces to Saigo derivative operator

o,B.n
DO,X .

If we substitute m=1 and o =, in the equation (4.1.2), it reduces to the well known

Riemann-Liouville fractional derivative operator given by Miller and Ross [71], we get

Dgﬁm £(x)= D%f(x).

RESULTS REQUIRED

We will need the following relations in making our results.

—1
-1 d%xH I'(w) —a—1
D (x"H = = xH ;O # W, 4.1.3
o—X ( ) an l_,(u _ (1) n ( )
m o _ T T+pk+1) jikm
Dy o x X =11 X ;o= pu+1, (4.1.4)
,OL, X p:O F(l,l, + pk +1-— OL)
where k and o are not necessarily integers.
Binomial expression
n n h
(t-1)" = ZM‘[}I (4.1.5)

=0 h!
To establish our Theorem 3, we also need following result given by Bhatt and Raina [6].
[f0<a<l,meN;B,n,xeR;k> maX{O,m(B—n)}—m, then

r 1+£ r 1+n—B+£
k m m k—mf
x™) = X (4.1.6)

F(I—B+kjr[l+n—a+k)
m m
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4.2 MAIN THEOREMS

Theorem 1. If convergence conditions of equation (0.4.3) are hold, then

a.A. ,1t.(a. AL
(J J)LN {1( ji Jl)}NH,P.
1

_ U ,...,U p p M.N
pm t)‘ 1S 1 k{th,...,w tk}N |zt flxt
Lt v ! k Qe |(b.,B.) ,{t.(b..,B..)} )
POYLM g M+1’Qi
k
> UiRi <V R
i=1 n m-1
F'(A+A+pl
- V) AR RO Z( [T (A+a+pl)
= ol (n+A+pl)
Rl, ,Rk =0 >~ U, R n=0
i=1
27t P. ,Q LTE
L
-n,A+A,--, A+A+(m-1)/
X F 9t 9
m+] M (4.2.1)
L+A - u+A+(m-1)/
where
Hr[b +B. jHF(l a.—A sj
M,N
Q. ,(s): ,
PrQprpr ™ Q' P
2T H (l_bji_BjiS)H r(aji“LAjis)
1=l =M+l J=N+1
R(u+A+pl)>0,R(A+A+pl)>0,lt|<1,
k
here A = Z piRi_S'
i=1
Theorem 2. If convergence conditions of equation (0.4.3) are hold, then
(@A) N {r.(a..,A..)}
U,...,U [8) o) M. N b mJrg N+1,P.
D?}k—u,t ¢t SV1 k{wl‘[ 1,...,wkt k}NP’ zt| U f(xt)

R TIT RN - { (b..B.. }
I B (buBIp v - |05 M40,
1
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k

> UR. <V R.

. 11

i= w. 1
- >, =W A(V,Rp s Ry) —

R ...R, =0 > UR, 1

i=1 ' !

© n MATA+A+pHA—p—A—pl)
<> 0 n
=0 n! p=0 F(u+A+pl)(l—X—A—pl)n

th+A+ml—l{ 1 IQ%/.LS.

i) IPQ; () z—sds}DQ{f(x)}

1’71

-n,A+A-n,--, A+A+(m-1)/-n

X F 9t ’
m+1'm (4.2.2)

L+A-n,- u+A+(m-1)/-n

where
R(u+A+pl-n)>0,R(L+A+pl-n)>0,(tl<1,
k
here A = Z piRi —s and assuming that the series include in (4.2.1) and (4.2.2) are
i=1

absolutely convergent.

Proof of Theorem 1

At first we use the well-known Taylor’s expansion
< (t _1)n n Hn
f(xt)= > +—2—~x" DR{f()}, (4.2.3)
n=o 0!
where value of (t — 1) n given by equation (4.1.5).

C . . . U,,..,U
Now multiplying both side of the equation (4.2.3) by (! SV1 k{wltpl,...,wktpk} N(zt)

m .
and use the operator D I -t both sides then we get

LA 2 1)

111



Chapter 4

AN 54D
Lo f(xt)

b.B.), +.|T.(b...B..
®pPm h( ji J‘)}MH,Q.
1

U,,., U < (t-1)°
om t{tx_lsl fu gL Tal N e 3 T o
] |
(4.2.4)

u,,...,U
Then we substitute value of N(z) and SVI’ "k with the help of (0.4.1) and (0.6.2)

respectively. Next, we expand (t—-H" by using (4.1.5) and changing the order of

summation and operator, we get

a.A. ,{r. a.A.. }
3t UpeU oA @) N+LP,

v (1)

m N
D) ! Q| 2

; b.B.) .. T.(b..B..
b 381, m h( ji Jl)}MJrl,Q.
1

<V R
W

M=

U.R .
i=1 ! 1
- Z V) AV, Rps RY)
SR =0 Y UR.

ji=1 !

© n (—l)n(—n)hxn
2, 2

1
Rl,.. RI' n=0 h=0 h! n!

A+h+p; R . +..+p, R, —s—1
xDﬁ_u’t{t 1 k™k }Dg{f(x)}. (4.2.5)

In right hand side of equation (4.2.5), we use known result (4.1.4), we obtain the

following form

k
> UR. <V R.
j=1 11 R (—l)n(—n)hxn
_ > V) A(V.Rm, Rk)RTZ > o
Rl,...,szo Y UiRi i© n=0h=0 i
i=1

m—11 + lel +...+ kak +h+pl/-s)

<11
p=0 I'(pn+ lel +...+ kak +pl-s)
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k+h+p1R1+...+kak+ml—s—1 DQ {f(X)}

x t (4.2.6)

With the help of equation (0.1.3), we can also explain above result in terms of

generalized hypergeometric function PFQ and then we get the required result for right

hand side of (4.2.1).
To prove Theorem 2 we use following result given by Dube [17] and process same as

the theorem 1.

()
tFx=> —fDQ{xnf(x)} 4.2.7)
n=0

Theorem-3 Let0 <o <1,B,m,x €R,0 EN,RC(OL)>0,W,8>O,pj,Gj >0 (j:l,...,k),

%j , “j > 0,zj e C,(j=1,...,p) and if the existence conditions of Aleph () function are

satisfied, then the generalized fractional derivative Dg’f’g of the product of

Multivariable Aleph (&) function and sgl’""Uk exists, then we have

-5 U,,..U p —O p -0
a,Bn| . wi(,v v 17" "k 1{,V Y% 1 ki(,v \Y k
DO,X,G{E (t +& ) SV {Ylt (t +& ) ,...,th [t +& j }

Mlov v M Mol v M
XN zlt (t +& ) ,...,Zpt (t +& ) p (X)
k
K > UR.<V R
1 1
W—9B+.leiRi —v5—v.zlcsiR1 i=1 Yi 1
_ 1= 1= —
R.,..,R, =0 > UR, 1
1 k . 11
i=1
_ B N -
28 RV M
) io: L Y NO,N+3,ml,n1,...,mp,np N (4.2.8)
&=, m! £V Pi+3,Qi+3,'ci,R;U11 5 B*
-uv A
_Zpg p x P |
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where

U RO o)

I R R O RMTG R

p b e b

pon—— =t H alDa®) (040
i i e V3T iy
M } . ( ) (r)) { ( ® 0 J
T c Y el ey Ly T c Y
1 ..(1 ..(1 . .. ..
{ 1( ){ Jl( ) Jl( ) 0 -|-1’P(1) J J l,nr l(r) Jl(r) Jl(r) n +1,P (I')
1 i r i
and
k k
. K wH+mv+ ) piRi h )i wH+mv+ ) piRi ﬁ ig
=1-5— =l - - e i=l
B —[1 ) iélciRi ’ul""’HpJ’ § 0 9 I o1 0 970

() @ A gD s () <M
h(bﬁ’ﬁji P J m+1,Q. ’[(dj 0 j1,ml] {Ti(l) (dji(l)’Sji(l)J
1

Cl(4® 5o O3]
wwﬁdj,sjjhn%],gﬁiéﬁayﬁﬁ@i]

Proof: With the help of using equations (0.5.1) and (0.6.2), we have

1
m+1,Q {1

m +1,Q{")

-6 U,,...,U p Y p -c
aBnl . wi(,v v 1" Tk 1( v Y% 1 k(,v v k
Do,x,e{t (t +& ) SV {Ylt [t +& ) ,...,th (t +& j }

K
UR. <V R. k p
A vl T eRi A
| P AP Ty @ A(V,R ,..R )—— (@)=
0.x.0 K R Ry 27
R R =0 S UR. i
i=1 !
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()@ Sk j jw(sl, 1500,(5)) -+ p(sp)

P

(2751)p

1 p
XZ) "z ds ...dsp x). (4.2.9)

Interchanging the order of summation and integration (which is satisfied under the

conditions, given above) and using the binomial expansion formula is given below

00 m
A () t t
(t+8) " =¢ Z—T(——J ;= <1.
m:o m: é &
Then right hand side of (4.2.9) becomes
k
> UR. <V R.
i=1 1! v. 1
_ _ i
- > V), A(VRp Ry )
R ,.,R =0 > UR 1
1 k i
i=1
s S
X I IW(SI""’Sp)(pl(SI) (pp(sp) zll...zpp
L L
1
p
k p
— 3+ 2 o.R.+ 2 us.
sz i Voo )

<O @ e

k p
—v{8+ 2 o R .+ XY us.
x (&)

illljljjli i= llj:1jjm( lJm

m=0

W+Z PR+ Z kJsJ+vm
o3, i=1 =1
DI (0) = (x)

By using the result (4.1.6), we easily get the required result (4.2.8), after a little

simplification.
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4.3 SPECIAL CASES OF THEOREMS

(i) In equation (4.2.1), if we reduce the general class of polynomial to the first class of

multivariable hypergeomertic polynomials Fl()k) [(A.23)], then we obtain the following

corollary 1.

Corollary 1

D} ,t{ R {(—V, U):(B 005 (rav,)iwy ! ,...,wktpk} N(zt)f(xt)}

k

> UR. LV R.

i=1 1! Wi 1 (Bl)Rld)lm(Bk)de)k
B V) k R.! (Y)R R

R,..R, =0 > UR. R W

i=1

) i )" 2 ro s A+ pr) JorAbm -]
=0 n! p=0 F'(w+A+pl)

! M,N —S _n,C* . n
X{2_m'1—[QP- Qv 8)7 ds} m+1Fm{ O ’t}Dx{f (x)}, (43.D

1" 1

c* =A+AA+A+L,A+A+(m—-1)/

D*:u+A,u+A+l,...,u+A+(m—1)l (4.3.2)

here

k
A= Z piRi_S'
i=1

The conditions of validity of (4.3.1) can be easily got from the existence conditions

indicate with theorem 1.

(ii) In equation (4.2.1), if we reduce the general class of polynomial to Multivariable

. . al’Bl;"';ak’Bk . .
Jacobi Polynomial PV [(A.27)], then we obtain the following corollary 2.
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Corollary 2

Al 05 B0y LB P p
D}l”l}\‘_u’t{t PVI 1 k*"k 1—2W1t 1,...,1—2Wkt k N(Zt) f(xt)

k § R. <V k R.
H(1+(li)v et H(1+ai+ﬁi+V)R_(wi) 1
i=1 i=1 i
= V)
vHk R ZR 0 fR k ,
ok = T [[1a+ep R Ry
i=1 1:1 1
m—1

I'A+A+pl) t}M+A+m -1

X
Q)F(u+A+p1)

o0 n
(=x) 1 M, N s _n.C* N
<> {—%,-I[Qlai,qi,ri;r(s)Z ds} o] S54RI,
n=

(4.3.3)
where C* and D" are given by equation (4.3.2).

The conditions of validity of (4.3.2) can be easily got from the existence conditions

given with theorem 1.

(iii) If in equation (4.2.1), the generalized class of polynomials is reduced to

Ly,yenny O . .

multivariable Bessel polynomial yVln kn [(A.29)], then we obtain the following
> 29"'9 k

corollary 3.

