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ABSTRACT 

 

In Chapter 1, we introduce a pathway fractional integral operator associated with the pathway 

model and Pathway density. We also establish three theorems in this chapter. In first theorem we 

find pathway fractional operator whose kernel involves the product of Aleph-function, 

Multivariable’s general class of polynomial and H-function. In second theorem we find pathway 

fractional operator whose kernel involves the product of Aleph-function, Multivariable’s general 

class of polynomial, H-function and Mittag-Leffler function. At last, we establish third theorem 

on pathway fractional operator whose kernel involves the product of two Aleph-functions. Also 

we obtain new and known special cases of our all three theorems. 

Chapter-2 deals with the study of a pair of multidimensional fractional integral operators whose 

kernels involve the product of a multivariable polynomial 1 kU ,...,U
VS and Aleph function. First we 

define the operators of our study and give conditions of existence of these operators. Then we 

obtain some images of certain useful functions under these operators. Next, we establish two 

theorems giving the multidimensional generalized Stieltjes transform of fractional integral 

operators and conversely. Then we present Mellin transform, Mellin convolutions and inversion 

formulae for these operators. Finally, we derive three new and interesting composition formulae 

of our multidimensional fractional integral operators. 

In addition we have also evaluated a double integral of a very general nature with the help of our 

first composition formula. A special case of the same is also given.  

Chapter-3 is divided into two parts. The main integral evaluated in part-A, we establish the 

main integral whose integrand involve the product of a general class of polynomials, a general 

sequence of function and Aleph-function with general arguments. The integral is sufficiently 

general in nature and a large number of known and new integrals follow as its special cases. We 

have obtained eight special cases of our main result, which are also new and known results.  
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In part-B, we evaluate three finite integrals whose integrand involving the product of 

generalized Legendre associated function  x
β,α

γP  , general sequence of function 
δ,0μ,

nS  and 

Aleph () - function. Next we establish three theorems as an application of our main findings 

and using three results of Orr and Bailey recorded in well-known text by Slater. Further, we 

evaluate certain new integrals by applications of these Theorems, which are of interest by 

themselves and sufficiently general in nature. 

In Chapter 4, we establish three theorems.  First two theorems whose integrand involve the 

product of Aleph-function and multivariable’s polynomial kU,...,1U

VS  using Riemann-Liouville 

fractional operator and last theorem involving the product of multivariable Aleph-function and 

multivariable’s polynomial kU,...,1U

VS  using Generalized Saigo derivative operators. Next, we 

give six corollaries involving useful special functions specially first class of multivariable 

hypergeometric polynomial, multivariable Jacobi polynomial, multivariable Bessel polynomial. 

Finally, theorems 1 and 2 are then employed to establish two multiplication formulae for 

multivariable Aleph-function from these multiplication formulas we can obtained a number of 

known and unknown multiplication formulae as their special cases. 

In chapter 5, we establish two certain new double integrals. In first integral whose integrand 

involves the product of multivariable’s polynomials 
h,...,1h

L
S and Aleph-function and in second 

integral whose integrand involves the product of multivariable’s general class of polynomials 




m,...,1m
n,...,1nS  and Aleph function . Also we obtain New and known integrals as their special cases. 

In chapter 6, At first we derive Riemann-Liouvile fractional integral transformation of the E-

function, Multivariable polynomial and Aleph function then we obtain various known special 

cases. Finally establish Erdelyi- Kober fractional integral transformation and generalized 

fractional integral transformation of the E-function, Multivariable polynomial and Aleph 

function respectively then we get many known special cases.  
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CHAPTER-0

INTRODUCTION TO THE TOPIC OF STUDY
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In this chapter, we give brief historical development of the study and contributions 

made by some of the earlier workers in this field. 

0.1 THE GAUSSIAN HYPERGEOMETRIC FUNCTION 

The theory of hypergeometric function is fundamental in the field of mathematics and 

mathematical physics. Most of the functions that occur in analysis are special cases of 

the hypergeometric functions. In 1812, C.F. Gauss defined his famous infinite series as 

follows

                                      (0.1.1)   
 

   
  ...2z

1c.1.c
1b..b1a.az

0n 1.c
a.b1nz

!nnc
nbna












where 

2,...1,0,c;10)a(;0nfor)1na(...1)a(a)1ka(
n

1kn)a( 




The above series is called Gauss series or the ordinary hypergeometric series. It is 

usually represented by the symbol , the well-known Gauss hypergeometric  z;c;b,a1F2
function. Here a, b, c and z may be real or complex. The series on the right hand side of 

(0.1.1) is not defined if c is zero or negative integer and terminates if either a, b is zero 

or negative integer. Again, the series given by (0.1.1) is convergent when  and 1z 

when , provided that and also when , provided that 1z  0)bac(R  1z 

.1)bac(R 

If in (0.1.1), we replace z by  and let , then 
b
z

b

nznznb
n)b(



and we gain the following well known Kummer’s series

                                                        (0.1.2)       
 

 
  ...2z

1c1.c
1aaz

0n 1.c
a1nz

!nnc
na











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The above series is convergent for all values of a, c, and z are real or complex excluding 

c=0,-1,-2,… and is represented by the symbol  ,the well-known confluent  )z:c:a(1F1
hypergeometric function.

A generalization of  is the generalized hypergeometric function , which is 1F2 qFp

defined in the following series

         )3.1.0(,
0n !n

nz

n)q(b,...,n)1b(
n)p(a,...,n)1a(

z;qb,...,1b;pa,...,1aqFpz
;pa,...,1a
;qb,...,1bqFp 






















where p and q are either positive integer or zero and an empty product is interpreted as 

unity, the variable z and all the parameters  are real or complex qb,...,1b;pa,...,1a

numbers such that no denominator parameter is zero or negative integer.

The conditions of convergence of the function  are given in the following mannerqFp

i. When , the series is convergent if and divergent when and on 1qp  1z  1z 

the circle , the series is 1z 

(a)  Absolutely Convergent if   ;0wRe 

(b)  Conditional convergence if   ;1zfor0wRe1 

(c)  Divergent if  where   .1wRe  






p

1j ja
q

1j jbw

ii. When , the series on the right hand side of (0.1.3) is convergent.qp 

iii. If , the series never converges except when z=0 and the function is only 1qp 

defined when the series terminates.

A comprehensive account of the functions  can be found in the qFpand1F1,1F2
works of Slater [100], Luke [55], Rainville [84] and Exton [23] and their 

applications can be found in Mathai and Saxena [64].
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0.2 THE FOX H-FUNCTION 

In an attempt to give meaning to the series (0.1.3) when , TM Mac Robert [56] 1qp 

introduced and studied in detail a special function which is known in the literature as the 

E-function. C.S. Meijer [67] introduced the G- function in terms of the Mellin-Barnes 

type contour integral representation resulted in the rapid growth and development of the 

special functions. G-function is available in familiar Higher Transcendental Function 

Erdelyi Vol. I [22] and the book by Luke [55]. Mathai and Saxena [64] and Marichev 

[60].

The year 1961, Charles Fox [24] introduced a more general function, which thereafter 

became well known in literature as Fox H-function. Lot of research work has been done 

during the last four decades and can be referred in the book by Mathai and Saxena [65] 

and Srivastava [109].

The Fox H-function is defined and represented in terms of Mellin-Barnes type contour 

integral [34, 65 and 109]

                                                                     (0.2.1)                                                                      

 

  ,dz
L2π

1

P1,)jA,j(a

Q1,)jB,j(bzNM,
QP,HzH
















i

for all  where  and0z   1i 

                           (0.2.2)

                                                                              

  ,Q

1Mj

P

1Nj
jAjaΓjBjb1Γ

M

1j

N

1j
jAja1ΓjBjbΓ

 

 

 





 





 

 





 





 



here M, N, P and Q are non-negative integers satisfying   ; QM1,PN0 

 and  are assumed to be positive quantities for  P,...,1j,jA   Q,...,1j,jB 

standardization purpose. For the convergence conditions existence of various contour L 

and other properties see Mathai and Saxena [65], Srivastava , Gupta and Goyal [109], 

Kilbas, Srivastava and Trujillo [46] and Kilbas and Saigo [45].    
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0.3 THE I-FUNCTION

I-function was introduced and investigated by V.P. Saxena [93, 94]. It is represented in 

the following manner

                                    (0.3.1)                                                                      

 

  ,dz
L2π

1

iP1,N
)jiA,ji(a,N1,)jA,j(a

iQ1,M
)jiB,ji(b,M1,)jB,j(b

zNM,
r;iQ,iPIzI




















































i

for all where and0z   1i 

      (0.3.2)

  

  ,
r

1i

iQ

1Mj

iP

1Nj
jiAjiaΓjiBjib1Γ

M

1j

N

1j
jAja1ΓjBjbΓ

  

 

  


 





 





 




















where , ; are integers integration   r,...,1iiP   r,...,1iiQ  N,M iQM1,iPN0 

for , r is finite ,
   and  .                                                                     r,...,1i  0jiB,jiA,jB,jA  Cjib,jia,jb,ja 

The conditions of existence of the I-function have been given by Saxena [94]:

         (0.3.3)

 

 
















































































r,...,2,1,)QP(
2
1

P

1Nj ja
Q

1Mj jb
N

1j ja
M

1j jb

Q

1Mj jB
P

1Nj jA
M

1j jB
N

1j jAwhere

,01)(R,
2
πzarg,0)ii(

1,2,...r,
2
πzarg,0)i(

lll
l

l
l

ll

l
l

l
ll

lll

lll
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0.4 ALEPH ( )-FUNCTION

The Aleph ( )-function introduced by Sudland [125] and is presented here in the 

following manner in terms on the Mellin- Barnes type integral

                             (0.4.1)                                                              

 

  ,dssz
L

sNM,
r;iτ;iQ,iPΩ

2π
1

iP1,N
)jiA,ji(aiτ,N1,)jA,j(a

iQ1,M
)jiB,ji(biτ,M1,)jB,j(b

zNM,
r;iτ;iQ,iPz




















































i

for all  where  and0z   1i 

           

(0.4.2)  ,
r

1i

iQ

1Mj

iP

1Nj
sjiAjiaΓsjiBjib1Γτ

M

1j

N

1j
sjAja1ΓsjBjbΓ

sNM,
r;iτ;iQ,iPΩ

i  

 

  


 





 