Corollary 3

D;}_u,t{ ¢ y(\x};’a}j’nk [2w1tpl ,...,2Wktp k j N(zt)f(xt)}

b 23
X R
R. <V
151 i W11(1+(x1+V)R1 K (W.)Ri
_ _ 1
= V) . [[a+o+npp. 1
Rl,,Rk =0 z R1 1 1:2 1 1
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00 n m-1 —Uu—-A-—
XZ(_;') H FO+A+p ) (I-p-A-ply Mt+A+mi-] LJ‘QM,N ,r(s)z_sds

=0 p=0 Fp+A+pl)A1-A=A-p )y 2mi

o —n , A+A—n, A+A-n+,..., X+A—n+(m—1)l; ¢ DQ {f(x)}

F
+1"m
n U+A-N, p+A-n+,..., p+A-n+(m-1)/ (4.3.4)

The conditions of validity of (4.3.4) can be easily obtained from the existence

conditions of the theorem 2.

(iv) In equation (4.2.8), if we substitute B =a and N =0, then we get the following
corollary 4.
Corollary 4

O (g m O,N+2;ml,nl;...;mp,np g*
X — | — ¥ . , (4.3.5)
Z [ £ ) Pi+2,Qi+2,ri,R,U11 : F*

where

U ;R(l);...;P' T 'R(r)

=P, ,Q .\
=54
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k
-w-mv-> p.R. A
S R () S € R PP < " =R
E —(aj,aj ,...,(xj )1,n 1-6—m EloiRi,pl,...,pp , 5 1 Tt
i) L ey o))
g J n+1P, U Lo | U GiY7 i nl+l’Pi(l)
o () ’%r)[c(ffrw(f )J
1 no|t i A} nr+1’P§r)
and
w+mv+lz<:pR N
F* = —0-> o.R. u,....n ()L——iz]g&l...J:l T.|b.. B(l) Br)
; 1171 p ) 0 B R ¢ I A L R SR m+1.Q
7

()40
i(r)(dji(r) Bji(r)J

The conditions of validity of (4.3.5) can be easily obtained from the existence

mr+1 ,Qi(r)

conditions given with theorem 3.
(v) If we substitute 6 =1 in equation (4.2.8), we obtain the following corollary 5.

Corollary 5

-0 U.,...U p -0 p -0
Dgﬁﬂ{tw (tv+§") SV1 k{Ylt 1(tv+§") 1,...,th k(tv+§") k}

A

xN(zl tk1 (t" + a")_ g vt P (tv + gvj_ "p ﬂ(x)

k
K > UR <V R.
_v5—v'§10iRi i=1 11 Yl 1
(_V) k A(V,Rl,...,Rk)H
1

R ,.,R =
poRg=0 2 UR,
1=

k
W—B+'Z piRi
— X ]=1

g
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- A
21§ Y x 1
00 m  (Q,N+3;m,,n,;...m ,n
XZ_LF% ey G*, (4.3.6)
e m!| & Pi+3,Qi+3,’lti,R,U11 : g*
p p
ps T X |

where
U D RO

=L Lot e Lot

D () k k
G* = (a .,(x(. yeeey O ) , [I-0—m—-% o.R. ,u.,..., | —w—mv-— R.,A LA,
J in 5 U

)
ti(a.i,a(.il),...,a(.il)j ; (c(.l),y(.l)j ,
n ] J n+1’Pi J J 1,n1

b

B—m-—

b

p

k
w+mv+ ) p.R.J, Xl,...,k
Sl

(r)

(D (r)
Ti(r) (Cji(r) ’yji(r) ]

(1)
i (Cﬁm ’in(l)J

RO ()
S |

n,+1,P r n +1,P (r)
1 i r 1

and

,| 00— —

w+mv+§ piRi] Aok ],
i=1

* k k
H —{I—S—iélciRi,ul,..., Mp]’ B— wAmv+ Y piRiJ,kl,...,Xp A

=1

)

(1) (r)
[H(bﬁJ%i,m,ﬁﬁj

(g 50 ® 50
| (000 jl,m ‘i(r)[dﬁ(rraﬁ(r)J

The conditions of validity of (4.3.6) can be easily obtained from the existence

M 50
g [dﬁ(l) 0 ji(l)]

m+1,Q, ImeQg)

M
r mr+1 7Q i

conditions given with theorem 3.

Corollary 6

On putting B=0a and N=0 in equation (4.3.6), the equation (4.3.6), can be also
reduced to following result for the Riemann-Liouville Fractional derivative operator:

-6 U,,...U p -G ) -0
o, W[,V , eV 1’7"k 1{,V eV 1 k(v gV k
DO,x,l{t (t +& j SV {Ylt (t +& ) ,...,th (t +& j }

XN[ZI ‘[7Ll (tv + &VJ_ " yeees Zp tXp (tv + &Vj_ lJP ﬂ(x)
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k
w—oz+vm+§piRi —v8—vlz(:csiRi izluiRiSV Y.Ri
_ i=1 i=1 _ 1
=X 13 Y=V . A(V.R|,...R}) o
R ,..R =0 > UR, 1
1 k . 11
i=1
iy _
X |
0 m O,N+2;m_,n.;....m ,n
‘3 L(jj < i Mpp | (4.3.7)
e m! & Pi—i—2,Qi+2,’ci,R,U11 : 7%
—n
p p
R
where
U RM. .p rR®

=P, .,Q s
=0 m M

1) (r)j \ k Kk
" :(a .,a(. yerrs OL 1-6—-m—-> o.R.,u,,....u |,| —-w—mv— R.,A LA |,
J 1,n izl it Elpl 71 p

J J
( XOM a@j 100D ey <40
11 R N _n+l,P.’ 37 Non (D ji(l)’ ji(1)
1

IIRCING ® 0
("j ] )Ln ’Ti(r>[cji<r)”ﬁ<r)J

r |

1 n +1,P.(1)
1 i

n_+1,p(M
ro i

and

b

k
%
J = [I_S_iélciRi ’Hl’""up

1 1
{ri(bﬁ,ﬁgi),...,sgi)j

k
w+mv+ ) p.R.J,X N N
Sl p

d(.l),a(.l)j :
1,m

m+1,Qi’ ( J J i ji(l)’ ji(l)

- (dm 5D ﬂ
ml+l,Qi(1)

40 <) () (1)
3eens (dj ,Sj jl,m ) Ti(l) (dji(r),éji(r)}
T

(vi) In equation (4.2.8), if weput R=1,v=1and T i = 1 the Aleph (X ) function reduce

o8
mr+l ,Qi
to H function then we find the known result due to Bhatter [8].

ERdat]

< U.,.,U p _ P _
Dg’g’g{tw(ug) 8SV1 k{Ylt I(t+e) Lo Yt K(t+g) Gk}
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A - A -
xH th 1(t+§) ul,...,zpt p(t+§) MPJ](X)

k
W_6B+.leiRi _8_.ZlciRi i=1 Yi 1
— = = _
=X (-V) K A(V’Rl""’Rk) R
R.,..R =0 > UR, U
1 k . 11
1=1
_ ) N _
z 6 "1x
§ i L(i} HO,N+3,ml,n1,...,mp,np K* (43.8)
= m! & P+3,Q+3,P1,Ql,...,Pp,Qp : L*
—u A
Zp g Px P
where
k
. K WImm2 AR Ay
= — — - M M eee ]= e
K {1 d—m iélclRl,Hl, ;Hp} 0 970
w+m+lz(:pR A
[3—11——i5g&1...Jz (a. oc(.l) a(.r)j '(c(.l) y(.l)j '...'(c(.r) y(_r))
9 ’eﬂ )e b J) J b b J 1’P7 J b J 1’P197 b J b J I,P b
and
k k
. K wH+m+ > piRi )j )i wH+m+ > piRi ﬁ ﬁz
=1=6— R. . i=1 - 1=l
L 1-6 izlclRl,ul,...,up .1 B 0 970 I o 0 970 P

(bj,Bgl),...,Bgr)jLQ;(dgl),SSI)JI’QI ;"';(dgr)>5§r))1,Qr .

(vii) If we put k=1 and N(z) =1 in equation (4.2.1) and (4.2.2), then we find the known

results due to Goyal and Saxena [108].

(viii) If we reduce the generalized class of polynomial to unity and N(z) =1 in equation

(4.2.1) and (4.2.2), then we arrive at known results due to Dube [17].
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4.4.1 APPLICATIONS OF THEOREM 1 AND 2

Now we create two multiplication formulae as application of Theorem 1 and 2

respectively.
Let f(x)=x%" N[xyl ,..-,xyn] (4.4.1)

Now using (4.1.3) onf(X) , then we get

‘y gy, [(FOILD),
n)_o-l 1 _ _o-n-1 0,N+l,ml,n1;...;mr,nr . 1
Dy <x N =X
X : Pi+1’Qi+1 ;ri,R;U11 :
XYn XYnl(1—o4n;l,1), %
(4.4.2)

with the help of equations (0.6.2), (0.5.1) and (4.1.4), we have

u,,...,U
M2 _o-1g-1 p P
D?}k—u,t{t TO—2 4O SV1 k{Wlt 1,...,Wkt k} N(xt,xylt,...,xyn_lt)}

k
> UiRi <V
AMo+p, R +..+p, R, +m/-2 1=1
—¢ TP Pk V) . A(V.Rp..R})
R Ry =0 ¥ UR.
1=1
R.
1 .. Xyt
. W, XG_I NO,N+m,ml,n1,...,mr,nr : 1 M* (4.43)
R.! P.+m,Q.+rn;'c.,R,U11 N* >
i 1 1 1 X ynt
where
%k
M _(2—k—c—p1R1—...—kak,l,...,l),(2—k—c—lel—...—kak—Z,l,...,l),...,
(2—7»—0—p1R1—...—kak—(m—l)l,l,...,l),**
* b
N™ = (2—u—o—p1R1 —...—kak,l,...,l),(Z—p—c—lel —...—kak -11,...0),..,
(2—u—c—p1R1—...—kak—(m—l)l,l,...,l),**
(4.4.4)
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the asterisk ** in (4.4.2) and (4.4.4) specifies that the parameters at these places are the

same as the parameters of the multivariable’s Aleph-function (0.5.1).

Putting the values of differential operators (4.4.2) and (4.4.3) in theorem 1 and 2,

. y . . i .
Assuming y1 = ?1;--',}’11 - yTnand comparing the coefficients of W, 1 both sides,

next we replace}b_ﬁx—le1 ——p Ry Lo H—pRy —...—kakandc—>1—cs, we

get the following Multiplication formula for multivariable’s Aleph-function.

Multiplication Formula 1

.o yit
O,N+m,m1,n1,...,mr,nr ) o*

NPi+m,Qi+m;1:i ,R,U

: *
11 vt P

_© io:(—l)n rln—_[lF(7»+pl) B A mD ]
- n! C(u+pl) m+m ’
n=0 " p=0 W, u+l ..., p+(m—1)7

(4.4.5)
NO,NJrl,ml,nl;...;mr,nr | (091,---,1),**
x P.+1.Q+L, T RU (6+mn,1,...,1),%* |
Yn
where
O*=(1-r+0,1,.,1),(1-A+0—01,..1)...0-r+o—(m—1),1,...,1),%*
(4.4.6)

P =(1-p+o,1,..1)(1-p+o—-01,.,1)..,(1-p+o—(m—1),1,.,1)%=

and the asterisk ** in (4.4.5) and (4.4.6) specifies that the parameters at these places

are the same as the parameters of the multivariable’s Aleph-function (0.5.1).

Multiplication Formula 2

Ylt
- -1 o
NO,N+m,ml,nl,...,mr,nr Q* :tc_li(_l)nm FA+pl) 1—p pl)n
Fm Qmin, R Uy | g i ! 5| TepD(A=2-pD)
Ynt

124



Chapter 4

N
0,N+1,m,,n;..;m ,n
| rr

Pi+1,Qi+1,ri,R,U

—n,A-n,A-n+l,...,A-n+(m-1) /

(o+n,1,..,1),**
“m+1Tm it

Yn
(6917"')1 ) 7**

u—n,u—n-+,..., p-n+(m-1) / H

(4.4.7)
where

Q'=(-r+0,1,..,1),(~r+0-L1,..1),..(cA+o—(m—1)/,1,...,1),%=
R*=(—p+o,1,..1),(~p+0—-L1,..1),...(1—p+o—(m—1)L1,...,1)%% (4.4.8)

and the asterisk ** in (4.4.7) and (4.4.8) specifies that the parameters at these places

are the same as the parameters of the multivariable’s Aleph-function (0.5.1).

4.5 SPECIAL CASES
If we put T =1 and R =1 in equation (4.4.5) and (4.4.7) then Aleph (&) function

reduces to H function and we find a known result due to Bhatter [9]

(1) Multiplication Formula 1

yit

19---9mr9

P
p

0,N+m,m_,n

H

n
r

QQp

13
P+m,Q+m ;Pl,Ql;...; T

Ynt

m—1

[]

p=0

o0

:tcz

n=0

(D"

n!

I'A+pl)
T(p+p/) M+ M

A, A (1)

w,u+ ..., pHm-1)/
1 @ (D) (1)
(o,1,...,1 ),(a.,aj ,...,aj ) (c. LY )1 b ,

j it
1,P P,
;...;(C(.r),'y(.r))
1,P
T

0,N+1,m1,n1;...;m n 1 U

x H orr
P+1,Q+1 ’PI’QI P]‘O,Qp

Yn (c+n,1,...,1),(bj,ﬁgl),...,ﬁ

()
j

Jees (dgr),Sgr)) 1.Q
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where

S*=(1-r+0,1,.,1),(1-2+0-11,.,1)...,0-r+c—(m—-1)/,1

(a.,a(.l), j ; ) ,;...;(c
1,P l,P1

J ] )1,1’
r

1),

o

) @
] Y

1 (1)
(“j Y

T  =(1-p+0,1,...1),(1-p+o—-11,.,1)..,I-p+o—(m-1)L1,...,1),

(D (r)
(bj,ﬁj Bl

CRES
J

50
J J

J

jl,Q; )1,Ql ;"';(dgr)’

o,

(i1) Multiplication Formula 2

O,N+m,ml,n1;...;mr,
P+m ,Q+m ;P1 ,Q1 Seens Pp

H

DQp

Ynt

} m+1 Fim

1)
c+n,l,.,1), a.,a(.
rndend ) a8

(Cgr)’ygr)jl’ P

(=P m-—1| T(L+pl) (l-p—pl)n

[F(wpl) (I-A-pl)

n! p:()

e
J

geee

)1,1)’

geeey

0,N+1 ,ml,nl;...;m Nl

M|
r’r .
P+1,Q+1 ,Pl,Ql;...; Pp’Qp

x H

J

;...;(d(.r),S(.r)
] ]

Ji,

where
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Yl (61,1 ),(bj,Bgl),...,Bgr))l Q;(d(.l),

J

5D
J

J

jl’Ql

l,P1

(4.5.2)

—n,k-n,k—n+l,...,k—n+(m—l)l,t

u-n,p-n+/,..., p-n+(m-1)/

(0,400

(4.5.3)
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U*=(-r+0,1,..,1),(~A+0—-11,..,1),....( A+ —(m=1)1,...,1),
(a.,a(.l),...,a(.r)j ;(c(.l),y(.l)j ,;...;(c(.r),y(.r)j
7] b p\V1 ) p J 1 )1p
b b 1 b I.
V*=(—p+o,1,..0),(~p+0o-L1,...01),...(1-p+o—(m-1)/,1,...,1),

s, {50, 0
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CHAPTER-5

INTEGRAL PROPERTIES OF THE ALEPH-
FUNCTION, MULTIVARIABLE’S GENERAL
CLASS OF POLYNOMIALS ASSOCIATED
WITH THE FEYNMAN INTEGRALS

Publication:

On some integral properties of aleph function, Multivariable’s general class of
polynomials associated with Feynman integrals, International Journal of Physics and

Mathematical Sciences, 2014 Vol. 4 (2) April-June, pp. 109-117.
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The aim of this chapter is to discuss certain integral properties of Aleph-function and

multivariable’s general class of polynomials, proposed by Inayat — Hussain which
contains a certain class of Feynman integrals. We establish two certain new double

integrals. In first integral whose integrand involves the product of multivariable’s

. hy,....h ) ) ) )
polynomials SLl Y and Aleph-function and in second integral whose integrand

) .. . my,...,m
involves the product of multivariable’s general class of polynomials Snll v and

yeeny 11V

Aleph —function. Also we obtain new and known integrals as their special cases.
5.1 RESULTS REQUIRED

Edwards [18, pp.145, 177 and 243] has defined the following relations which are useful

to find our results

11
-1 -1 l-m— ' (m)T(n)
(1) J.J‘ ym(l_x)m (I_Y)n (1-xy) m ndxdy=m, (5.1.1)
00
T Fm+)TC@n+1)T
(ii)£ £¢(x+y>(x)m(y)“dxdy= (ﬁ’(jnini“;) gw(z)zm”“dz, (5.12)
1

(iii) £ (xy)(1—x) M (1-y)n T ym :_Fl“(?rliig;) J'f(z) (™01, (513

O ey —
O —_

5.2 FIRST MAIN RESULT

hi,...,
(A) In part section we derive four integrals whose kernels is product of SL1 V and

Aleph - function

LU ova o 1—a V[ 1= h,..h [1_ _
a) [] ((1 p)qJ (1 q)( 1-pq JSLI v{l pwq}xm,n {1 qw}dpdq
5o (L 1=pa ) \1=-pq) ((1-p)(1-q) 1-pq P;>4; 1T [ 1-pq
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v
iElhikis L

- Z (-L) A(L,ky,...ky) I'(c+k.)
kpKy=0 élhiki 1 E k! 1

(l—p;l),(a.,A.j ,[r.(a..,A..ﬂ
J a0 1 n+Lp.;r
b i7

(b.,B.j ,[t.(b..,B..ﬂ ,(l—k.—cs—p,l)
om0 m+l,q.:r 1
9 i’

b.

Provided that for the conditions (0.4.3) and Re C$+p+B—J >0, (1 <j< m), the above

]

><Nm,nJrl

(5.2.1)
pi+1,qi+1,ri,r

wl

integral is valid, where p,c are positive.

Proof:- With the help of equations (0.6.2) and (0.4.1), we can write

h.,..h _ _
1-pq P;»9;> %1 [ 1-pq

—s
l w | ds.
I-pq (5.2.2)

Y p
Now we multiply both sides of equation (5.2.2) by [(l_p)q] [ 1-q J ( 1-pq ] and
1-pq ) \1-pq) \(1-p)(i-q)

integrating with respect to p and q with limit O to 1 for both the variables

11 o p
[E N e
00 (L 1=pa ) UI-pg) \a-p-q)] T 1-pq P;»d;- T (1-pq

v

izlhikiSL v kl
A\%%

_ (L) vy ALkpky) T T

K, Ky =0 iélhlkl 1= i
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1 _
X i Qg;ﬁi;ri;r (S)(W) >ds
L

k. -S
(1-pq )" 1(1—q jp ( 1-pq jd q
(l—pq] 1-pq (-p)i-q)) [

Now we use the result (5.1.1) on right hand side in above inner most integral, we get

S —_—
S —_—

\%
hk.<L
=Ni L
= > (L) y  ALKkpky) H o
Kpserrsky=0 El h k. 1=1 i

F(G+ki)F(p—s)
F(G+ki +p—s)

1 m,n s
% z_m'LQpi,qi;ri;r (S)(W) ds

after a little simplification , we obtain the required result (5.2.1).

o—1,pP-1g7 1"y m,n
Ay [ [ frw)n® WP s, () W20 (W) dndw
00 174
ﬁlhikiSL , N -
1= 1 c+p+Kk. -
= Y L)y ALkpky) Hpr(oﬂ(i)jf(g)a iode
KKy =0 Elhiki =l % 0
(l_p’l)a(aJ3AJ) ":TI(aJI,AJIJ:l
Nm,n+1 §| Ln n+1,pi;1” (5.2.3)
p; +L.aq; +1Tpr (b.,B.j ,[r.(b..,B..ﬂ -k ~o-p.1]
P m LR W g™
b.
Provided that for the conditions (0.4.3) and Re C$+p+B—J >0, (IS jSm), the above
J

integral is valid, where p,c are positive.

Proof:- With the help of equations (0.6.2) and (0.4.1), we can write

Y hk<L

R

h...h i v
g "7 irfp] xmn - L ALK, ...k — ()i
DN S ) A g{ki!m)l}

=1
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1 J=1 ! —s
X —— w) “ds
2ni£ r b; 9 (w) (5.24)
> ] F(a..+A.-sj F(l—b..—B..s)
i, ji jiv ). jioogi
1=l  j=n+l JFm+l

Now we multiply both sides of the equation (5.2.4) by {f (n +w) nc_l wP _1}and

integrating with respect to 1 and w between 0 to oo for both the variables

Q0 | hih
I J' f(n+w) nG_lwp- SL1 V(n) Nmn (w) dndw
p"q')‘C')r

00 i

> hik.<L

UYL, AMkeky) f[{ 1}
= L AV e LAY T,

Ky Ky=0 Elhikl i=1 | k!

o0 00

L famd @) s [ [Fmew )R~ (w)P ~5Landw
2mL '’ 0 0

Interchanging the order of integration and summation in above equation and use the

known result (5.1.2), we have

Y hik<L

Uy I
= —L v A(L,kl,...,kv) -
ke ky=0 izlhiki 1=1 ki!
F(G+ki)F(p-s)°° c+k. +p-s-1
x [fea-g i e,
F(c5+ki+p-s) D

after a little simplification, we get the required result (5.2.3).

11 hy,.h
(A3) M) v (w) (1-m)°H1-w)PTwC s 177V fw (1-m)] Ng;’,lai,ri,r[(l-W)]dn dw
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> hik.<L
1=1 \%
= Y (L), Alkpeky) [Tk [uE)0-8)o P+ g

: L
keeky=0 2 bk i & 0

(l—p;l),(a.,A,) ,{r.(a..,A..ﬂ
R S T AN L n+lp.;r
5i7

><Nm,n+l (1—<:)| ’
. +1,q. +1,1.
P+ FhTr (b.,B.j ,{r.(b..,B..ﬂ ,(l—k.—cs—p,l)
Fom DY W y1,q. 0 !
7i?

(5.2.5)

b.
Provided that for the conditions (0.4.3) andRe cs+p+B—J >0,(1<j<m), the above

]
integral is valid, where p,c are positive.
Proof: - With the help of the equations (0.6.2) and (0.4.1), we can write
h.,..h

S CE G R

(5.2.6)

Now we multiply both sides of equation (5.2.6) by \y(nw)(l—n)c‘_1 (I-W)p'lwc and

integrating with respect to  and w with limit 0 to 1 for both the variables

11 h,..h
[ wew)(=nPf = a-w)Ptwos TV fw (=)l NIV (1 w)ldn dw
00 Pi-dp Tt
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th<L

1=1 v 1
= > L)y ALkpeoky) H{F}

kpserrKy=0 P> hk, 1=1

+k.

11
o 6 as [ Twm-m K Ta-w)P s dnaw
2mL '’ 00

Interchanging the order of integration and summation in above equation and use the

known result (5.1.3), we get

Y hk<L

Y [},
- L), AL.kpky) [[{—
kpoky=0 X hik; : i=1 | K

e &

F(G+k)F(p s)
* F(G+k +p

c+k. +p-s—1
Iw(i) (1-g e,

after a little simplification, we obtain the required result (5.2.5).
g P [ By [a-p)] i q(1-p)
NI st faenlme ),
1 pq 1-pq) \(1-p) I-pq | P;dpTT | 1-pq

Y hik.<L
=1 1!

= > (L), ALkpeky) r(p+1)ﬁ{i}

: |
kl,...,k\,:O Elhiki 1=1 k.!

1

(1—a—c—k.;1),(a.,A.) ,{r.(a..,A..ﬂ
1 A T A N n+lp.;r
9 i,

5

(b.,B.) ,[r.(b..,B..ﬂ ,(—a—k.—c—p,l)
PUm LN W yy,q. o !
9 i,

b.