 




















the integration path  extends from to , and is such that the Rγ,iγLL   i  i

poles, assumed to be simple of ,  do not coincide with the pole s)jAjaΓ(1  N,...,ij 

of  ,  the parameter are non-negative integers satisfying:  s)jBjΓ(b  M,...,ij  iQ,iP

 for .The  and 0i,iQM0,iPN0  r,...,1i  0jiB,jiA,jB,jA 

.The empty product in (0.4.2) is interpreted as unity. The existence Cjib,jia,jb,ja 

conditions for the defining integral (0.4.1) are as following

  

   

(0.4.3)

 

 



















































































r,...,2,1,)QP(
2
1

P

1Mj ja
Q

1Nj jb
n

1j ja
m

1j jb

Q

1mj
jB

P

1nj
jA

M

1j
jB

N

1j
jAwhere

,01)(R,
2
πzarg,0)ii(

1,2,...r,
2
πzarg,0)i(

lll
l

l
l

lll

l
l

l
lll

lll

lll

 For detailed account of Aleph ( )-function see [125] and [126].
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0.4.1 ALEPH -FUNCTION OF TWO VARIABLES )(

Saxena [90] defined the Aleph - function of two variables)(

                             (0.4.4)

 

,ddsysx)(2)s(1
1L 2L

),s(2)i2(
1

A
B

x
y

2n,2m;1n,1m;n,0
r;'i,'iq,'ip;i,iq,ip;q,p










 




 

yx,

'
ip,12n

)jiE,jie('i,...,
2n,1)jE,je(,

ip,11n
)jiC,jic(i,...,

1n,1)jC,jc(,p,1)jA,j,ja(A


































'
iq,12m

)jiF,jif('i,...,
2m,1)jF,jf(,

iq,11m
)jiD,jid(i,...,

1m,1)jD,jd(,q,1)jB,j,jb(B


































                               

(0.4.5)     ,p

1nj

q

1j
)jBsjjb1()jAsjja(

n

1j
)jAsjja1(

),s(

 



 







                             

        (0.4.6)  ,
iq

11mj

ip

11nj
)jiCjic()jiDjid1(

r

1i
i

1m

1j

1n

1j
)sjCjc1()sjDjd(

s1n,1m
r;i,iq,ip)s(1

 

 

 





 




       (0.4.7)  .'
iq

12mj

'
ip

12nj
)jiEjie()jiFjif1(

r

1i
'
i

2m

1j

2n

1j
)jFje1()jFjf(

2n,2m
r;'i,'iq,'ip

)(2

 

 

 





 






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0.5 MULTIVARIABLE ALEPH-FUNCTION

The Aleph - function of several variables is the generalization of the  multivariable I-

function recently studied by Sharma and Ahmad [96] and  Ayant  [5] , This function is 

also a generalization of G and H-function of multiple variables. The multiple Mellin-

Barnes type integral occurring in this thesis will be referred as the multivariable’s 

Aleph-function throughout our present study and it is represented in the following 

manner 

 
















 A

B
1z

rz
rn,rm;...;1n,1mn;0,

(r)R;(r)iτ,(r)iq,(r)ip:...:(1)R;(1)iτ,(1)iq(1),ip;R;iτ,iq,iprz,...,1z 

(r)
ip1,rn

(r)
(r)ji

γ,(r)
(r)ji

c(r)i
τ,

rn1,
(r)
jγ,(r)

jc;...;
(1)
ip1,1n

(1)
(1)ji

γ,(1)
(1)ji

c(1)i
τ

,
1n1,

(1)
jγ,(1)

jc;

ip1,n

(r)
jiα,...,(1)

jiα,jiaiτ,
n1,

(r)
jα,...,(1)

jα;jaA
























































































































































   
(r)
iq1,rm

(r)
(r)ji

δ,(r)
(r)ji

d(r)i
τ,

rm1,
r
jδ,r

jd;...;
(1)
iq1,1m

(1)
(1)ji

δ,(1)
(1)ji

d(1)i
τ

,
1m1,

(r)
jδ,(r)

jd;

iq1,m

(r)
jiβ,...,(1)

jiβ,jibiτ,B






































































































































                                        (0.5.1)
 

,rds...
r

1k 1dsks
kz)ks(

rL
)rs,...,1s(

1Lr2
1




 


 

where )1(

 

 

   
,

R

1i

ip

1nj

iq

1j

r

1k ksk
jijib-1Γ

r

1k ksk
jijiaΓ

n

1j

r

1k ksk
jja-1Γ

)rs,...,1s(

iτ  



 















 























































                                                                                                                                (0.5.2)                                                                           
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 

,
)k(R

1ki

)k(i
q

1kmj

)k(i
p

1knj
ks)k(

)k(ji
)k(

)k(ji
cΓks)k(

)k(ji
)k(

)k(ji
d-1Γ

km

1j

kn

1j
ks)k(

j
)k(

jc-1Γks)k(
j

)k(
jdΓ

)ks(

)k(i
τ  

 

 

















 


 





 






 































                                                                                                                                

(0.5.3)                                                                                                                                                                                                                                                                                  

where  and r,...,1j  r,...,1k 

Suppose, as, that the parameters

;q,...,1j,jb;p,...,1j,ja 

;)k(i
p,...,1)k(nj,)k(

)k(ji
c;)k(n,...,1j,)k(

jc 

  ;)k(i
q,...,1)k(mj,)k(

)k(ji
d;km,...,1j,)k(

jd 

With )k(R,...,1)k(i,R,...,1i,r,...,1k 

are complex numbers, and  are assumed to be positive real s'ands',s',s' 

numbers for standardization purpose such that

                   

0
)k(i

q

1kmj

)k(
)k(ji)k(i

τ
km

1j

)k(
jδ

iq

1j

)k(
jiβiτ

ip

1nj

kn

1j

)k(i
p

1knj

)k(
)k(ji

γ(k)i
τ)k(

jγ)k(
jiαiτ

n

1j

)k(
jα)k(

iU












  







  

                                                                                                                              (0.5.4)

The real numbers are positive for i=1 to R, are positives for i  ki
 .)k(R,...,1)k(i 

The contour is in the land and rune from where  is a real kL ks  itoi 
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number with loop, if necessary, ensure that the poles of with )ks)k(
j

)k(
jd( 

are separated from those of  with and km,...,1j  )ks
r

1j

)k(
jja1( 


 n,...,1j 

with to the left of the contour  )ks)k(
j

)k(
jc1(  kn,...,1j  kL

, where  )k(
iA

2
1

kzarg

    (0.5.5)  
  ,0

)k(i
q

1kmj

)k(
)k(jiki

τ
km

1j

)k(
jδ

iq

1j

)k(
jiβiτ-

ip

1nj

kn

1j

)k(i
p

1knj

)k(
)k(ji

γ(k)i
τ)k(

jγ)k(
jiαiτ

n

1j

)k(
jα)k(i

A









  







  

                                                                             .)k(R,...,1)k(i,R,...,1i,r,...,1kwith 

The complex numbers 
 
are not zero. Throughout this document, we assume the iz

existence and absolute convergence conditions of the multivariable Aleph-function.

We may establish the asymptotic expansion in the following convenient form

   ,0rz...1zmax,r
rz...1

1z)rz,...,1z( o 






 


    ,rz...1zmax,r
rz...1

1zrz,...,1z o 






 


where, andkm,...,1j,)k(
j

)k(
jd

Remin)k(:r,...,1k 



































                                  kn,...,1j,)k(
j

1)k(
jc

Remax)k( 




































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Chaurasia [15] give series representation of the Aleph function

                                                       (0.5.6)  ,
-

z
1 0g

)g,S(θzNM,
r,iτ,iQ,iP

g,
SM

 







  

where  

 
)7.5.0(.

νB
gνb

gν,S,

νB!g
iQ

1Mj

iP

1Nj
)gν,SjiAjia(Γ)gν,SjiBjib1(Γ

r

1i
iτ

M

j1,j

N

1j
g1)gν,SjAja1(Γ)gν,SjBjb(Γ

)g,S(θ




 




 




 

 

          
0.6 GENERAL CLASS OF POLYNOMIALS 

The classes of hypergeometric polynomials such as Brafman polynomials, extended 

Jacobi polynomials and the classical orthogonal polynomials such as Hermite , Jacobi, 

Laguerre , Konhauser orthogonal polynomials and several other polynomials play  vital 

role in the study of mathematics and applied physics.

All the above polynomials are the special cases of the general class of polynomials 

introduced by Srivastava [104] 

                                                (0.6.1)   
 

2,...1,0,V,
!R

Rx
RV,AxU

VS
UV

0R
URV  




where the coefficients 
 
are arbitrary constants, real or complex and U is )0R,V(A R,V 

an arbitrary positive integer.

Detail information of some of the special cases of the above mentioned class of 

polynomials has been given in the Appendix –A at the end of the thesis.



Chapter 0

12

0.6.1 THE MULTIVARIABLE GENERALIZATIONS OF THE POLYNOMIALU
VS

The following generalization was introduced and defined by Srivastava and Garg [107, 

p.686, Eq. (1.4)] as follows 

           (0.6.2)  ,
!iR

iR
ix

)kR,...,1RV,(A

k

1i
ViRiU

0kR,...,1R k

1i iRiU

V)kx,...,1x(kU,...,1U
VS 












Where  are arbitrary positive integers, V=0,1,2,… and the coefficients 1 kU ,..., U

are  arbitrary constants, real or complex. 1 kA(V,R ,...,R )

0.6.2 THE GENERAL CLASS OF MULTIVARIABLE POLYNOMIALS

The general class of polynomials defined by Srivastava [103], is given in the following 

manner

              isx
is,inA

R

1i 1)i(sΓ
isim)in(]RmR[n

0Rs

]1m1n[

01s
Rx,...,1xRm,...,1m

Rn,...,1nS 
 




 

                                                                                                                            (0.6.3)                                                                                                                                     

Where are arbitrary positive integers,  and the Rm,...,1m ,...2,1,0Rn,...,1n 

coefficients 
 
are arbitrary constant, real or complex)0is,in(

is,inA 

0.6.3 THE GENERALIZED SEQUENCE OF FUNCTIONS 

A number of persons notably Srivastava and Panda [112], Patil and Thakare [76] Joshi 

and Prajapat [41],Dhillon [16] (See also Srivastava and Manocha [110] ) have studied 

several unified polynomial sets defined by means of Rodrigues formula.

Agrawal and Chaubey [1, 2] were motivated by some of these works defined and 

studied the following sequence of functions

   )x(;k,;,;H,G;D,C,B,A;x),(
nRx),(

nR 

           (0.6.4) ,)x(n)DHxC(n)BGxA(n
k,T

)x(nK
)DHxC()BGxA(





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where 

                                                                       (0.6.5)
dx
d

xD,
n

)xxD(kxn
k,T 



 

 is sequence of constants, and  is independent of n and differentiable any  
0nnK )x(

number of times.

Raijada [80] , introduced a generalized sequence of function  as follows x,,
nS 

       (0.6.6)  

 

   










 





 



nsrx1nqBAx,kT)rx1(BxA

,k,m,B,A,q,s,r;x,,
nS

nm
l

l

The above generalized sequence of functions   can also be derived from the  x,,
nS 

general sequence of functions defined by (0.6.6), it is of interest by itself. It unifies and 

extends a number of well known classical polynomials studied by several research 

workers such as Krall and Frink and Frink, Gould and Hopper, Singh and Srivastava , 

Chatterjea, Singh , Dhillon , etc.

A detailed information of important special cases of the generalized sequence of 

functions (0.6.6) can be refer to in Appendix – A at the end of this thesis.

0.7 FRACTIONAL CALCULUS

The term fractional calculus has its origin to the letter written by Maiquis de L’ hospital 

in 1695 to Gottoried Leibniz, wherein he enquired whether a meaning could be ascribed 

to if n was a fraction. Later it is well established that nth derivative of f(x)  
ndx
xfnd

means all values of n i.e. rational, positive, negative, real or complex. The real journey 

of progress of fractional calculus started in 1974, when the first article on fractional 

calculus was published [75].

The fractional calculus finds use in many fields of science and engineering, including 

the fluid flow, electrical networks electro chemistry, rhelogy, quantitative biology, 

statistical probability theory, chemical physics, and several other branches of 
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mathematical analysis, like integral and differential equations, operational calculus and 

univalent function theory. The work of Oldham and spanier [75], Samko, Kilbas and 

Marichev [88], Miller and Ross [71], Podlubny [77],Caputo [12],Gorenflo and Vessella 

[28], Kiryakova [47],McBride [66], Nishimoto [74] provide a comprehensive account of 

the development and applications in the field of fractional calculus.

The theory of fractional calculus is mainly based upon the study of the well-known 

Fractional integral operator  defined by (Lovoie [54] and Ross [85])
zDa

                                         (0.7.1)        ,0Re,dyyf
z

a

1yz
)(

1zfzDa 


 

                                                                        (0.7.2)    ,0Re,zfm
zDamdx

md


where m is a positive integer greater than  and the integral involved exists. Re

When a=0, the fractional integral operator given by (0.7.1) reduces to the classical 

Reimann Lioville fractional integral operator of order  and when , it may   a

be identified with the definition of the familiar Weyl fractional integral operator of 

order . 

On account of the important role played by Reimann Lioville and Weyl integral 

operators in several problems of mathematical Physics and applied mathematics, 

various generalization of the fractional integral operators have been studied from time to 

time by several research workers notably  Sneddon [102] , Kalla [42],,Kalla and Saxena 

[44], Gupta and Soni [38], Saxena and Kumbhat [92], Manocha [57], Koul [52], Rain 

and Kiryakova [83], Garg [26], Garg and Purohit [25], Gupta [35], Saigo [86,87], Gupta 

and Jain [36], Kober [50], Erdelyi [19,20], Gupta ,Jain and Agrawal [37].

A detail of various Fractional integral operators studied by researchers has been given 

by Srivastava and Saxena [124].

 In chapter 4 of this thesis, we have used the fractional integral operator defined 
zDa

above (0.7.1) to obtain certain multiplication formula and its generalization of order 

(defined below) to find out some new images.
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Let then generalized modified fractional derivative Nm,Rx,,,10 

operator due to Saigo [86] is defined as 

    

(0.7.3)                                                                                                                                                                                                                                                                                                   ,
x

0

mdttfmx

mt1;1;
11F2

mtmx
)1(

)(mx
dx
dxf,,

m,x,0D 





























 

the multiplicity of  in equation (0.7.3) is removed by requiring  )mtmx(

 to be real when , and is assumed to be well defined in the  mtmxlog  0)mtmx( 

unit disk. When m=1 then the above operator reduces to Saigo derivative operator 

(cf. Srivastava , Saigo and Owa [123] ; See also Srivastava and Saxena [124]). ,,
x,0D

0.8 MITTAG-LEFFLER TYPE FUNCTIONS 

Gosta Mittag-Leffler [72], introduced the function   , defined as(z)αE

                                                                                (0.8.1)
  ,nz

0n 1nαΓ
1(z)αE 



 


where   0.zand0αR;Cαz, 

Wiman [130] extended (0.8.1) in the form   

                                                                            (0.8.2)                                                                                                               ,nz
0n nαΓ

1(z)α,E 


 


where     0.βR,0αR;Cβα,z, 

Shukla and Prajapati [97], defined and investigated the function as zqγ,
ρβ,E

    
  



 




 )q,1(
),1(,)1,0(z1,1

2,1H
)(

1zqγ,
ρβ,E

                                                             (0.8.3)  ,dssz
ic

ic
)s(

)qs()s(
)(i2

1 







 

with     N0,1q,0βR,Cργ,β, 

Kiryakova [47] , has studied about “ Multi index M-L function”  defined by 

                        (0.8.4)                                         ,nz
0n mρnmμΓ...)1ρn1Γ(μ

1z)iμ(,)iρ1(E 


 










where m>1, is an integer, and   are arbitrary real numbers.0m,...,1  m,...,1 
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Saxena and Nishimoto [95], studied an extension of M-L type function as 

                          (0.8.5)                    ,
n!

nz

0n
m

1j
)jβnj(α

nkγz;)mβ,m(α,...,)1β,1(αkγ,E 


 





      0.kRandm1,...,j,
m

1j
1kRαR;Cγ,jβ,jαz,where 




Kalla , Haidey and  Virchenko [43] , showed  Multi parameter  M-L type function in the 

following form 

                        (0.8.6)                                              ,
MΛn

Λ
z

0n
1j

njλjμ1Γ

n1zνλ,...,1λ

νμ,...,1μHE
































 










 

where .Λ
1j jλandM

1j jμ;1,2,...,j,0jλ,Cjμ 










Bhatter and Faisal [7], defined a M-L type E-function as follows

 
   






































































































hs,hq,hγ,...,is,iq,iγ;aρ,

kr,kp,kδ,...,1r,1p,1δ;βα,
|zh

kEτ
h1,is,iq,iγ;a,ρ

k1,jr,jp,jδ;β,α
|zh

kEτzh
kEτ

        (0.8.7)                        
 

 
,

βnαΓ
kr

nkp)kδ(...
2r

n2p)2δ(
1r

n1p)1δ(

τanzρn1
hs

nhq)hγ(...
2s

n2q)2γ(
1s

n1q)1γ(













































































where  0iq,0)j(R,0)i(R,0)(R,0)(R,Cj,i,,,z 

    or
h

0i

k

1j
αRjrjpisiq,1,0;R,a;0jr,0is;0jp 


















     ,
h

0i

k

1j

h

1i
1z

1
k

1j
jrjp

jpisiq
)iq(whenRjrjpisiq

















































                                                                                                                                (0.8.8)                               

    
k.1,2,...,j;h1,2,...,ihere 
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0.9 INTEGRAL TRANSFORM

                If denote a function of a prescribed class of functions defined on a given )x(f

interval [a, b] and K(x, s) denotes a define function of x in that interval for each value of 

s, a parameter whose domain is prescribed, then the liner integral transforms T [f(x); s] 

of the function f(x) is define in the following manner 

                                                                                 (0.9.1)  dx)x(f
b

a
)s,x(Ks;)x(fT 

       Wherein the class of functions and the domain of parameter s are so prescribed that 

the above integral exists. In (0.9.1), K(x, s) is known as the kernel of the transform, T 

[f(x); s] is the image f(x) in the said transform and f(x) is the original of T [f(x); s].

If an integral equation can be so determined that

                                                                                  (0.9.2) dss;)x(fT)x,s()x(f 





Then (0.9.2) is termed as the inversion formula of (0.9.1)

0.9.1 MELLIN TRANSFORM

    The well known Mellin Transform is defined by 

            
                                                                       (0.9.3)  dx)x(f

0

1sxs;)x(fM 




and the inversion formula is given by 

           
                                                               (0.9.4) dss;)x(fM

ic

ic

sx
i2

1)x(f 









provided that the above integral exist.
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0.9.2 GENERALIZED STIELTJES TRANSFORM

    The generalized stieltjes transform, under appropriate conditions, is defined as 

follows

                                                                         (0.9.5)  dx)x(f
0

s)sx(s;)x(fhS 




We have studied the multidimensional stieltjes transform in chapter 2 of the present 

work. 

0.10 PATHWAY FRACTIONAL INTEGRATION OPERATORS

Nair [73] introduced the Pathway fractional integration operator and state as follows

Let   and let us take a “pathway parameter”        0a,0ηR,Cη;ba,Lxf  ,1

then the pathway fractional integration operator is 

         
(0.10.1)        ,dttf

α)1(a
x

0

α1
η

x
tα1a1ηxxfαη,

0P 





















 









the pathway model is introduced by Mathai [61] and discussed further by Mathai and 

Haubold [62, 63].For real scalar α, the pathway model for scalar random variables is 

represented by the following probability density function (p. d. f.)

                                                         (0.10.2)    ,α1
β

δxα1a11γxcxf 




 

                      

provided that , where c is the   0x1a1;0,0;0;x 



 

normalizing constant and is called the pathway parameter. For real , the  

normalizing constant is as below

, for                                                    (0.10.3)
  







 























 















1
1

1
1

1a

2
1c ,1
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  ,  for                                         (0.10.4)   
  















































1

1
1a

2
1c ,1,0

1
1








 , for                                                                             (0.10.5)                                                                  



















a
2
1c .1

See that for  it is a finite range density with    and (0.10.2) 1 0x)1(a1 



 

remains in the extended generalized type-1 beta family. The pathway density in 

(0.10.2), for , includes the extended type-1 beta density, the triangular density, the 1

uniform density and many other p.d.f.