Provided that for the conditions (0.4.3) andRe (5+p+B—J >0, (1 <j< m), the above

]

><z‘¢m,n+1

(5.2.7)
P +1,qi +1,ri,r

Wl

integral is valid, where a,p,c are positive.
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Proof:- With the help of equations (0.6.2) and (0.4.1), we can write

Shp---’hv{q(l—p)} Lm.n {q(l—p)w}
L l-pq ] P;9-T-T( 1-pq

a+o p
Now we multiply both sides of equation (5.2.8) by (Q(l—P)J ( 1-q ] ( 1 ] and
1-pq 1-pq) ((1-p)

integrating with respect to p and q with limit O to 1 for both the variables

11 a+o p

[ q(l-p))" [ 1=a )L [ Pehy fa0-p)| mn al-p) L
- — - L - q.,T.,T| 1= Paq

00 |\ 1-pa 1-pq) \(1-p) 1-pq | Ppd;TT | 1-pg

1= v 1
= > (-1), kA(L,kl,...,kv) H{F}
k. L1k

{ 11 { a+0+ki—s { p {
o famt - )w) s [[ | U2 ~d dpdq
27uL P ap T 00 1-pq 1-pq (l—p)

136



Chapter 5

I 11 q4-pq 0+ki—s q4-pq (p +1)-1 i
— |Qmn —d 4 -4 —_|dpdq.
2ni | L)) S({g (l—pq] ( l—qu ((l—p)j P

Interchanging the order of integration and summation in above equation and use the

known result (5.1.1), we get

Yol
- Zk: (-L) , | .A(L,kl,...,kv) H{F}
cee = 1

1 mn g F(a+6+ki—s)F(p+1)
x—— | Qp. q-'r-'r(s)(w) ds
2m‘L i F(1+a+c+ki+p—s)

after a little simplification , we obtain the required result (5.2.7).
5.3 SECOND MAIN RESULT

(B) If we use the multivariable’s general class of polynomials by (0.6.3) and Aleph-

function (0.4.1), then we also get new results

11 — ° — p — m,,...,m — —
@) ] ((1 p)qJ [1 qj( 1-pg anl,f..,’n v{l pwq}xm,n r{l qw}dpdq
00 (L 1=pa ) \1-pq) \(=-p)1=q))] "IV (1-pq Pi-4;-T3-T [1-pq

[nl/ml:I [nv mv] - i)m k1 :
_ i
= z.. Z H — n,kw F(G+ki)
k., =0 k =0 i=1 1 L
1 v
(l“’;l)’(aj’Aj) ’{Ti(aji’Ajiﬂ
m,n—+1 Ln n+1,pi;r
p.+1l,q. +1,1.,1r W| (53.1)
i T (b.,B.j ,[r.(b..,B..ﬂ ,(l—k.—c—p,l)
o m LI W g 41 q.;r !
L e ]
b.
Provided that for the conditions (0.4.3) andRe c5+p+B—J >0, (1 <j< m), the above
]

integral is valid, where p,c are positive.
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Proof: - With the help of equations (0.6.3) and (0.4.1), we can write

go v 17p oo Lgm,n 1-q
Opeeofly I-pq p;»9;-T-T [ 1-pq

n.

[ny/m ], /m Ty ((n) L
5 z [T A, i 2w

k. =0 =0 i=1 1

1 v

m n

1 QF(bJJrBjs)gF(l—a -A s) . s
2miy b; 9 1-pq (5.3.2)

21:. F[a +A..s) H F(l—b -B s)

y 1, J . J

1=l j=n+l j=m-+1

1-pq ) \1-pq) ((1-p)(1-

integrating with respect to p and q with limit O to 1 for both the variables. Interchanging

o p
Now we multiply both sides of equation (5.3.2) by {[(1_;})(}} [ 1-q j [( 1-pq )J] and
1 1 q

the order of integral and summation and use the known result (5.1.1) in obtain equation,

we get the required result (5.3.1), after little simplification.

00 00
-1 -1 . Mmy,...my, ,
By [ [ fh+w)n® WP s T Vi) NIV (w)dndw
2 | Y p..q.,T.,T
00 1’101
[0 /my}iny jm, ] 0k T otprk -l
= X X 11 TAni,kiF(chrki)J.f(&)& dg
k1=0 kV:O i=1 1 0
(l—p,l),(a LA j ,{r.(a.., ﬂ
m,n +1 Lo LRI W n s pp o
N e il c‘,| : 1 . (5.3.3)
R B (b.,B.) ,{r(b..,B..j 1=k, ~o-p1)
I I,m BNRU Im+1,q.;r !
_ .
Provided that for the conditions (0.4.3) and Re cHrp+B—J >0, (IS jSm), the above
i J

integral is valid, where p,c are positive.
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Proof:- With the help of equations (0.6.3) and (0.4.1), we can write

m,,...,m
Snll,...,n\,V [ﬂ] Nrr%,n ‘ [W]= Z
1 =

1 =l =l —s
X —— w) “ds
Znilv{ r b; 9; ( ) (5.3.4)
E T. I I F(a +A s) F(l b..—B s)
1, Ji Ji a g
1=l j=n+l jF=m+1

Now we multiply both sides of equation (5.3.4) by [f(n+w)n6_lwp_l}and

integrating with respect to n and w between 0 to oo for both the variables.

Interchanging the order of integral and summation and use the known result (5.1.2) on

obtain equation, we get the required result (5.3.3), after little simplification.

11
_ ) m,,...,m
L ) L A I N A (R
O 0 i) i)
[nl/ml] [nv mv] (ni)m.k o
= > > T1 - 1A k.l"(<5+k).|‘f(§)(l g)otprk —lge
k1=0 kV=0 i=1 1 1 0
(l—p;l),(a.,A.) ,[r.(a..,A..ﬂ
I DI B AN A D M
NG e 09 T ] e
Py g LT (b.,B.j ,{r(b..,B..ﬂ ,(l—k.—(s—p;l)
J Jl,m e m+1,q.;r !
L i i
b.
Provided that for the conditions (0.4.3) and Re c5+p+B—J >0, (IS jém), the above
J

integral is valid, where p,c are positive.

Proof:- With the help of equations (0.6.3) and (0.4.1), we can write

my,...,m
A (TN N Y
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[nl/ml] [nv/mv] v (_ni)m.k K
S0P I | (R VNN
k,=0 k_=0i=1 i 1
1 v
m n
F(b +B.s) I'fl-a.—-A sj
1 =l . g (l-w)Sd
“omid © B qj W@, (5.3.6)
T r a..+A..sj H F(l—b -B s)
1. 1 7
1=l  j=n+l JFm+l

Now we multiply both sides of equation (5.3.6) by y(nw)(1-7)° ~!(1-w)P 1w and
integrating with respect to n and w between 0 to 1 for both the variables, now

interchanging the order of integral and summation and use the known result (5.1.3) in

obtain equation, we get the required result (5.3.5), after little simplification.

11 a+o p m m

[ ( J (l—qJ ( I anv"wn V{Q(I_P)}Nm,n {q(l—p)w}dpdq
00 |L1-pa 1-pq) \(1-p))[ "™ | 1-pq | P;9;5%0T | 1-pg
/m ] [nv/m 1y (—ni)m

= Z > HTﬁAn. kL P+D
=0 k =0i=1 i 1"

(l—a—c—k.;l),(a.,A.) ,{r.(a..,A..ﬂ
1 R D T AN LR n+l,p.:r
29 i’

XNm’:l-il—l e w| ’ , (5.3.7)
R (b.,B.j { (b B. ﬂ fa-k —o-p.1)
P im g m+1lq.;r 1
L ’ il _
b.
Provided that for the conditions (0.4.3) andRe chJrB—J >0,(1<j<m), the above
]

integral is valid, where a,p,c are positive.

Proof: - With the help of (0.6.3) and (0.4.1), we can write

MMy [q(l=p)|  m,n q-p)
"otV 1-pg Pt 1-pg
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[n,/m. ] [n_/m_ ] (-n.) K.
RSN S LIRS
! n., k.| 1=
k=0 k=0 i=I K i\ 1=Pd
A%
m n
Hr(bj+Bjs)HF[l—aj—Ajs) g
e =1 IS al-p) ] 4
2w { r b; 9; 1-pq > (5.3.9)
>u |1 F(a.i+A ls) 11 F(l—b.i—B.is)
1=l  j=n+l ! ! JF=m+l ! .

1-pq 1-pq) \ (1-p)

integrating with respect to p and q with limit 0 to 1 for both the variables, now

a+o p
Now we multiply both sides of equation (5.3.8) by {q(l—p)J (l—qJ (1]} and

interchanging the order of integral and summation and use the known result (5.1.1) on

obtain equation, we get the required result (5.3.7), after little simplification.

5.4 SPECIAL CASES
1. If we choose T =1 in equation (5.3.1), (5.3.3), (5.3.5) and (5.3.7) then Aleph —

function reduces to I-function we find the known result due to Agrawal [3]

11 c P
1_ 1— 1— m,,...,In 1_ 1_
cp [] (( p)q] [ qj [ - ]Snl,...,nvv{—p Wq}lm’n r{_qw}dpdq
bo (L 1-pd I-pq) \(-p)(1-q) 1 1-pq P;»d:-T [1-pg

[ny /mydIng /myl 3 o)y .
= D> o > 11 - LA w IT(o+k)
k, =0 k_=0 i=1 i "
1 v
(l—p;l),(a.,A.) ,(a..,A..j
m,n+1 U I,n U n+1,pi;r

. (540

p. +1,q. +1,r w|
1 1 b.,B. Jb..,B.. A-k. —o—p,1
U I,m juon m+1,q.;r 1
i

my,....my,

o0 00
c—1_p-1 m,n
(Cz) g {E f(n+w)n W Snl’m,nv (n) Ipi,qi’r(w)dndw
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(5.4.2)

9

[n1 ml][nV mv] (ni)m.k. o -
= X X Tty y Terkp[re)i-g) 7P Tla
k=0 k =0 i=I i ’ 0
N
<1_p;l)’(aj’Ajjl,n,(aji’Aji)n+1,p.;r
! , (5.4.3)

><Im,n+1 (I—E,)|
(b.,B.j ,(b..,B..j ,(l—k.—c—p;l)
J Jl,m jrn m+1,q.;r !
i

[n) /o1, /m Ty ()
= D> o D0 T] - LA T+
k;=0 k =0 i=l i 1

(l—a _G_ki;l)’(aj’Aj) ’(aji’Aji)
m,n+1 I,n n+1,,pi;r (5.44)

x1 +1 +1rw‘
Py b4y (b.,B.) ,(b..,B..j ,(—a—k.—c—p,l)
J Jl,m U m+1,q.;r !
1
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2. If we put T = land r =1in equation (5.3.1), (5.3.3), (5.3.5) and (5.3.7) then Aleph —

function reduce to H-function then we find the known result due to Agrawal [3]

11 c p
(l—p)q l—q 1—pq ml,...,mv l—p m,n l—q
v (J)g {[ 1-pq J (quj ((l—p)(l—q)j}snl’""“v {1—pqwq}Hp,q {1—pqw}dpdq

[nl/ml] [nv/mv] v (_ni)mikl .
— 1
= > . > 11 AL W T(e k)
k. =0 k =0 i=1 1 1
1 v
(l—p;l),(a.,A.j ,(a.,A.j
m,n+1 W Pl v Vnslp (5.4.5)
p+l.q+l (b.,B.] ,(b.,B.) ,(l—k.—c—p,l)
I Uim\ ] Jm+1,q !
QX m,,...,m
®y) [ [ fh+win® T wP sy L V() B (w)dn dw
2 1,..., v p,q
00
[nl/ml] [nV mv] (-ni)miki © G+p+ki 1
= z... z HTAn,kF(G—FkI)J‘f‘(&)}; dE_,
k;=0 k =0 i=1 i v 0
A%
(1—p,l),(a ,A.) ,(a A )
m,n+1 §| VN SN n+Lp (5.4.6)
prlg+l (b.,B.j ,(b B l-k —G—p,l)
J Jl,m m+1,q

v/ v 1’m.k %
DATED) AL Tk [1E)0-8)7 PR Tl
k, =0 k =0 1i=1 1 0

, (5.4.7)
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—Pq
[n) foog ]Iy Ty Gy
SR> T, roen
=O V:O 1=1 1
(l—a—c—ki;l),(aj,Ajj ’(aj’Aj)
Hi)n+nl+ql+1 I,n n+1,,p _ (5.4.8)
[o585), o (0585),, ., Fomimomp
,m m+1,q

3. If we put v=1 in equation (5.2.1), (5.2.3), (5.2.5) and (5.2.7), then we find the

known result due to Khan and Sharma [49, equation (2.1), (2.3), (2.5), (2.7)]