For , writing   we have1  11 

                                                                     (0.10.6).1x)1(a11xc)x(f 






 

Provided that  , which is the extended generalized type-2 1,0;0;x 

beta model for real x.  It includes the type-2 beta density, the F-density, the Student-t 

density, the Cauchy density, etc.

 Here we take only the case of pathway parameter . For both (0.10.2) and 1 1

(0.10.6) take the exponential form, since

   

.xae1γxc

1α
β

δx1αa11γxc1imlα1
β

δx1a11γxc1iml










 






 



                                                                                                                             

(0.10.7)
                                                                                                                         

         

In this the generalized gamma, the Weibull, the Chi-square, the Laplace, Maxwell-

Boltzmann and other related densities are included.
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CHAPTER 1

PATHWAY FRACTIONAL INTEGRAL 

OPERATOR ASSOCIATED WITH

THE ALEPH-FUNCTION

Publications

1. New Pathway fractional integral operator associated with Aleph-function, 

Multivariable’s general class of polynomial with H-function, (IJMTT), and Vol. 14, 

2014, 84-87. 

2. Pathway fractional integral operator associated with Aleph-function, Multivariable’s 

general class of polynomial, Mittag-Leffler function with H-function, International J. of 

Math. Sci. & Engg. Appls. (IJMSEA), 10(1) 2016, 15-21.

3. Pathway fractional integral operator of the product of two Aleph-functions, (IOSR-

JM), 13(2), 2017, 27-30.
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The aim of the present chapter is to study of a pathway fractional integral operator 

associated with the pathway model and Pathway density for Aleph-function. We 

establish three theorems. In first theorem we find pathway fractional operator whose 

kernel involves the product of Aleph-function, Multivariable’s general class of 

polynomial and H-function. In second theorem we find pathway fractional operator 

whose kernel involves the product of Aleph-function, Multivariable’s general class of 

polynomial, H-function and Mittag-Leffler function. At last, we establish third theorem 

on pathway fractional operator whose kernel involves the product of two Aleph-

functions. Also we obtain new and known special cases of our all three theorems.

Various definitions of the operators of the classical and generalized fractional calculus 

(FC) are formerly well known and broadly used in the applications to mathematical 

models of fractional order. Two well known classical and generalized fractional 

calculus operators are Riemann-Liouville fractional integral given by Samko-Kilbas-

Marichev[88]) and Erd∂elyi-Kober operators are given (cf. [88], Kober [50], Erd∂elyi 

[20], Kiryakova [48]). Further Saigo [86] was introduced and examined generalized 

fractional calculus as the hypergeometric integral operators. Kiryakova [47] find 

generalized fractional calculus whose integrand involves G and H-functions 

respectively. We bring out a fractional integration operator, which can be considered as 

an extension of the left-sided Riemann-Liouville fractional integral operator. We come 

up with some results for this operator, including the images of the Aleph-function, 

Mittag-Leffler function, and their appropriate cases. 

In this chapter we obtain a result, which create a connection to broad classes of 

statistical distributions. The pathway parameter  establishes a path for one distribution 

to another and to different classes of distributions. If  goes to 1,we get generalized 

gamma type function.

1.1 INTRODUCTION 

1.1.1 PATHWAY FRACTIONAL INTEGRATION

Nair [73], introduced the Pathway fractional integration operator and state as follows

Take  and let  , then the pathway fractional 1       Cη0,a,0ηR,ba,Lxf 

integration operator is 
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(1.1.1)   

 
  .dttf

0

α1
η

x
tα1a1ηxxf)αη,(

0P
α1a

x














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





Mathai [61] introduced the pathway model and further discussed by Mathai and 

Haubold [62, 63]. For real scalar , the following probability density function (p. d. f.) 

is the pathway model for scalar random variables 

                                                           (1.1.2)    ,α1
β

δxα1a11γxcxf 




 

                      

provided that , where c is the   0x1a1;0,0;0;x  





normalizing constant. For real , the normalizing constant c is given as follows

, for                                           (1.1.3)
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, for                                                                                     (1.1.4)                                                 
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, for                                                     (1.1.5)
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1
1
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2
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Provided that for   it is a finite range density with    and 1 0x)1(a1 



 

(1.1.2) remains in the extended generalized type-1 beta family. The pathway density in 

(1.1.2), for , includes the extended type-1 beta density, the triangular density, the 1

uniform density and many other probability density function.

For , taking   we get1 )1(1 



Chapter 1

24

                                                                 (1.1.6),1x)1(a11xc)x(f 






 

provided that , which is the extended generalized type-2 1,0;0;x 

beta model for real  x.  

 Here we take only the case of pathway parameter . For . both (1.1.2) and 1 1

(1.1.6) take the exponential form, since

  (1.1.7)
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


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



This includes the generalized gamma, the Weibull, the chi-square, the Laplace, 

Maxwell-Boltzmann and other related densities.

For more details on the pathway model, the reader is referred to go through the recent 

papers of Mathai and Haubold [62], [63].

1.1.2 ALEPH ( ) - FUNCTION

Sudland [125] introduced the Aleph ( ) - function, however the notation and complete 

definition is presented here in the following manner in terms and the Mellin- Barnes 

type integrals of Aleph-function is 

                                (1.1.8)                                                              
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for all  where  and0z  )1(

                     (1.1.9)
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The integration path  extends from to  and is such that the Rγ,iγLL   i  i

poles, assumed to be simple of , j=1,...,n do not coincide with the pole of s)jAjaΓ(1 

,  the parameter are non-negative integers satisfying s)jBjbΓ ( m,...,ij  iq,ip

 ,   and  for 0i,iqm0,ipn0  0jiB,jiA,jB,jA  Cjib,jia,jb,ja  r,...,1i 

.The empty product in (1.1.9) is interpreted as unity. The existence conditions for the 

defining integral (1.1.8) are as following

     (1.1.10)
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For detailed introduction of Aleph ( ) function given in  [125] and [126].

1.1.3 ALEPH ( ) - FUNCTION OF TWO VARIABLES

Saxena [90], defined the Aleph - function of two variables)(

                               (1.1.11)
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      (1.1.13)  ,
iq

11mj

ip

11nj
)jiCjic()jiDjid1(

r

1i
i

1m

1j

1n

1j
)sjCjc1()sjDjd(

s1n,1m
r;i,iq,ip)s(1

 

 

 





 




and

     (1.1.14)  .'
iq

12mj

'
ip

12nj
)jiEjie()jiFjif1(

r

1i
'
i

2m

1j

2n

1j
)jFje1()jFjf(

2n,2m

r;'i,'iq,'ip
)(2

 

 

 





 







1.1.4 THE GENERAL MULTIVARIABLE POLYNOMIAL

The general class of polynomials defined by Srivastava [103], is presented  in the 

following manner
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where 

 
, the coefficients 

 
are arbitrary constant, ,...2,1,0Rn,...,1n  )0is,in(

is,inA 

real or complex and are arbitrary positive integers,Rm,...,1m

1.1.5 FOX H- FUNCTION 

Mathai and Saxena [65] given the series representation for Fox H- function as follows
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and 

                            .Q
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For convergence conditions and other details of the above function see Mathai and 

Saxena [65].

 Mathai and Saxena [65, Page 11, equation (1.7.81)] has given the relation of Wright’s 

function and H-function, as followsqψp

   

(1.1.17).
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1.1.6 MITTAG-LEFFLER TYPE FUNCTION

Shukla and Prajapati [97], defined and investigated the function , as follows  zqγ,
ρβ,E

                                              (1.1.18)
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1.1.7 BETA AND GAMMA FUNCTION RELATION

                                                          (1.1.19).
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1.2 THEOREMS 
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arbitrary constants, real or complex and set of sufficient conditions (1.1.10) hold



Chapter 1

28






















































i

p,1n
)jiA,jia(i,n,1)jA,ja(

i
q,1m

)jiB,jib(i,m,1)jB,jb(
xdn,m

r;i;iq,ip)Ru
x,...,1u

x(Rm,...,1m

Rn,...,1nS1ux)αη,(
0P

     
  




































1

1
RsRu...1s1uuα)a(1

RsRu...1s1uuη
x)PE,Pe(

)QF,Qf(
xcNM,

QP,H

  
  

































































PE,Pe

QF,Qf)-a(1

xcNM,
QP,H

is,inA
R

1i
1)i(sΓ

isim)in(]
R

m
R

[n

0
R

s

]
1

m
1

[n

0
1

s



 
.ip,1n

)jiA,jia(i,n,1)jA,ja(,),RsRu1s1uu1(

),RsRu1s1uu1(,
iq,1m

)jiB,jib(i,m,1)jB,jb()-a(1

xd1n,m
r;i;1iq,1ip





























































                                                                                                                                  (1.2.1)                       

Proof: In the left hand side of (1.2.1), we use these definitions (1.1.1), (1.1.8), (1.1.15) 

and (1.1.16) then we get
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             In equation (1.2.2) , if we take  and interchange the order of integration,  
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  now we evaluate the inner most integral with the help of  known result (1.1.19), we get
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after a little simplification ,we get required result (1.2.1).
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 In the left hand side of (1.2.4), we use these definitions (1.1.1), (1.1.8), (1.1.15), 
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now we evaluate the inner most integral with the help of  known result (1.1.19), we get 
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(1.2.7) 

In equation (1.2.7) with the help of known result (1.1.17) and after a little 

simplification, we get the required result (1.2.4).
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Now we use definition (1.1.11) in (1.2.11) then we get required result (1.2.8), after a 

little simplification. 

1.3. SPECIAL CASES 

1.3.1 BY THEOREM 1 

(i). If we put in (1.2.1) then we get following result in term of I-function1i 
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(ii). If we choose  in (1.2.1) then we get following result in term of H-1rand1i 
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(iii). If we choose  in (1.2.1) then we get following result 1dand1QPNM 

due to Jain and Arekar [40]
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(iv) If we substitute  and general class of polynomials ,1r,1i  1QPNM 

is unity in equation (1.2.1) then we obtain known result due to Nair [73, equation (15)].  

(vii)  If we take and general class of polynomials is unity in equation 1r,1i 

(1.2.1) then we obtain known result due to Chaurasia and Gill [14, equation (12)].  

         

1.3.2 BY THEOREM 2 

(i). If we put in equation (1.2.4) then we obtain the following result in term of I-1i 
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(ii). If we choose in (1.2.4) then we get the following result in term of H-1rand1i 
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(iii). If we choose General polynomials is unity, Aleph function unity and  in 1q 

(1.2.4) then we get the following result due to Chaurasia and Gill [14, equation (21)]           
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(iv) If we put  and Wright’s function  convert in terms of H-1QPNM  22

function then we get the known result due to Nair [73, equation (24)].

1.3.3 BY THEOREM 3 

(i). If we put in (1.2.8) then we obtain the following results in term of I - 1'
i,1i 
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3. If we use the relation (1.1.18) in (1.3.8) then we arrive at the following result 
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In this chapter, we develop and present  multidimensional fractional integral operators 

whose kernels involve the product of a multivariable polynomial (0.6.2) and the Aleph 

-function (0.4.1). First we define the operators of our study and give conditions of  

existence of these operators. Further, we obtain some images of certain useful functions 

under these operators. Next, we establish two theorems giving the multidimensional 

generalized Stieltjes transform of fractional integral operators and conversely. Then we 

present Mellin transform, Mellin convolutions and inversion formulae for these 

operators. Finally, we derive three new and interesting composition formulae of our 

multidimensional fractional integral operators.

In addition we have also evaluated a double integral of a very general nature with the 

help of our first composition formula. A special case of the same is also given. The 

results obtained by Goyal and Jain [30], Erdelyi [21], Goyal, Jain and Gaur [31], Raina 

[81] and many others follow as special cases of our composition formulae.

2.1 DEFINITIONS

2.1.1 THE ALEPH ( ) – FUNCTION IN SERIES

Chaurasia [15] give series representation of the Aleph function

                                                        (2.1.1)  ,
-

z
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 

                                                                                                                                   

(2.1.2)

                                                                                                                        The behaviors of the Aleph function for small and large of z is given by Chaurasia [15] 

in the following manner 
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For small z, where
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and conditions (0.4.3) are also satisfied.

2.1.2   I AND J- INTEGRAL OPERATORS

Throughout in this chapter we assume that A denotes the class of function for which
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Now, we defined and represented two multidimensional fractional integral operators 

with kernels involving Aleph-function and multivariable polynomial having general 

arguments as follows 
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2.2. SOME IMPORTANT IMAGES OF THE INTEGRAL 

OPERATORS

In this section we will obtain the images of some functions under 
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(2.2.1) 
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 






 





 







and

.r;iQ,1M
jiB,jibiτ,

s,1jηjλ;njRjfjejγjρjσ

,
s1,jηjλ;jjRjfjejγjρjσ,

M1,jB,jbB






















 





 







 





 







Provided that  not all zero simultaneously, 0)jλ,jη,jf,je(Remin 

and    0
kB
kb

jηjjρ1Remin
Mk1
















).s1,...,j(,0

kB
kb

jλjσRe
Mk1

min 














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Also, for J-Operator

  !i
iE

)sR,...,1R,V(A)V(
s

1j

jδ
jtjhjγ

jtxJ
R

iR
s

1i
ViRiU

0sR,...,1R
s

1i i
R

i
U







 



























 

 

j
δ

j
R
j

f
j

σ
j

δjγ

jx
jh

1jx
s

1j

n

jx
jh

0n 1nΓ
1





























 
















 
 

                                                

(2.2.2)   ,C
D

jλ

jx
jh

1
s

1i
zs3NM,

r,iτ2s,iQ3s,iP









































where                                                                                                                                              

                       

r;iP,1NjiA,jiaiτ,
s,1jηjλ;njRjfjejγjρjσ1

,
s1,jλ;njRjfjσ1,

s1,jη;jδ-jRjejγjρ1,
N1,jA,jaC





 












 





 






 





 







and

.r;iQ,1MjiB,jibiτ,
s,1jηjλ;njRjfjejγjρjσ1

,
s1,jηjλ;jRjfjejγjρjσ1,

M1,jB,jbD





 












 





 







 





 







Provided that   not all zero simultaneously,   )s1,...,j(,0)jλ,jη,jf,je(Remin 

  
and 0

kB
kb

jηjjjρRemin
Mk1
















).s1,...,j(,0

kB
kb

jλjσRe
Mk1

min 















Proof: To prove (2.2.1), at first we express I-operator in the integral form with the help 

of equation (2.1.6). Next, we write generalized multivariable polynomial
 
in the series by 

using (0.6.2). Then, we change the order of -integral and the series and express the jt

Aleph function in term of Mellin Barnes type contour integrals with the help of (0.4.1) 

additionally we  change the order of and integrals  (which is jt )s,...,2,1j(  
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permissible under the given conditions). Solving the -integrals with the help of jt

known result Gradshteyn [33, p.287, Eq. 3.197 (8)], we get the following expression 

!i

i
iE

)sR,...,1R,V(A)V(
s

1j

jδ
)jtjh(jγ

jtxI
R

R
s

1i
ViRiU

0sR,...,1R
s

1i i
R

i
U







 
























                                                                                                                                                                                       




 
































1jjRjejγjρ,jjRjfjσB
L

z)(
i2

1

jx
jh

jx
s

1j

j
jj

                    (2.2.3),d
jh
jx

;
1jjRjejγjρ,j

1)jj(jR)jfje(jγjρjσ1F2 



















where 

).s1,...,j(,01jjRjejjRe,0jjRjfjRe,
jh
jx

arg 




 





 















By using the transformation formula Rainville [84, p.60, Eq. (5)] and rearranging the 

above result, we easily reach at the required result after a little simplification.

Again the proof of result (2.2.2) can be easily obtained on the similar lines of the above 

result.

2.3. THE MULTIDIMENSIONAL GENERALIZED STIELTJES 
TRANSFORM WITH  AND -INTEGRAL OPERATORSI J
The multidimensional generalized Stieltjes transform of a function  is )st,...,1t(

expressed  as 

               (2.3.1),sdt...1dt
s

1j
)jhjt(

0
)st,...,1t(

0
)sh,...,1h()(sw,...,1wS j

w... 











 provided that the integral is valid.

The multidimensional generalized Stieltjes transform of the and -integral operators I J

can be given by the following theorems.
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Theorem 1 Let , , are not all zero A)st,...,1t(   s1,...,j,0)jλ,jη,jf,je(Remin 

simultaneously, 
 

 then and0jwjηjρRemin 



  0.jλjσRemin 



 

)sh,...,1h()tI(sw,...,1wS(i) 

                                   (2.3.2),sdx...1dx)sh,...,1h;sx,...,1x(1
0

)sx,...,1x(
0
... 





 

         

  
 

















 







 


s

1j

n

jx
jh

0n 1n
1

!i

i
iE

)sR,...,1R,V(A)V(
R

R
s

1i
ViRiU

0sR,...,1R
s

1i i
R

i
U

       

   

(2.3.3)  ,E
F

jλ

jx
jh

1
s

1i
zs3N,M

r,i,s2iQ,s3iP
jx
jh

1jx
j

w
j

R
j

f
j

j
w





































































where     

                                                                                                                                                                                           ,
s

1j
)jtjh(xJ)sh,...,1h;sx,...,1(x1ψ j

w


















 



r;iP,1NjiA,jiaiτ,
s,1

)jηjλ(;njRjfjejρjσ1

,
s1,jλ;njRjfjσ1,

s1,jη;jw-jRjejρ1,
N1,jA,jaE





 












 





 






 





 







and

r;iQ,1MjiB,jibiτ,
s,1jηjλ;njRjfjejρjσjw1

,
s1,

)jηjλ(;jRjfjejρjσ1,
M1,jB,jbF





 












 





 







 





 






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, not all zero simultaneously,  s1,...,j,0)jλ,jη,jf,je(ReminFor(ii) 

 
.thenand0jηjρ1Remin 



  0jλjσRemin 



 

                     (2.3.4)

,sdx...1dx)sh,...,1h;sx,...,1x(2
0

)sx...,,1x(
0

)sh,...,1h()tJ(sw,...,1wS

... 











     

  
 

















 







 


s

1j

n

jh
jx

0n 1n
1

!i

i
iE

)sR,...,1R,V(A)V(
R

R
s

1i
ViRiU

0sR,...,1R
s

1i i
R

i
U

    

        (2.3.5) ,G
H

j

jh
jx

1
s

1i
zs3N,M

r,i,s2iQ,s3iP
jh
jx

1jh
j

w
j

R
j

f
j

j
w



































































 
 



where

                                                                                                                                                                              ,
s

1j
)jtjh(xI)sh,...,1h;sx,...,1x(2

j
w


















r;iP,1NjiA,jiaiτ,
s,1jηjλ;njwjRjfjejρjσ

,
s1,jλ;njRjfjσ1,

s1,jη;jRjejρ,
N1,jA,jaG





 












 





 






 





 







and

r;iQ,1M
jiB,jibiτ,

s,1jηjλ;njRjfjejρjσ

,
s1,jηjλ;jwjRjfjejρjσ,

1,MjB,jbH






















 





 







 





 







It is pretended that the integrals on the right hand side of equation (2.3.3) and (2.3.5) 

exist.
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Proof: To prove first of theorem 1, we express the left hand side of (2.3.2) with the help 

of (2.1.6) and (2.3.2) as follows
















































































 


























     




sf

st
sx

1
se

st
sx

sE,...,
1f

1t
1x

1
1e

1t
1x

1EsU,...,1U
VS

1t

0

st

0
)jxjt(

s

1j
jx

0 0

s

1j
jt

1
j

σ
j

ρ
j

σ
j

ρ 

    (2.3.6)               

,sdt,...,1dtjw
)jtjh(

s

1jsdx,...,1dx

s

1j

r;iP,1NjiA,jiaiτ,
N1,jA,ja

r;iQ,1MjiB,jibiτ,
M1,jB,jb

j

jt
jx

1
j

jt
jx

zN,M
r,i,iQ,iP

)sx,...,1x( 









 



































 

















 






















































Now we interchange the order of  and
 

 -integrals (which is the Permissible under jx jt

the conditions stated with the theorem), we get 

    
 




















 














1x sx
)jxjt(

s

1j
)jt(

0 0

s

1j
)sx,...,1x()jx(

1
j

σ
jj

ρ-
j

ρ


   





























































sf

st
sx

1
se

st
sx

sE,...,
1f

1t
1x

1
1e

1t
1x

1EsU,...,1U
VS

     (2.3.7).sdx...1dxsdt...1dt)jtjh(
s

1j

s

1j

r;iP,1NjiA,jiaiτ,
N1,jA,ja

r;iQ,1MjiB,jibiτ,
M1,jB,jb

j

jt
jx

1
j

jt
jx

zN,M
r,i,iQ,iP

j
w



















 
































 

















 



















































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Now by interpreting the -integrals in terms of the operators defined by (2.1.8), the jt

above result can be taken in the following manner  

                                     (2.3.8)

.sdx...1dx
s

1j
)jtjh(xJ

0
)sx,...,1x(

0

j
w


























 

Now using the result (2.2.2) and take , to find the value of 0j 

, after a little simplification ,we reach at required result (2.3.2).

















s

1j

jw
)jtjh(xJ

The proof of result (2.3.4) can be developed by proceeding on similar lines to the above 

result.