(E.) H (1-pa)’( 1-a \°( 1-pg gh)1=p | mn L I P
vl =pa) La—pa—a [ Lli=pq " "ppaptri—pg [

_ k
= —k! AL,k \% F(0+k)

(l—p;l),(a.,A.j ,[T.(a..,A..ﬂ
J JialL0 n n+1,p.;r
b i)

Nm,n+1 w|
(b.,B.) ,[ri(b.i,B.iﬂ (1-k—-c—p,1)
J I ,m ) m+1,q;r

pi+1,qi+1,ri,r
jj fin+w)n® 1 wP” SL(T]) N;n.’rcll‘ . r(w)dndw
IR R i

,(5.4.9)

[L/h](-L) ©
_ kz(:) k'hk AL Tlo+k) [r(g) e PF g
= M 0
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(l—p;l),(a.,A.j {t.(a..,A..ﬂ
L DT AN /) P
b i’

m,n+1 §| ’

+1,q. +1,t.,r , (0410
p; L4, *LT, (b.,B.j ,[r.(b..,B..ﬂ ,(l—k—cs—p,l)
J Jlam ! I I m+1q T
7i7

11
€y [ [ vlw)i-m) T -w)P Lo SPhw(-n]N 1w nw
OO pl’qI’ ia
[L/b](-1) 1
-2 AL Tlo+k) [r) (1-g) PR a
=0 : ’ 0
(1_pjl)’(aJ,AJj]’n,I:TI(aJI,AJIJ:In+] p.;r
(M0t (1-¢)| 1 , (5.4.10)

pi+1,qi+1,ri,r

(b.,B.j ,{r.(b..,B..ﬂ ,(l—k—c—p,l)
P LI i 1 g,
b i’

(}) {(ql(l——;z)fm(ll‘_ Pq‘Jp((l ‘IP)J} S}ﬁ {‘11(1__;2)} Ngli”l‘lli”:i ’r{ql(l——;g)w}dpdq

NS A
= kZ:(:) o ALk T(p+1)

(1—a—0—k;1),(a.,A.) ,{t.(a..,A..ﬂ
AR I AN L n+l,p.r
b 29 i,
(b.,B.) ,{r.(b..,B..ﬂ (~a-k-c-p,1)
J J lam ! n I m+1q T
9 i?

><Nm,n+1

Wl
p; +1,qi +1,Ti,1'

, (5.4.12)

n
4. If we put T =1 and Slzl(x) — x2 Hn[ }in which my,..,m_ =2,

1
24x
NpenBl =1,V =1 and An K= (—1)k in our results (5.3.1), (5.3.3), (5.3.5) and

171

(5.3.7) then reduce to given results due to Agrawal [3]
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n

_ ) P I . . B o

5. If we put T = land S;;(x) = x Hn{z\/;} in which mp,..,m =1, LIpe =n,v=I

and A :(“*“j L i our results (5.3.1), (5.3.3), (5.3.5) and (5.3.7) then
niaki n ((X,‘l'l)k

reduce to given results due to Agrawal [3]

6. If we chooseri :1,n:pi :O,V=1,m:1,qi :2,b1 =0,B, =1,b A,B

P15 P m T T Pma T

in our results (5.3.1), (5.3.3), (5.3.5) and (5.3.7) then reduce to given results due to
Agrawal [3].
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CHAPTER-6

FRACTIONAL INTEGRAL
TRANSFORMATIONS OF

THE ALEPH-FUNCTION

Publication:

Fractional integral transformations of Mittag- Leffler type E-function with
Multivariable Polynomial and Aleph function, International journal of mathematical

Archive, 8(5), (2017), 1-11.
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In the present chapter, we study about different types of fractional integral
transformations. At first we derive Riemann-Liouville fractional integral transformation
of the E-function, Multivariable polynomial and Aleph function then we obtain various
new and known special cases. Finally establish Erdelyi- Kober fractional integral
transformation and generalized fractional integral transformation of the E-function,
Multivariable polynomial and Aleph function respectively then we get many new and

known special cases.

6.1 DEFINITIONS
6.1.1 RIEMANN-LIOUVILLE FRACTIONAL INTEGRAL TRANSFORM

Samko, Kilbas and Marichev [88] define the Riemann-Liouville fractional integral

operator (Ig +¥) (x) as follows

1% B
a?, wyx) =F—e£(x—t)9 Ly (v at, 6.1.1)

where 6 € C and R(O) > 0.

6.1.2 ERDELYI-KOBER FRACTIONAL INTEGRAL TRANSFORM
Samko, Kilbas and Marichev [88] define the Erdelyi-Kober fractional integral operator

(ng )(x) as follows

E’fsz— X —t t- f(t) dt, 1.
0+ r) 3
where 1,0 € C;R(n)>0 and R(8)> 0.

6.1.3 THE GENERAL MULTIVARIABLE POLYNOMIAL

Srivastava and Garg [107, p.686, eq. (1.4), (1987)], introduced the Multivariable

.....

polynomial 581 """ Y (x Xl) in the following manner

(6.1.3)
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where Ul"”’Ul an arbitrary positive integers , V=0,1,2... and the coefficients

A(V,Ry,...R)) are arbitrary constants (real or complex).

6.1.4 ALEPH (X)- FUNCTION IN SERIES

Chaurasia [15] has given the series representation of the Aleph function

J = [ -S 6.1.4
NP gQ ,C.,T [Z] Z Z g'B Z > ( )
11 G=1g=0 G
— _bg+g
w1ths—nG,g— B, ,P1<Q1,z|<1

M,N FL# = (6.1.5)
and Q (s)= .
Pl 5Q1 5Ci T r Ql Pl
Zci H F(l—bl—les) H 1ﬂ(aji'l-AjiSj
1=l =M+ =N+

6.1.5 MITTAG- LEFFLER TYPE E-FUNCTION
Bhatter and Faisal [7], have defined a M-L type E-function in the following way

(Paa);[Y o SJ (p,a) ; [ j (y e j
Eh(z): Eh z| ILh |_ Eh|:z 9;-5; h>"h>"h
I G [SJ’pJ rilk T (B l’pl’l]""’ (3Pt

51 52 *h
n
[(vl)qln} [(vz)qzn} ...[(vh)qhn} (-1)PR AT

_ r - - . (6.1.6)
|:(61)p1n:| [(sz)pzn} '"l:(Sk)pkn:l I'(an +pB)

where Zaa559Yi98j EC,R(G)ZO,R(B)>0 QR(Y1)>O9R(8J)>an1 20

h k
pj >0 8 > O,rj >0;a,teR;pe {O,l}{izoqisi < jélpjrj +R(a)]

-1
h k h S. k pir.
> q.s. = > p.r. + R(a) when H(q.)ql1 a® H(p-j JJ ‘za‘<l ,  (6.1.7)
i=0 ' =1 ) i=1 1 =N

here i=1,2,...,h;j=1,2,....k.
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6.1.6 RESULTS REQUIRED

b

. m-1, -1, TmMIM_  ‘m+n-1

Q) [ - o-n =Tt R k) , (6.1.8)
a
t T'(m)T

i | @™ b-2)" laz = LIWLW) ym -1, (6.1.9)

) I'(m+n)

6.2 THE IMAGE OF ALEPH -FUNCTION UNDER THE RIEMANN -

LIOUVILLE (R-L) OPERATOR Ig n

Theorem 1. If convergence condition of (6.1.3), (6.1.6) and (6.1.4) are satisfied also
0eC and R() > 0, then the R-L transform Ig , of the Multivariable polynomial , E -

function and Aleph function is

o s RN 0] o

éU.R.sv

1 S 1o
= l (-v) AR Rp) oo
[r+ X R Mg +1} RpprRy=0 LUk i

i=1 ’ 0
l

o CDERRY @ R,
XY i e

/
(paa) D(YI 7q1 ’Si)l ’h D (T+.zl Ri _nG’g +1 aaal)
i=

x B (x )| 6.2.1)

)
((X'aB) 5 (BJ apJ arj)l ’k 9(T+9+.Zl Ri _nG’g +1 7351)
i=

Proof:-With the help of equations (6.1.3), (6.1.6) and (6.1.4), we can give the R-L
transform Ig + of the Multivariable polynomial, E-function and Aleph function as

follows
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1751
i i
> UR. <V
1 X e_l 0 N -1 1 1
T S o) (-t TR (V) AVRR)
¢ n=0 R ..R, =0 Lix
=1 !
g o M.N
l(t—C)Ri M- ® (l) QP., .,c.,r(s)
XH R.! Z Z ,IB L1 (t-c)""G,g |dt,
1=1 1 G:1g=0 g G
where
S s, s
(v } [(72) } ...|:('yh) } (—1)P™
cI>(n)—[ n- 427 In" . (622)

17 %1771
/
> UR.<V
1 i=1 1 1
_ > V), AVRLR) e
T+ X R.—n +1 1 i > UR;
i ! G,g i=1
i=1 0
“NegoMN l
M o (1) QPl, i’Ci’r(S) 0 (T+i§Rl nG’g+1)an r+an+9+_ZRi—nG’g
x X X 2B (n) l (x—0) 4
G=1g=0 UG n=0 +0+ YR, - +1
(T i§11 NG )an
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Y UR.<V
= ! - (-V) A(V,R R )
- / R Z}{_O / ( s 15"'3 Z) ) ﬁ
T+ ¥ R.—1 +1 | A 2 UR; 1 [
Z G, 0 i=1
i
M o (DEQMN > R. -
Pi’ Cr ( )i_l i 'G,g
X Z Z g'B X—C
G=1g=0 G
/
hatl (p»a) 5 (yl’ql’sl)l,h 9(T+.Z Ri_n(},ngl,a,l)
Ept | (x=<)| i=1
T+0 k+1

l
(Q,B) 5 (6J :pJ arj)l ,k ,(‘C+9+ > Ri _nG,g +1 ,a, 1)
i=1

(6.2.3)
6.2.1 SPECIAL CASES OF THEOREM 1

L. In the equation (6.2.1), if we substitute h=0,t=0,k=m-1,p=0,a =1,si =O,rj =1

then we get R-L transform Ig o of the “multiindex M-L type functions” (0.8.4), as

follows

0 Ul,...,Ul( R R) MLN

I E t_ t_ “es t_ s t—
[CJF{ (l/pi)’(“i)( C)SV ( C) b ’( c); NPi’Qi,Ci,r( c) (X)

éUiRiSV
1 =1 1 1

= l Z B (_V)l A(V,Rl,...,Rl)R—!-..R_!

>R -1, +1| BB S UR; R,

i 1 G 0 i=l

l R
1 M ® (_1)gQ¥i[:Np°i>f(S) 21 NG

xm—l Z Z g!BG (X—C)

[IT@)o="e=r

j=1
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/
1 (051)9(2 Ri_nG’g+1:1:1)
erm (x—c)| i=] ;
(l/pm 7um)a(ulal/plal)aa (um_lal/pm_lal)a(e+ h3 Ri_nG’g'i_lalal)
i=1

(6.2.4)
II. In the equation (6.2.1), if we substitute h=l,r=0,k=m,p=0,a:1,si :0,rj =1

then we get R-L transform Ig . of the M-L type function (0.8.5), as follows

U
|:I?3+{Ey,k[(al’Bl)""’(am’Bm);t] l(t l’ -t I)Np Q c, r(t }}(X)

éUiRisv
1 = 11
- >, (V) AV R R ) o
! Ry, oR,=0 LUR R;! R,
ZR.—nG +1 | K ;1”
i=1 1 ) 0 1=
>
g o MN R. -1
| % i SUATS i,ci,r@)()l:l i g,
x X
g!'B
H F(B YG=1g=0 G
j=1
/
5 0,1) 5(y,k,1), (.lei—nG,g+1,1,1)
1=
><9Em+l x| / .
(LD (Bys0 D) sees Byt D B+ = Ry o +1,11) (6.2.5)
i=1

II1. In the equation (6.2.1), if we substitute h=0,1=M,k=v-1,p=0,a :A,si :O,rj =1

then we get R-L transform Ig . of the M-L type function (0.8.6), as follows

Ao U,.,...U, R
0 oty Lt R,
{IC+{{HEM1W.,“V,‘[J Sy (t Lt )NP Q .t (t)H(x)
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éUiRiSV
1 i=1 ) |
— l (-v), ARy R )
M+ ¥ R. -1 +1| RpRy=0 > UR, 1’ /

/

X Ei} £| 1:1 I
(}\’V,1+uv) ’(1+M1’}\'1’1)1,V -1 )(M+ 2z Rl_nG’g+e+1aAal)
i=1

(6.2.6)
IV. If we put multivariable polynomial and Aleph function is unity in (6.2.1), (6.2.4),
(6.2.5) and (6.2.6) then we get the known results due to Bhatter [7, equations (4.2.1) ,
(4.2.5),(4.2.6) and (4.2.7) respectively |.

o P2 (ER-0) 0=

(p,a) ;(v{-9i-8{)1 h - (t+L.a,1)

h+1
“er Bl | () l(OC:B);(Sjapj,l”j)l’k,(’r+6+l,a,l) ’ (6.2.7)
1.6 B |
" {IG{E“/"Q’(”Q&_C) H(X)eu r]n:[1 ()
=1
| 0,1); (1,1,1)
xgE | (x—c ’(l/pm,um);(ul,l/pl,1),...,(um_1,1/pm_1,1),(e+1,1,1) ’ 628
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1
m

o] T B
=1

(iii) [Iec +{E%k [(al,Bl),...,(am,Bm);t] H (x)=

{ (0,1) ;(y.k, 1), (1,1,1) }
x . E X
0 m+l 1,1):(By,0q,1),..., oL 1), (0+1,1,1) |
m (1,1 By0s D) sy (Bpyy s @y s D € ) 629
Ay 0
. e 15 ’ . . X
(iv) {IC"'{LHEHF---,H\;J] H(X)— v
(M+1)9HF(1+ujj
=l
L gl x 1,A) ; M+1,A,1)
M v X|(}\’V$1+uv)a(l+ula}\'l>l)lV_la(M+e+19A91)
> (6.2.10)

6.3. THE IMAGE OF ALEPH- FUNCTION UNDER ERDELYI- KOBER (E-K)
OPERATOR =19

0+
Theorem 2. If convergence conditions of (6.1.3), (6.1.6) and (6.1.4) are satisfied also
n,6eC,R(M)>0 and R(6)> 0 then the E-K transform ng of the Multivariable

polynomial, E-function and Aleph function is

U,,..U, R R
.:T],e h 17777 7] 1 [ MaN
{H(H {rEk(t) Sy (t 1.t )NPi’Qi’Ci’r (t)H(x)

f UR <V
1 S 1 1
_ > (V) A(V.R R ) e
/ Ry, -R,=0 LUR. R Rl
40+ X Ri-mg o+l LUR
=1 n
/
S R -7
M,N '
(-1)fap Q.c.r® i=1" G,
11’71
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% Eh+1

T k+1 x|

/
(psa) ’(Yl ’ql ’Si)l ’h s (T+9+Zl Rl _nG’g +1 ,d, 1)
1=

(6.3.1)

((X’B) 5 (8 P '9r')1 ka(T+6+n+
71l .

1

/
X RjNG g tha )
=1

Proof: With the help of equations (6.1.3), (6.1.6) and (6.1.4), we establish the E-K

transform ng of the Multivariable polynomial, E -function and Aleph function as
follows
U.,..,U R R
=".0) gh R PP [y «MN
l:_.OJr{TEk(t) Sy (t ..t )NPi’Qi’Ci’r (t)H(x)
i I
> UR, <V
X_n_ex 10 0 N i=1 ! R.
- an+t
0 n=0 Rl,...,Rl:O Y UR, 1.
. 11
i=1
M,N
Moo (CD5p g o O on
x> 2B t 8 |dt
G=1g=0 G
i !
UR. <V
X 0 i=1 t 1 t )i
= > o) > (-V) A(V,R, R )
F(n) n=0 R R =0 l 1 ! Rl' l'
M,N /
M o (_l)gQP_’Q c r(S) X | O+an+1t+ X Ri—nGgH)—l
1’177 _ i=1 B
x>y oI5 J.(x ) I i dt|.
G=1g=0 G 0

(6.3.2)

With the help of known result (6.1.9), right hand side of equation (6.3.2) change in the
following form

-1n-0

r'(m)

X

S o)
n=0
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M,N l l
(_1)gQPiaQiaCiar(S) F(6+an+r+'2 R, —T]G’g+1)r(ﬂ) n+9+an+t+.z Ri—n

M o i
XZ Z g'B = x -

I
G F@O+n+an+t+ TR -1, +])
o0t

G.g

(6.3.3)
After little simplification, we get the required result (6.3.1).

6.3.1 SPECIAL CASES OF THEOREM 2

L. In the equation (6.3.1), if we substitute h=0,1=0,k=m-1,p=0,a :l,si :O,rj =1

=70

then we get E-K transform =" of the M-L type function (0.8.4), as follows

1.0 UpUp ROR VN
{“M{E(I/Pi),(ui)(t) S, (t 1.t )NPi’Qi’Ci’r (t)H(x)

U

éUiRiSV
— ! iZIZ (—V) A(V,R,,..,.R )L 1
(! R R0 Ly 0 URLOR)
9—1—1; i_nG,g+1 1 [ 1§1 1
- n
>
M,N R.—n
1 M2 (_1)gQPi,Qi,Ci>r(S) i-1 1 Ge
Xm—l Z Z g'B x
G=1g=0 G
[Irae)
j=1

!
0,1 ; (9+.21Ri—nG,g+l,1,1)
1=

/
(l/pm 9Hm) ; (ulal/plal) 9eeey (Mm_lal/pm_lal) D (T]"‘e"‘.zl Ri _nG’g +17191)
i=

(6.3.4)
II. In the equation (6.3.1), if we substitute hzl,r:0,k=m,p:O,a:1,si :O,rj =1

then we get E-K transform Eg;e of the M-L type function (0.8.5), as follows

U.,.U R, R
1,0 PN K [yM,N
[“0+{Ey,k[(0‘1’Bl)""’(O‘m’Bm)’t Sy (Lt )NPi,Qi,Ci,r (t)H(X)
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éUiRisv
1 i=] 1 1
- , 2 V), AVRpLR) e
e+ Z R _TI +1 Rl ..... RIZO .zUlRI 1. l
- G,g n i=1
/
M,N R. -
(_ 1) gQ P.,Q..c. r(s) z 1 nGag
1’1’71

i
(0,1 5(v.k.1), (6+ = Rj—g o +1.1,1)
x E X| i=1
m

/
(191);(Blaalal)a'“a(ﬁm:am:l):(e+n+.zl Ri _nG’g +19191)

1

(6.3.5)
I1I. In the equation (6.3.1),if we substitute h=0,1=M,k=v-1,p=0,a :A,si = O,rj =1

then we get E-K transform Z7:? of the M-L type function (0.8.6), as follows

Ayyeis A U,....,U, R R
=N,0 1%y | R P | [\ M, N
{HOﬂL{HEHI»-»HV’tJ Sy t L,...t )NPi’ o (t)H(x)

5 U.R.<V

1 i=1 11 1 1

_ ; V), AVR R )
i=1 g )

/
(1,A) ;(M+e+,lei_nG,g+1’ ALl

x . El £| 1= ;
(Ay5 141y, ;(H“i’}‘i’l)l,v—l ,((M4+n+ X Ri_nG,g+e+1’A’1)
i=1

1=

(6.3.6)
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IV. If we substitute multivariable polynomial and Aleph function is unity in equations
(6.3.1), (6.3.4), (6.3.5) and (6.3.6) then we get the results due to Bhatter [7, equations
(4.3.1),(4.3.5), (4.3.6) and (4.3.7) respectively]

(i) (ng[TElﬁ(t)D(x) Zm

(paa) 9(’Y 9q'9s') >(T+9+1 9a91)
5 Eh+1 1°11°°1/1 h

X| : : 6.3.7
k| N (0B); 35 .y o o(T+0+n+1,a,1) (637

| =0 x)= :
(i1) |:—40 4 {E(l/pi) ,(ui)(t) }:|( ) (9 + 1) mI _Il I (ps)
n = J

(0,1) ; (6+1,1,1)

E
“0 m[x' (VP ) G112 P1 D) o Gt 1P 1.1 (1+0+1.1,1) ] 639

1

m
©+)n [T T®)
=1

(iii) [Eg’f{Ey,k[(al,Bl),...,(am,Bm);t] H(x)=

<o FEmat1

5 { 0,1) 5(v,k,1), (6+1,1,1) }

x| (1,15 B0 1) seees (B oGy 1) > (04 +1,1,1) 639

A orns
(iv) I:Eg’f{(HEul MV ;tJ }:| (x)= lv—l
7y (M+e+1)nHr(1+ujj

=1

1

><Mv

« (LA);(M+0+1,A,1)
X ()\'V’1+uv) 9(1+u17x191)1’\;_19(M+n+6+19A91)

} (6.3.10)
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6.4 THE IMAGE OF THE ALEPH- FUNCTION UNDER THE GENERALIZED
INTEGRAL OPERATOR

Theorem 3 If convergence condition (6.1.3), (6.1.6) and (6.1.4) are fulfilled also
n,0,6e€C, R(M)>0,R(c)>0,R(0)>0 and t,x,v e R then

-1 0—1 U,....,U [ M
(x-2) T z-0) B v (z-1) O sy lili[l(z—t)Ri &Pi’,gi’ci’r (z—1)dz

o+ —y 4

[
U.R.<V
lél L1 M 0 (_l)gQ%/Iag (S)
11 Q. .c.r
= Z (-v) A(V’Rl""’Rl)_"‘_Z Z 1745°%
R,....R;=0 Lur R/P R g!'B

i=l1

/
/ n+0+ X R.—m -1
- _ i=1
xB(€)+i§1Ri nG,g+G T,Mm) (X —1)

G,g

/
(P,a) 5(¥;-4i-8i)1 h - (O+0C T+‘21Ri—n(},g,a(5,1)
1=

XTEEE v(x—t)]

/
(a,B); (Sj,pj ,rj)l k ,(M+0+o 1+ X R; —NG,g-20; 1)
i=1

1=

(6.4.1)

Proof: we put value of multivariable polynomial, Aleph function and E- function by

using the equations (6.1.3), (6.1.4) and (6.1.6) respectively, the left hand side of
equation (6.4.1), we get

X _ i U,,..,U .

[6-2)" -0 BRIV -0 sy TT (-0 NP L (20
t i=1 711

I !

Y UiRisV

X @ an+1 i=1
=21 1o-081 Y of)lv(e-or| S V) AVRLR)

t n=0 R R, =0 g UR.

i=1 11
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LR M w CDEQRNS ) .
H (Z—R)' Z Z '1B i (z—1) a7,
i= 1" G=1g=0 S
I !
T UR <V
| < an+1 1=1 _ 11
=| ¥ o(n)v > (-V) A(V.R}.R )
n=0 R ,..R = ! ! Rl!
| >~ UR,
i i U
1 -
v o (_l)gQII\’/LN L0 x 0+ ¥ Ri+(5an+0r—nGg—l
A SEASE] _ 1:1 ’
X Z Z 'IB L1 j(x—z)n 1(z—‘[) dz|.
G=1g=0 &5 i

(6.4.2)
By using known result (6.1.8) and after little simplification we get the required result
(6.4.1).