The following theorem gives the  and -integral operator of Multidimensional I J

Generalized Stieltjes transform.

Theorem 2. Let ,  not all zero A)st,...,1t(  )s1,...,j(,0)jλ,jη,jf,je(Remin 

simultaneously, then

i.  s1,...,j,0jηjρ1ReminFor 



 

 




  )sx,...,1(x;)st,...,1(tsw,...,1wSyI

                                                     (2.3.9)                                                                                        ,sdt...1dt)sx,...,1x;st,...,1t(2
0

)st,...,1t(
0
... 





 

ii.  s1,...,j,0jwjηjρReminFor 



 

   
                                                                      



  )sx,...,1(x;)st,...,1(tsw,...,1wSyJ

                                            (2.3.10),sdt...1dt)sx,...,1x;st,...,1t(1
0

)st,...,1t(
0
... 





 
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where  and  are as given in (2.3.3) and )sx,...,1x;st,...,1t(1 )sx,...,1x;st,...,1t(2

(2.3.5) respectively, provided that the integrals in the right hand side of the equations 

(2.3.9) and (2.3.10) exists.

Proof: The proof of theorem 2 for results (2.3.9) and (2.3.10) , can be obtained by the 

similar proof of Theorem 1. 

 2.4. MELLIN TRANSFORMS, INVERSION FORMULAS AND 

MELLIN CONVOLUTIONS 

The multidimensional generalized Mellin transform of the function is A)st,...,1t(f 

defined by the Srivastava and Panda [115, part I, p.125, Eq. (3.5)] as follows

                      (2.4.1)   ,sdt...1dt)st,...,1t(f
0

s

1j
t

0
sθ,...,1θ;)st,...,1t(fM

1
j

θ...  









provided that the integral exists. 

Now we obtain the following results which give the multidimensional Mellin transforms 

of I and J- fractional integral operators (2.1.6) and (2.1.8) respectively, we also find the 

inversion formulae and mellin convolutions of these operators.           

Result 1 

If  and the conditions of the existence of the operator    s1s1x ,...,;t,...,tfIM 

 exists, then  )st,...,1t(fλ,η;f,e;σ,ρ
ZV;,U:xI

          ,)sθ,...,θ(Λs,...,;)st,...,t(fM,...,;t,...,tfIM 111 ][s1s1x 
                                                                                                                                   (2.4.2)

where

            

(2.4.3) 

,I
J

zs2N,M
r,iτ,siQ,2siP

!i

i
iE

)sR,...,1R,V(A)V()sθ,...,1θ(Λ
R

R
s

1i
ViRiU

0sR,...,1R
s

1i i
R

i
U








 





 





 

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here

r;iP,1NjiA,jiaiτ,
s1,jλ;jRjfjσ1,

s1,jη;jRjejjρ,
N1,jA,jaI





 











 





 







and

r;iQ,1M
jiB,jibiτ,

s,1
)jηjλ(;jRjfjejjρjσ,

M1,jB,jbJ






















 





 







Result 2 

If  and the conditions of the existence of the operator    s1s1x ,...,;t,...,tfJM 

 exists, then  )st,...,1t(fλ,η;f,e;σ,ρ
ZV;,U:xJ

   
       ,)s1,...,1(,...,;t,...,tfM,...,;t,...,tfJM 1s1s1s1s1x 

                                                                                                                                   
(2.4.4)

where  can be obtained by replacing   by in (2.4.3).)s1,...,11(  s s1 

Proof: To prove the result 1, first of all with the help of the equation (2.4.1), we write 
the multidimensional Mellin transform of the I-operator defined by (2.1.6), we have 

   s1s1x ,...,;t,...,tfIM 
































































































 


















     






sf

sx
st1

se

sx
st

sE,...,
1f

1x
1t1

1e

1x
1t

1EsU,...,1U
VS

1x

0

sx

0
)jtjx(jt

s

1j
jx

s

1j0 0

s

1j
jx

1
j

σ
j

ρ
jj

1
j 

    (2.4.5)       .sdx,...,1dxsdt,...,1dt)st,...,1t(f

s

1j

r;iP,1NjiA,jiaiτ,
N1,jA,ja

r;iQ,1MjiB,jibiτ,
M1,jB,jb

j

jx
jt

1
j

jx
jt

zN,M
r,i,iQ,iP






























 

















 














































 
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Now, we interchange the order of   and -integrals (which is the Permissible under jx jt

the conditions stated with the theorem) and we obtain the right hand side of (2.4.5) as 

follows: 




































































 




 


     



sf

sx
st1

se

sx
st

sE,...,
1f

1x
1t1

1e

1x
1t

1EsU,...,1U
VS

1t st

s

1j
)jtjx()jx(

0 0

s

1j
)st,...,1t(f)jt(

1
j

σ1
jj

ρ-
jj

ρ


     (2.4.6)

 .sdt...1dtsdx...1dx

s

1j

r;iP,1NjiA,jiaiτ,
N1,jA,ja

r;iQ,1MjiB,jibiτ,
M1,jB,jb

j

jx
jt

1
j

jx
jt

zN,M
r,i,iQ,iP





























 

















 














































 

The above result can be reduced by using the definition of (2.1.8) 

                                                        (2.4.7).sdt...1dt
s

1j
jxtJ

0
)st,...,1t(f

0

1
j

























Further by using the below result 

           (2.4.8),)jxjt(
s

1j
jtxJ

s

1j
jx)jtjx(

s

1j
jtxI jδ)jδjν1(1jδj2νjδjν
























































the integral (2.4.7) reduce to 

                                 (2.4.9),sdt...1dt
s

1j
jxtI

s

1j
)

1j2

jt(
0

)st,...,1t(f
0

j
























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finally, by using the result (2.2.1), we find  occurring in the above 














s

1j jxtI j

equation and we easily reached at desired result (2.4.2) after a little simplification. 

Similarly, the proof of result (2.4.4) can be obtained in the similar lines of the above 

result.

2.4.1 INVERSION FORMULAS

Srivastava and Panda [115, part I p.125, Lemma 2], give the inversion theorem for the 

multidimensional Mellin transform (2.4.1),with the help of this theorem we can easily 

get the following inversion formulae for the fractional integral operators defined by 

(2.1.6) and (2.1.8).

Result 3

  si2

1)st,...,1f(t




   ,sd...1ds,...,1;)st,...,1(tfxIM
)s,...,1(

s

1j

-
jtisc

isc

i1c

i1c

j
θ

... 













 

                                                                                                                                                           (2.4.10)
                                                                                                                                             
where  is given by (2.4.3). )s,...,1( 

Result 4 

  si2

1)st,...,1f(t




   ,sd...1ds,...,1;)st,...,1(tfxJM
)s1,...,11(

s

1j

-
jtisc

isc

i1c

i1c

j
θ

... 













 

                                                                                                                                   (2.4.11)

 where  can be obtaining by replacing , by in (2.4.3).)s1,...,11(  s s1 
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The validity conditions for  the inversion formula (2.4.10) and (2.4.11) can be deduced 

from the existence condition of the fractional integral operators defined by (2.1.6) and 

(2.1.8) and their multidimensional Mellin transform started earlier. 

2.4.2 MELLIN CONVOLUTIONS 

The Multidimensional Mellin convolutions of two functions  and )st,...,1t(f

 will be defined by  )st,...,1t(g

    )st,...,1t(fg)st,...,1t(gf 

                          (2.4.12),sdx...1dx)sx,...,1x(g
sx
st,...,

1x
1tf

0

s

1j

-
jx

0

1... 
































  

provided that the multiple integral in right hand side exists.

If  , then the fractional integral operators expressed by (2.1.6) and A)st,...,1t(f 

(2.1.8) respectively can be written as multidimensional Mellin convolutions in the 

following way

Result 5

)st,...,1t(gλ,η;f,e;σ,ρ
ZV;,U:xI

                                                     (2.4.13),)sx,...,1x(gZV;,U:x,λ,η;f,e;σ,ρI 





 

where 
















 


s

1j
)1jx(U)1jx(jx

ZV;,U:x,λ,η;f,e;σ,ρI

1jσ
jσjρ

    




















 

s

1j
)1jx()jx(jEsU,...,1U

VS j
f

j
f

j
e
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                                   ,
r;iP,1NjiA,jiaiτ,

N1,jA,ja

r;iQ,1MjiB,jibiτ,
M1,jB,jb

jλ
1jx

s

1j

jλjη

jxzNM,
r,iτ,iQ,iP )()(



































































 

                                                                                                                                 (2.4.14)

 being the Heaviside’s unit function.)x(Uhere

Result 6 

)st,...,1t(gλ,η;f,e;σ,ρ
ZV;,U:xJ

                                     
             

(2.4.15)                  ,)sx,...,1x(gZV;,U:x,λ,η;f,e;σ,ρJ 





 

where 
















 

s

1j
)jx-1(U)jx-1(jx

ZV;,U:x,λ,η;f,e;σ,ρJ

1jσj
ρ


















 

s

1j

jf
)jx-1(je

)jx(jEsU,...,1U
VS

,
r;iP,1NjiA,jiaiτ,

N1,jA,ja

r;iQ,1MjiB,jibiτ,
M1,jB,jb

jλ
)jx-1(

s

1j

jη
)jx(zNM,

r,iτ,iQ,iP
































































 

                                     

                                                                                                                                 (2.4.16)

 being the Heaviside’s unit function.)x(Uhere

Proof- To Prove result 5, first we express the I-operator defined by (2.1.6) in the 

following form with the help of Heaviside’s unit function.
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)st,...,1t(gλ,η;f,e;σ,ρ
ZV;,U:xI


















 


































































































































































  

sf

1
st
sxsfse

st
sx

s

1f

1
1t
1x1f1e

1t
1x

1
j

σ
j

σ
j

1

E,...,1Es,...,U1U
VS

0 0
1

jt
jx

U1
jt
jx

jt
jxs

1j

s

1j
jt

.sdt,...,1dt)st,...,1t(f
s

1j

r;iP,1NjiA,jiaiτ,
N1,jA,ja

r;iQ,1MjiB,jibiτ,
M1,jB,jb

j
1

jt
jxjj

jt
jx

zN,M
r,i,iQ,iP



























 

















 














































 

                                                                                                                                 

(2.4.17)

By using the definition of the Mellin convolutions given by (2.4.12) and equation 

(2.4.14) in the above equation (2.4.17), we easily arrive at the required result. 

The proof of the result 6 can be developed by proceeding on the similar lines of the 

above result.

2.5 COMPOSTIONS FORMULAE FOR THE MULTIDIMENSIONAL 

FRACTIONAL INTEGRAL OPERATORS DEFINED BY EQUATIONS (2.1.6) 

AND (2.1.8)
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Proof-  To Prove results 7, we first define the I-operators involved in its left hand side 

of (2.5.1) in the integral form, we have 
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(2.5.8) 

To determine   , we first replace both the multivariable polynomials in terms of their Δ

respective series with the help of (0.6.2), and interchange the order of these series and 

 -integrals (j=1,…, s), Next, we express one Aleph  -function in terms of series jy '

(2.1.1) and second Aleph -function in terms of Mellin –Barnes type contour integral 

(0.4.1), and interchange the order of and - integrals (which is the permissible j j
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under the conditions stated). We arrive at the following expression after a little 

simplification.
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                     (2.5.9)  .ξds...dy1dyjtjyjyjx
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j
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



 





 

On setting involved in the above equation (2.5.9) and calculate the - 
)jtjx(

)jyjx(
ju




 ju

integrals with help of the following result Gradshteyn [33, p.287.eq.3.197 (8)]

                       (2.5.10)      .
a
1;μδ;δ,λ1F2μ,δβλadx1μx1λax

1

0

1δx 



 

On substituting the value of  in the equation (2.5.7), we get the desired result (2.5.1) Δ

after a little simplification. 
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The proof of result 8 can be developed by proceeding on the similar line to result 7.   

Proof the results 9 - we express the I-operator and J- operator involve  in the left hand 

side in the integral form with the help of equations (2.1.6) and (2.1.8) respectively, then 

we get the integral given below
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Now we change the order of 
 
and  - integrals (which is permissible under the jy jt

conditions stated), we get the following expression after a little simplification
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and ,                        (2.5.14)
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To evaluate , involved in the integral on the right hand side of (2.5.12), we express the 1I

multivariable polynomials ,    and Aleph  -function   expressed sU,...,1U
VS

'
sU,...,'

1U
VS '

in terms of their respective series with the help of equation (0.6.2) and (2.1.1) 
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respectively and also write the Aleph -function in terms of Mellin –Barnes type 

contour integral by using (0.4.1). Now change the order of summations and Mellin- 

Barnes contour integral with  -integrals and solving the  -integrals, we havejy jy
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.s...dy1dy)jyjt()jyjx(

st

0

s

1j
jy

1t

0

1
gν,

S'
j

λ'
j

R'
j

f'
j

σ1ξjλjRjf
j

σ

ξ
j

η
gν,

S'
j

η'
j

R'
j

e
j

R
j

e'
j

ρ
j

ρ...

























 

Now we substitute  in (2.5.15) and integrate it with help of the known result jujtjy 

Srivastava and Garg [107, p.47, Th. 1.6], we get the following equation 
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By using the following result Rainville [84, p.60, Eq. (5)], on right hand side of 

(2.5.16), 

            1z;z;c;b-c,ac1F2
bacz1z;c;b,a1F2 

and expressing the  in the series form and re-arranging the result in terms of Aleph 1F2

function we arrive at the solution of .1I

The proof of   , can be developed by proceeding on the  
1x

0

sx

0
s...dy1dyΛ...2I

similar line as , the only difference that we put   in the equation (2.5.15). 1I jujxjy 

On substituting the values of and   in (2.5.12), we get the required result (2.5.5).  1I 2I
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2.6 SPECIAL CASE OF COMPOSITION FORMULAE

We now find a two dimensional analogue of our first composition formula. By 

substituting  and taking the general class of polynomials as unity, we get2s 
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
















where

       (2.6.2)







 





 






 





 





 











 





 







;gν,S''-'n'mm,η;gν,S'λ'η'σ'ρ

,
iP,1NjiA,jiaiτ,';n'k1,λ;σ'k1,

N1,jA,jaE

and
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      (2.6.3)            






 





 























 





 






 





 







;g,S''k'nn1,;g,S''k'1,

iQ,1M
jiB,jibiτ

,;'kgν,S''-m-'n'm,η;'kgν,S'λ'η'σ'ρ,
M1,jB,jbF

                                                                                                                              

Also  and are given by (2.1.2) and following conditions are satisfied:)g,S(θ  g,S

 ,    0
kB
kb

ηmρ1Remin
Mk1
































  0

kB
kb

Remin
Mk1

































 ,0'
kB

'
kb'''η'm'ρ1Remin

Mk1






































 


0'

kB

'
kb''''Remin

Mk1






































 



In the same way two dimensional formulae can be obtained easily from result 2 and 3. 

These formulae can be further reduced into the results given by Raina [81] by taking 

and I-function to unity.1i 

If in these composition formulas we reduce both the generalized class of polynomials to 

unity, we reach at the multidimensional analogue of the simpler results given by Erdelyi 

[21], Again reducing the generalized class of polynomials to unity and the Aleph-

function to the generalized hypergeometric function, we arrive at the result due to Goyal 

and Jain [30, p.253, eq. (2.4), p. 254, eq. (2.7); p.255, eq. (2.12)] after a little 

simplification. Further , if we reduce generalized class of polynomials to U
VS

polynomials we arrive at the result which are in core the same as those obtained by 

Goyal , Jain and Gaur [31, p.404-405,eq. (2.1);p.406,eq. (2.7); p. 407-408,eq.(2.12)].

.
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CHAPTER 3

A STUDY OF GENERALIZED EULERIAN 

INTEGRAL AND UNIFIED FINITE 

INTEGRALS INVOLVING AND


 ,P,0,,
nS

THE ALEPH- FUNCTION

Publications:

1. A Study of unified integrals involving the generalized polynomial set, generalized 

Legendre's associated function and Aleph - function With Applications, South East  

Asian J. of Math.& Math. Sci, Vol.13, No.1 2017, pp. 27-46.

2. The general Eulerian integral with Aleph -Function, South East Asian J. of  

Math.& Math. Sci, Vol.12, No.1 2016, pp. 57-66.
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This chapter is divided in two parts A and B.

Part-A

We establish the main integral whose integrand involves the product of a general class 

of polynomials, a general sequence of function and Aleph-function with general 

arguments. The integral is sufficiently general in nature and a large number of known 

and new integrals follow as its special cases. We have obtained eight special cases of 

our main result, which are also new and known results. 

3.1 INTRODUCTION AND DEFINITIONS

3.1.1 THE GENERAL CLASS OF POLYNOMIALS U
VS

A general class of polynomials introduced by Srivastava [104] is represented as 

                                          (3.1.1) 
  

,2,...1,0,V,Rx
!R

RV,AURV
xU

VS
UV

0R



 



where U is an arbitrary positive integral and the coefficients are arbitrary )0R,V(R,VA 

constants, real or complex. A number of well known polynomials follow as special 

cases of are referred in Appendix A.U
VS

3.1.2 THE GENERALIZED SEQUENCE OF FUNCTIONS

Raijada [80, p.64, Eq. (2.18)], defined and represented the following Rodrigues type 

formula of generalized polynomial as 

                l,,m,B,A,q,s,w;x,,
nS 

                 (3.1.2)        ,nswx1nqBAxnm
,Twx1BAx











 









 l

with the differential operator  

.
dx
dxkx,kT 



  l

l

The generalized sequence of functions in the explicit series form is given by Raijada 

[80, p.71, Eq. (2.3.4)]
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    sn)xζ1(nmxqnBξ,m,B,A,q,s,w,x;ζδ,μ,

nS lll 

         
    



 



  


nm

0σ

σ

0r

nm

0j

j

0i ijμ1!i!r!σ!j
inqμiσiμijj1nml

                                        (3.1.3)
.

i

B
Ax

wxζ1

wxζ
nm

rwξi

σ
sn

ζ
δ




























 











l

Raijada [80] has given some special cases of (3.1.3). We shall use the following special 

case in our finding.

If we put in (3.1.3) and let and using the well known results0B,1A  0ζ 

       ,nz
n

b
z

nbbLt,rxexp
ζwxζ10ζLt 














then we reach at the following important polynomial set

                       (3.1.4)

     

 
  .

nm

0 0r
wx

!r!
nm

wrqn
r

nmnmqnx,,m,0,1,q,w;x0,,
nSx0,,

nS

 




















 






l

lll

The following results also required to prove our main integral.

The binomial expression

   
                                                  (3.1.5)   

    ,
νua
uat

!

γ
γνuaγνtu

0

l

l
l

l 













 




        .ba,t;νauuat 

The Eulerian beta function 

     
                                                 (3.1.6)        ,β,αB1βαab

b

a
dt1βtb1αat 

where , using (3.1.5) and (3.1.6) we readily find that     ba0;>βRe0;>αRe 

Gradshteyn and Ryzbik [33, p.287, Eq.3.198; 7, p.301, Eq.2.2.6.1]



Chapter 3

74

             (3.1.7)
     

        ,
νau
uab;βα;γ,α1F2β,αBγνau1βαab

b

a
dtγνut1βtb1αat














where 

         ,ba;πε0επ
νau
νbuarg0;>βRe:0>αRe 




















again if we put ,  and  then the special case of  μλu  a)1(b)1( 

(3.1.7) given by Prudnikov [79, p.301, Eq.2.2.6.1].