Corollary 1 If we put t =0 in theorem 3, then we get

X

— -1 U,....,U, R R
J-(x—z)n 1ze TEﬁ{vzc}svl l(z 1 .z l)&%’/.[:g.,c.,r (z)dz
0 IR

)
(p:a) ’(Yl 7q1 :Si )1 ,h > (6+G T+Zl Rl _nG’g ,ao, 1)

Eh+1 VXG | 1=

T k+1

X

; .
(a,pB); (Sj ,pj,rj)l k ,(N+6+c 1+ X R; NG.g ,ac,1) (6.4.3)
i=1

1
Corollary 2 If we put t=0,1 =1 in theorem 3, then we get
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RS u,,....u
_ B > M.N
jze 1TE£{VZG}SV1 Z(z 1, . Z Z)NP” . .C..T (Z)dZ
0
/
M,N
llelngv 1 1 M 0 (_ 1) g Q P: .,C.,I'(S)
= > (V) AV.R R )= Y Y 111
pRy= 2 UR ' "I'g=1g=0 G
1=
/
6+ X R.—n [
i=1 G.g (p’a) ﬂ(ylaqlasl)l h 7(6+GT+ z RI_T]G g:acal)
(x) gh+l],, .o ’ i=1 ’
* / okl VX | l
csr+e+_ZIRi “NGg (a,B);(Sj,pj,rj)Lk,(1+9+61:+ > Ri_nG,g’aG’l)
1= ’ 1:1

(6.4.4)

6.4.1 SPECIAL CASES OF THEOREM 3
I. If we substitute h=0,1=0,k=m-1,p=0,a= l,si = O,rj =1 in the equation (6.4.1),

we get general integral transform of the M-L type function (0.8.4), as follows

162" =0 B o TvE—0°)

u,,...,U R R M.N
xSy! l((z—t) L...(z—1) ZJNPi:Qi’Ci’r (z—t)dz
!
£ UR;<V Moow (DEQRTG )
1= 1 1 ' i,ciar
_ (-v) AVR . R)—— e Y )
R A ! PR R g!B
TRRE Z_O .ZlUlRi lG:lg:O G
1=
I /
B(6+ X R —nGg,n) n+6+ 2 R —nGg—l
y 1=1 ’ (X —1) 1=1 ’
m-—1
[T
j=1
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/
(051) 9(6+ZIR1 _nG,g ,0',1)

XOE}n v(x—t)c 1=

l

(l/pm a“’m)a(“’lsl/plal)aa(um_lvl/pm_lsl),(n+e+ZIRI _nG’g 7051)
1=

(6.4.5)

II. In the equation (6.4.1), if we substitute h=1,1:=0,k=m,p=0,a=1,si =0,r.=1

then we get general integral transform of the M-L type function (0.8.5), as follows

X
J‘(X —7) ﬂ—l(z B t)e—l Ey,k{(al’ﬁl)""’(am’ﬁm) ;(z —t)}
t

U,,...,U
EXRRE] R R M’N
sV R e ,}xpi,Qi’Clar (v 1)dz
L U.R.<V M.N
G Moo (DEQMN
1 1 4%
= (=V) ARy R ) D0 Y B
Rl""’Rl:O .ZlUiRi 1 I'G=1 g=0 G
1=
l [
B(6+i§1Ri—nG’g,n) tn+9+1§1R —nG7 -1
X — =
X m x-1
[1r®)
: J
J:
/
5 (051) ,('Y,k, 1)5 (e+‘zl Ri _nG,g 3131)
“oFm+1 (x=1)| B

/
(191);(Blaalsl)a"-a(Bmaamal)a(n+e+.21Ri_nG’g :1:1)

1

(6.4.6)
IIL. In the equation (6.4.1), if we substitute h:0,7::M,kzv—l,p:O,azA,si =0,r.=1

then we obtain general integral transform of the M-L type function (0.8.6), as follows
A A

T(x—z)n_l(z—t)e_l HE, o {v(z-1)}

Ky ey My
t 1
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U 9 )
AR GRS ERENEE e
17171
[
U.R.LV MN
Z Ui { L (—l)gQP" o
_ Z (-v) AV,R R ) 3 Y Qe
-0 PR R o IB
1’ N l_ .ZIUiRi 1 lG:lg:O G
i=
d l
B M R - ~ ~
(Orot® 2 Ring g nror 2 Rimng -l
X i=1 (X—1) -
v-1
[]ra+w)
J:
_ 1 _
G (I’A)’(GM-I-O-I-ZRI_nG,g’GAOI)
1| v(x=9 1=1
x B |
M™v A l
(g Ty ) s (g 44,0y 2 (OMAm+ Ri‘ﬂG,g+O oA 1)
- =1 |

(6.4.7)

IV. If we put multivariable polynomial and Aleph function is unity in (6.4.1), (6.4.4),
(6.4.5) and (6.4.6) then we get the results due to Bhatter [7, equation (4.4.1) , (4.4.7) ,
(4.4.8) and (4.4.9) respectively]

X
Q) !(x—z)"‘l(z—t)e 1M vE-0)faz=B@+oTm) (x-1H0 7!

(p a) (Y1>q1>S )1 h (G+GT ac, 1)

k+1 V(X t

J’pJ )1’k9(n+9+6’c:a691)

(6.4.8)

(x- t)”*e‘l B(6,1)

Hr(m

j=1

X
(ii) !(x )"z t) (). {v(z-1)°}d
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(0,1),(6,0,1)
« B! [v(xt)ﬁ‘ °

0 "m (l/pmaum)n(ulal/plal) 9999 (um_lal/pm_l31)5(n+e’651) .
(6.4.9)
X _ _pN+0-1g4
(ii) ‘[(X_Z)n I(Z_t)e lEy,k{(al Bl) ----- (am,Bm)§(Z—t)}dz=(X t)m B(O,n)
[Ire)
j=1
5 (0,1) ,(v.k,1),(6,1,1)
><OErnJrl (X_t) 1, D;(B1,00,Dseees By 5y - D> (M+O,1,1) |
(6.4.10)
B PRI 0 PN By Ry o x-0"N*T0- 1RO+ oM, 1)
(iv) !(X—z) (z—t) HEul _____ HV{V(Z_t) }dz= =
Hr(le)
j=1
1| vix=1)° (1,A) ;(v,k, 1), (cM+6,0 A,1)
My A Oty (A DLy 1L (GMA+0,6 A1) |
(6.4.11)
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THE GENERAL CLASS OF POLYNOMIALS
SV,
MULTIVARIABLE POLYNOMIAL
AND

THE GENERALIZED CLASS OF SEQUENCE
LL,0,T
Sh
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PART-A
A GENERAL CLASS OF POLYNOMIALS

The general class of polynomials introduced by Srivastava [104] (see also [105] and
[106]) is defined as the following way:

[V/U] (_V)UR AV,R R

sy lx]= RZ:O i xR.v=01,2,.; (A.1)

where the coefficients Ay, p are arbitrary constants, real or complex and U is an

arbitrary positive integer.

SPECIAL CASES OF THE POLYNOMIALS Sg[x]

The general class of polynomials can be reduced to the generalized hypergeometric
polynomials and the classical orthogonal polynomials, on considerably specializing of

the coefficients Ay, p present in (A.1) which is cited in the chapter referred to above.

(i) Hermite Polynomial

Ifweput U=2, AV R ™= (—1)R in (A.1), we have

sy [x]- X7vaﬁj, (A.2)

where HV[x] is the Hermite polynomial Szego [127, p.106, Eq. (5.5.4)] , define as

follows

[v/2] R V-2R
o= Y DR vy

| — |
RZo RI(V-2R)!
_ Vv -V —V+1._‘—1
_(2X) 2FO|: 2 ’ 2 9 7X2

(ii) The Jacobi Polynomial

V+a (a+B+V+1)R
On assuming U=1, A = in (A.1), we have
g V,R vV (0L+1)R (A1)
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st (] PP (1 2x). (A3)

Szego [127, p.68, Eq. (4.3.2)] defined the Jacobi polynomials P\(/OL’B ), which is define as

I S

R=0

C(ra)y E (V) (ra+B+V) (I_XJR

Vi = (I+0), R! 2

also the polynomials Sg[x] defined by (A.1) can also be reduced to several special

cases of the Jacobi polynomials ng’B ) for example, the Legendre polynomials Py, (x),

the Tchebychef polynomials TV (x), the Gegenbauer polynomial C{/](X) and UV(X)

of the first and second kinds

-1
V+a V+2a
C(\x/.+1/2(x):[ v J ( v ]P{,‘*’O‘) (x), (A4)
P, (x)=P (x). (A.5)
-1
V-1/2 1
T, () =[ v J ng 12:-12) (). (A.6)
vz p212)
_ 1 v+1/2 1/2,1/2
Uy, (x) = 3 [V+1 J Py (x). (A.7)
(iii) The Laguerre Polynomial
‘ V+a ‘
On assuming U =1, AV,R = v m in (A.1), we have
sh[x]»> LY (x) (A.8)
\Y% \Y ' '
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Szego [127, p.101, Eq. (5.1.6)] defined the Laguerre polynomial L(\(/x) (X) , as follows

~ (1+0L)V .

v v | 1[—V;1+0L;x].

(iv) The Bessel Polynomial
Considering U =1, AV,R =(@+V-Dp in (A.1),
1
Sylx]= vy (-Bx.a.p). (A.9)

Krall and Frink [53, p.108, Eq. (34)] defined the Bessel polynomial yV(x,a,B) as

follows

Vo (V) @4 V=1)s (R
YV(x,oc,ﬁ): Z R RI R(?Xj
R=0 '

-X
= 2F0|:—V,(1+V-1, — ,?j| .
(v) The Gould and Hopper Polynomial (Generalized Hermite Polynomial)

Considering AV,R =1 in (A.1), we have

V/U 1/U
U X U h
SV[X]—>(— E) g\{( ;) ,h]. (A.10)
Gould and Hopper [29, p.58, Eq. (6.2)] defined Gould and Hopper polynomials
gU[x,h] , as follows
v
[V/U] !
gg[x,h]= > V! hR xV-UR

R -0 RIV-UR)!

U
\4 : . U
{()H }

170



Appendix A

(vi)The Brafman Polynomial

Considering Ay g = (g~ (aP)R n (A1),
Sylx]— Bg [al,...,ap;ﬁl,...,[}q;XUUJ. (A.11)

Brafman [11, p.186] defined the Brafman polynomial, as follows

U ) v | . . .
BV [al,...,ap,ﬁl,...,ﬁq,x } = U+pr [A(U, V), al,...,ap,Bl,...,Bq,x} ,

+1 +U-1
here A(U; V) constrict the array of U parameters %, v yeves v [[JJ , U=>1the set

U

A(0; V) being unoccupied.
(vii) The Konhauser Biorthogonal Polynomial

1 I'l+a+kV)

If we substitute U=1 , A
V.R VIT(1+a+kR)

in (A.1),
st [x] >z (xl/k k). (A.12)

Konhauser [51, p.304, Eq. (5)] defined the biorthogonal polynomial, as follows

kR

o, F(l+0c+kV) X
Lyl == Z( D ( )F(1+oc+kR)

_(1+oc)kV . ~V: X k
T v Tkl AGa+s\k) |

(viii) Shively Polynomial

0+v)y,  (opge(a))p

Putting U =1, =
V.R v A+ VIR BPg- (B p

in (A1),

U A

sY[x] > s [x]. (A.13)
Srivastava and Manocha [110, p.187, Eq. (49); 13, p. 54] defined the Shively
polynomial Sg” ) [x], as follows
-V,a

A+V) 1""’ap’
S@)[x]z \%

V! p+1Fq+1 X+V,B1,...,Bq;x
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(ix) Bateman Polynomials

. (1+V)R
(a) Substituting U =1, Ay p=—

5

sy[x]-z, [x]. (A.14)

Srivastava and Manocha [110, p.183, Eq. (42); 1, pp.574 & 575] defined the Bateman
polynomial ZV [x], as follows

-V, V+1;
zy [x]=0B 4y, x|

F(&+1+G+V)
(b) Assuming U=1, A L 2 in (A.1),

ViR V!F(k+R+1)F(2+l+c+R)
SU[x]—>x~ A/2 Jg"“) Wx), (A.15)
where
1059) ) _ sveel o [y
VvV A% ru+1) 1'2 A

A+l,—+0+1;
2

(x) Cesaro Polynomial
(s+ 1)V R!

Considering U=1, A SR —
s VR VI(s-V),

sl - g9 (). (A.16)

Srivastava and Manocha [110, p.449, Eq. (20)] defined the Cesaro polynomialgg) (x),

as follows

-V.I;
gg)(x)_{v\;sJ 2F1{—s—V;X]'
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(xi) Generalized Hypergeometric Polynomial by Fasenmyer
B (V+1)V (al)R... (ocp)R
V,R ! >
(/2R R Bg B g

Putting U=1and A

U . .
SV[X]—>fv[al,...,ap,Bl,...,[}q,x}. (A.17)
Srivastava and Manocha [110, p.182, Eq. (41); 6, p.806, Eq. (1)] defined the

Generalized Hypergeometric polynomial fV {al yeees ocp ; Bl yeees Bq; x} , as follows

-V,V+1lLa0,,..,0 _;
" "p

X .

fv[al,...,ap;Blo-.-QBq;X:| == p+2Fq+2 1/2’1 ’Bl’“"Bq;

(xii) Krawtchouk Polynomial

_ R
VRN

Taking U=1, A ,in (A.1)

S{,[x]—)KV[y,X'l;N}. (A.18)

Srivastava and Manocha [110, p.75, Eq. (2)] defined Krawtchouk polynomial

K, |y, x; N], as follows

vl
- V9_y; -1
Where KV[y,x; N] :2F1 N X ,

O0<x<l,y=0.1,..N.

(xiii) Meixner Polynomial

Considering U =1, AV R= o > in(A.1)
R B
st [x]->M [y‘ B (l—x)_l} (A.19)
V V > s .
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Srivastava and Manocha [110, p. 75, Eq. (3)] defined Meixner polynomial My, (y,(3,x),
as follows

Mv[YaB;X]ZzFl —B; 1-x 5

0<x<1ly=0,l1.,N,B>0.

(xiv) Gottlieb Polynomial

YR .
Ifweput U=1, A T,ln(A.l)

V,R ©

sy[x]— =%V 1y [y log1-x) ]. (A.20)

Srivastava and Manocha [110, p.185, Eq. (47); 7, p. 454.Eq. (2.3)] defined by Gottlieb
Polynomial IV (y,t), as follows

. _.—Vt V_v-]-1_—t
Iyt ]=em M SR (Vimyslil=eTh).

The Polynomials Sg[x] can also be reduced to other hypergeometric polynomials

such as extended Jacobi polynomials [117, part I, p. 24 ; 117, Part II, p. 106, Eq. (1.3)]
and their generalizations [116,p.471,Eqs. (4.2) and (4.3)] and [113, Part II, p. 107, Eq.
(1.11); 22, Part 11, p.108, Eq. (1.17)] etc.

For more details, one can also refer to papers by Srivastava and Singh [122, pp. 158-

162] and Srivastava and Garg [107, p.686].
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MULTIVARIABLE ANALOGUE OF sg [x]

Srivastava and Garg [107, p.686, eq. (1.4)] have defined the multivariable polynomial

as follows
>
UR. <V R R
u,..,U i=1 ' w1 Tk
15 b k _ 1 k
SV (Xl,...,Xk)— Z (—V) . A(V,Rl,,Rk) R—l' Rk' R
Ry Ry =0 > UR,
i=1 1 1
(A.21)

where the coefficients are A(V’RI""’Rk) are arbitrary constants (real or complex) and
V=0,1,2...and Ul,...,Ukarbitrary positive integers. The class of multivariable

polynomials can be reduced to several multivariable polynomials by suitably

specializing the coefficients A(V’RI""’Rk) , occurring in (A.21), defined by different

authors.

(a) Multivariable Hypergeometric Polynomials F]()k)

In (A.21), if we consider

BPgr ¢ By
R 4, KR 6y |

A(V.R|,..R} )=

(Y)lel +..+R

kYK
then

U,,..U
Sy! k(xl,...,xk)%Fl()k) [(—ViUi)¢(Bi’¢i);(V"Vi)?xr“’xk ' (A.22)

Srivastava and Manocha [110, pp. 462-463, Eq. 9.4 (4)] defined the first class of

multivariable hypergeometric polynomials FI()k) , as follows

k
FOO [(V20) By 00) s raw) 5%
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k
> UR. <V
=R BPr ¢ PR o N1 Rk
= > (V) 0 Ll ke 1 ko (A.23)
_ k Y ! !
R wRy =0 S UR, Ry +ot+R oy, 1 k
i=1 1 1
(b) Generalized Lauricella Polynomial
In (A.21), if we consider
3 (0 (40
H(Bs)¢<I)R O H(Bs jg)(l)R "'H(Bs L,(k)R
A(VR R )=S:1 S 1 S k s=1 S 1 s=1 S k
s 17"') k N Nl Nk s
(vo) (1)) ( (k))
S];[ s \|I( )R + +\|I£k)R H(YS 7\,(1)R “H S k(k)R
=1 1 s= s k
then
U,,..,.U M+1;M,,..M, | x, [(-V:U,,..U,),
1"k 1 k|1 1 k
Sv [XP'"’Xk]_’FN;N N 3
1 k
*k
1 k 1 1 k k
(Bs;d)g ),-.-,cl)g )) ;[Bg );8§ )j (Bg );8§ ))
1,M l,M1 l,Mk
1 k 1 1 k k
(vs;wg),..-,wg )) ;(vg);k(s)) (vg );?»(S )j
LN LN, LN,
(A.24)
M+1;M_,...M
Srivastava and Daoust [106, p.454] defined the F, . 1 k polynomial form of
N’Nl""’Nk

generalized Lauricella function, as follows

Mt | (_V:UIW,Uk)’(BS;(I)S)W,d)gk)jl’M;(BS);621))1,M ,...,(ng);ggk)jl,M

F .
NiNps, N : D (k) (., D5 @) k)., (k)

1"k ,(vs,\vs s W le,(ys sk le ,...,(ys N le

: | Nk
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K M
> UR, <V (B)
P s];[] S (Pgl)Rl"' +(pgk)Rk
= Z (_V) K N
R.,.,R, =0
17 Nk > UR, H(ys) ) )
i= s=1 v R1+..+\|1 Rk
M M
1 k
) (5
(Bs s(Dg ~ 11 1(Bs NS TR
XSZI s 1 s=1 s k H i (A.25)
1 Ny R
H[Y(l)) . "'H(V(k)) - i=1 i
S S
ol r R g r R
(¢) Multivariable Jacobi Polynomial
In (A.21) if we take U, = ~--:Uk =1 and
k k
.Hl(”“i)v .H1(1+(1i +Bi+v)Ri
_1= 1=
A(V,RpuRy ) = W - ,
H(”“i)R.
i=1 1
then
1e-1 anBiisoy P
SV (Xl,---,xk)—>PV1 1 k*"k [1—2x1,...,1—2xk]. (A.26)

o, Bss0y 5By
Srivastava [121, p.65, Eq. (1.4)] defined the Jacobi Polynomial PV of k

variables, as follows

k k
1 > U.R. <V
al,Bl;...;ak,Bk iljll( +(x)V Sy
Py, (X s Xp ) = vk > (V) )
. Ry Ry =0 > UR
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k
q(1+ai+ﬁi+V)Ri K 1o R
x1= 1 .
H{ > J . (A.27)

Kk L
) 1=

H(1+ai)R. R,!

i=1 1

(d) Multivariable Bessel Polynomial

In (A.21) if we put U1 = ---:Uk =1 and

k
A(V,Rl,..., Rk) = (1+“1+V)R1 . (1+oci +ni)R. ,

1=2 1
then
sl x )y 7k [—2x _2x (A.28)

v I 7k V,n,,...n | R kd- '
2 k
Oy eey Oy
Srivastava [119, p.164, Eq. (2.3)] defined the Bessel Polynomial YV 1 n of k
2 27"'7 k

variables ,as follows

k

2 Ry<v (1+a, +V)
Olyery Oy 1—12 ( ) 1 R1
y (Xqyeer Xy, )= Y
V,n,,..n_ 1 k ! l
2 k R R =0 k Rl....Rk.

Ry T R

k k _x. Ri
xll(lmimi)K H(Tl] . (A.29)

(e) Multivariable Hermite Polynomial

In (A.21) if we substitute U = --- :Uk =2 and

A(V.R R ) = (1R T PRy

then

2,

sV""z(xl,.--,xk)—>(x1)V/2 H,, [Xl,...,Xk]. (A.30)
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where
1 T
X;=—=X:=—%, j
1 2 Ix 1 J Xl
Srivastava [120, p.97, Eq. (2.4)] defined the Multivariable Hermite polynomial
HV (Xl""’Xk) ,as follows:

=L..k .

k
> 2R, <V V-2(R, +..+R,)
=1 @ '
_ .V i
Hy KXy ) =% > V) y R!.R,!
Rp»nRy =0 > 2R, 1
i=1 !
1R1 s R,
- 1
X PR —_—
2 [1 2 '
o (A31)
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PART-B
THE GENERALIZED SEQUENCE OF FUNCTIONS

Raijada [80, p.64, Eq. (2.18)] defined the Rodrigues type formula in terms of

generalized polynomial set is represented as follows

Sg’B’T[x;r,s,q,A,B,m,k,l]

B (A.32)
—QL —[B/T + o+qn +sn
:(Ax+B) (l—rxr) B/ Tlglln|:(AX+B) q (l—rxr)T R
with the differential operator Tk ] defined as
d
T, = x! |:k+x—x:l. (A.33)

Raijada [80, p.71, Eq. (2.3.4)] expressed the generalized sequence of functions in terms

of series is as follows

S%’B’T[X;r,s,q,A,B,m,k,l]
-y e(v,u,e,p)xR(l—rxr)sn_v, (A34)
v,u,C,p

where

e(v,u,e,p)qunmi'n % mi—n § (—l)e(—e)p(a)e(—a—qn)p(—ﬁ/r—sn)v

v=0 u=0 e=0 p=0 v!u!e!p!(l—oc—e)p
y ,(m+n)[éje (Mj o)
B l m+n

(A.35)

here

R:l(m+n)+rv+e.
Many research workers, such as Krall and Frink [53], Singh [98], Chatterja [13],
Dhillon [16] , Gould and Hopper [29], and Singh and Srivastava [99], etc. extend the
Generalized sequence of functions is given in (A.32). We mention below the following

important specials cases of (A.32):
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(1) If we put A=1,B=01in (A.32) and (A.33), then we obtain the following form

Sg’B’T[x;r,s,q,l,O,m,k,l]

:x_a(l—'tx ) B/z Tm+n{ (x+qn(1 rxr)%Jrsn]

k,l
min v . (A.36)
Z Z 9 (1 TX jsn—v,
v=0u=0
where
(m+n), ~
9(V,u)=l (=v)y (oc+qn+k+ruj (—B—sn) oY, (A3
v!u! [ m+n\ T v
here R'=l(m+n)+qn+rv.
(i1) Further putting T — 0 in (A.32) and (A.33) and using the well known results
B
Ltr_)o(l—rxr)T =exp(—er),
\0
_.n
Ltb_)oo(b)n(gj .y
Then, important polynomial set is given as follows
Sg’B’O[X;r,q,A,B,m,k,l]
=(Ax+B) % exp ([3 xfj Tm+n [(Ax +B)*ran exp( B xr) } (A.38)
= Z Gl(v,u,e,p)xR
v,u,€,p
where
m+n v m+n e —v)y (~e)p (—a-qn)
qn ;m + P 1Y
Z el(v’u’e’p) B lm nz Z Z Z Vlu'elp|
v,u,e,p v=0 u=0 e=0 p
BV (i+k+ru) (é}e.
[ m+n\ B
(A.39)

(i11) Further considering A =1,B = 01n (A.38), we obtain the interesting special case
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Sg’B ’0[x;r,q ,1,0,m .k ,l]

=x %exp [B ) Tlin;rn[ AN oy (— er) } (A.40)

'

Y gt

-V
)= lm+n( )u (a+qn++k+ruj BY | (A41)
l m-+n

here

1

R :l(m+n)+qn+rv.
(iv) if we put q=k=m=0and /=-1in (A.40), Gould and Hopper [29] defined the

class of the polynomials ,we get the following interesting result

s%:B 071 0.,1,0,0,0,-1]

zx_aexp([?)xrj Dn[x exp( Bx j]
=<—1>HH£f><x,a,s>

m+n % _

BN

v=0u=0
(v) Further, putting q=1,k=m=0and /=-lin (A.40), we get the interesting

(o—ru), (erjv. (A42)

v'u'

polynomials set

s%P O 11,0,0,0.-1]

=X exp (B er Dz [Xoc+qn exp(— erj ]
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(A.43)

:(_1)—n i i (_V)u (—a—n—ru)n([?)xr)v.

Singh and Srivastava [122] defined the class of polynomials L(;)(X,r, B) ,isa

generalization of well known Laguerre polynomials.

(vi) We obtain the class of polynomials defined dur to Chatterja [13], if we put
k=m=0 and /=-1 in (A.40).

s%P-OT:r.q,1,0,0,0,-1]

(A.44)
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