                            (3.1.8)                                                   
    

   
    ,βα,B

ab

βμ1αλ1b

a
dtβαtbμatλab

1βtb1αat








          .ba;ba,t0,tbμatλa-b0;>βRe0;>αRe 

3.2 MAIN INTEGRAL

   
  

  










































































































 iP1,Njiα,jiaiτ,
N1,jα,ja

iQ1,Mjiβ,jibiτ,
M1,jβ,jb

νtgzN,M
r,iτ,iQ,iP

w

2μλtf

μtwλt

l

l

      dttgx0,'β,'α
nS

'ρtgyU
VS 



 











  

     
  nmh

'R

β
x

R

'ρβ

y1Λμσ11Λγλρ11w
U][V

0R R!

RV,AURV 
























 




l

   

 
 
 

k

ρ1β
αβ

0k !k
1nm

0η

η

0e

ηd

β
x'β

!eη!
nmh

edξqn'α
eη
















  

































 


  
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                                                                                                                                                         
 

,i1.PNjiα,jiaiτ,
N1,jα,ja,A

B,
i1.QMjiβ,jibiτ,

M1,jβ,jb

ν

-1β

γ1z3N,M
r;iτ,2iQ,3iP
































































































































                                                                                                                                   (3.2.1)
                                                                                                                                
where

                                  (3.2.2)
     

       










δγν,1Λδγμλk,νΛ,1B

νδ,Λδμ,νγ,Λγλk,νΛ,k1A

         ,ηd'RR'ρΛ,n)h(mnq'R 

                                                                                (3.2.3)         ,twσtρwtf  ll

     and                                                                              

   
                                                 (3.2.4)        

        .
twσβtβαρβwβ

δγ1tfδtwγttg





ll
l

   The integral (3.2.1), hold true when

(a)  1σ,ρ;lw0;β;0>δ;0>γ;0>V 

             ,w,t,0twtwand lll 

(b) Where M is an  M1,...,j;0>
jB
jb

1Reand0>
jB
jb

νγλ1Re 






















































arbitrary positive integer,

(c)  are positive integers constrained by QP,N,M, ,PN0Q,M1 

(d)    ,r1,...,,
2

zarg 


 ll

(e)              ,ba,t,twσ-tρ-wβ<tα-β  lll

(f) The coefficients  are arbitrary constants real or complex and U is an  0RV,RV,A 

arbitrary positive integer and

(g) The series on the right hand side of (3.2.1) converges absolutely.
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Proof: We first put the value of and  by the using of equation (3.1.1) and U
VS 0,','

nS 

(3.1.4) respectively and expressing the Aleph function in terms of Mellin-Barnes 

integral with the help of (0.4.1) for evaluating the above integral (3.2.1). Changing the 

order of summation and s and t integral (which is permissible under the conditions 

stated), the left hand side of (3.2.1) convert into the following form (say ):

 

 
   

 

       
  

   ,dt
w

ηd'RR'ρsνtg2μλtf

μtwλtdsszsNM,
r;iτ,iQ,iPΩ

L2π
1ηdx'β

nm

0η

η

0e !eη!
nmh

edξnq'α
eη

nmh
'RxRy

U][V

0R R!
RV,AURV











 






 














 






 




l

l
i

                                                                                                                                

(3.2.5)

where and   are given by (0.4.2), (3.2.3) and (3.2.4) respectively.)t(f,s)(Ω )t(g

Now we put the value of  in (3.2.5) and after a little simplification we get the )t(g

following integral

 
   

 

 


 














 





 nm

0η

η

0e !eη!
nmh

edξqn'α
eη

nmh
'RxRy

U][V

0R R!
V,RAURV

   


















L
ds

s
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                                                                                                                               (3.2.7)  

then the inner most integral in (3.2.7) can be evaluated by using the known integral 

(3.1.8) and rearranging the expression in terms of Aleph ( ) - function, after a little 

simplification we get the required result (3.2.1).   

3.3 APPLICATIONS AND SPECIAL CASES

In this part we specifically show how the general integral formula (3.2.1) can be applied 

(and suitably maneuvered) to derive various interesting (and potentially useful) results 

including those given by Wille [128].
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where and represented by (3.2.2) and provided that the conditions of (3.2.1) are A B
satisfied. 

Next if we substitute    in (3.3.1), then we have
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where and represented by (3.2.2).A B

Further if we set 
 
in the integral formula 2ββand2αα,
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(3.3.1) and sum the resulting series with the help of a known formula Erdelyi [22, 
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again if we substitute  in (3.3.1) , we obtain following  2and2,
2
1

interesting integral after a little simplification  
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                                                                                                                            (ii) If the general class of polynomial reduce to Hermite polynomials (A.2) and U
VS

  reduce to unity in equation (3.2.1), then we get the following result x,0'β,'α
nS
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and above integral holds true under the same conditions as those required for (3.2.1).

(iii) If we reduce the general class of polynomials to Laguerre polynomial (A.8) and  

 to Gould and Hopper polynomial (A.10) in integral (3.2.1), then we get x,0'β,'α
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where and represented in (3.2.2).                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                   A B

(iv)  If we put  in (3.2.1), then Aleph -function reduce to I- function result due to 1i 
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where and represented in (3.2.2).        A B
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where and represented in (3.2.2) and provided that the conditions of (3.3.1) are A B
satisfied. 
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(v) If we put  in (3.3.5) then Aleph -function reduce to I- function result due 1i  )(

to Bhatter [10, equation (4.2.11)] and we get
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where and represented in (3.3.6).C D

(vi) If we put  in (3.3.7) then -function reduces to I- function result due to 1i  

Bhatter [10, equation (4.2.12)] and we get
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where and represented in (3.2.2).A B

(vii) On taking  and reducing  to unity in (3.2.1) the result 1r,1i     xSandxS 0,,
n

U
V

'' 

reduces to the known results due to Srivastava H. M and Raina R. K. ([117], p.693, 

eq.15).

(viii) By putting and reducing  to unity in (3.2.1) the 1r,1i     xSandxS 0,,
n

U
V

'' 

result reduces to another known results obtained by Srivastava H. M and Raina R. K. 

([117], p.695, eq.20 or 21).
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Part B

In this part of chapter, we evaluate three finite integrals whose integrand involving the 

product of generalized Legendre associated function  , general sequence of  xβ,α
γP

function  and Aleph ( ) - function. Next we establish three theorems as an δ,0μ,
nS 

application of our main findings and using three results of Orr and Bailey recorded in 

well-known text by Slater [100]. Further, we evaluate certain new integrals by 

applications of these theorems, which are of interest by themselves and sufficiently 

general in nature.

3.4 INTRODUCTION AND RESULTS REQUIRED 

3.4.1 THE LEGENDRE ASSOCIATED FUNCTION

B. Meulenbeld [68, p.560, equation (3)], is defined and represents Generalized 

Legendre Associated function   as follows x,P 

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where is negative integer and ,  are unrestricted.α  

If we substitute in (3.4.1), then  becomes the associated Legendre   x,P 


Function  given by Glasser [27, p. 999, Eq. (8.704)] and also if we put  xP
 0

in (3.4.1) then  reduces to known result Rainville [84, p.166, Eq.2]. x,P 


The following three results will be needed in this chapter. 
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(B)  Sneddon [101, p.61, Eq.2.16 (ii)], given
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(C)  Sneddon [101, p.61, Eq 2.16 (iii)],given
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3.5 MAIN RESULTS 
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3. Equation (0.4.3).

Proof:- 

To prove the above integral, first of all we write the generalized polynomial set  

 in its series form with the help of (3.1.4), Generalized Legendre function with  x0,,
nS 

the help of (3.4.1) and expressing Aleph ( ) function in terms of Mellin- Barnes type 

integral with the help of equation (0.4.1) in the left hand side of (3.5.1) and change the 

order of integration and summation (which is permissible under the condition stated), 

then we get 

 



Chapter 3

90

     
    
















 2
x1;2

βαγ,12
βαγ

α11F2α1Γ2αx1

2βx12βx11σx1
1

0

1ρx

    
 

 


 








 





nm

0η

η

0γ !η!γ
nm

wγξnqμ
γη

nmnmnqvx1uxy ll
l

        dxds
s

kx1hxz
L

sNM,
r;iτ,iQ,iPΩ

i2π
1

η
wvx1uxyδ






  

 

 

 α1Γ
1ηδ

nm

0η

η

0γ !η!γ
nm

wγξnqμ
γη

nmwη'Ry




 








 


   ll

 

  ,xxx

x

d
2

1;2,12
11F2

1ksvw'vR21

1

0

1shwu'Rudssz
L

sNM,
r;iτ,iQ,iPΩ

i2π
1



















 

then the above integral can be evaluated with the help of  the known result (3.4.3), we 

get

 

 




 








 


   1

1nm

0η

η

0γ !η!γ
nm

wγξnqμ
γη

nmw'Ry ll

 






 


  ksvwη'vR

2
ασ,hsuwη'uRρBdssz

L
sNM,

r;iτ,iQ,iPΩ
i2

1

,
2
1;

kswv'vR2
ασ,2

βαγ,12
βαγ

k)sh()wη'R()vu(2
ασρ;α12F3











 






Chapter 3

91

after a little Simplification and rearranging the result , we get the required result in 

terms of Aleph-function. 

3.5.2 SECOND INTEGRAL
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The integral is valid under following conditions 

(not both zero simultaneously),0k0,h0,v0,u;0α.1 

,0
jB
jb

Remink)
2

1Re(,0
jB
jb

Reminh)
2

1Re(.2
Mj1Mj1




































































3. Equation (0.4.3).
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Proof: To prove the above integral, first of all we write the generalized polynomial set  

 in its series form with the help of (3.1.4), Generalized Legendre function with  x0,,
nS 

the help of (3.4.1) and expressing Aleph ( ) function in terms of Mellin- Barnes type 

integral with the help of equation (0.4.1).Now changing the order of summation and 

integration (which is permissible under the condition stated) and evaluate the integral, 

by using (3.4.2). We get the right hand side of integral (3.5.3) after a little 

simplification. 

3.5.3 THIRD INTEGRAL 
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(not both zero simultaneously),0k0,h0,v0,u;0α.1 
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3. Equation (0.4.3).

Proof:

First of all we write the Generalized Legendre function in terms of with help of 12 F

(3.4.1).  Generalized Polynomial set  in its series form using (3.1.4) and  x0,,
nS 

Aleph- function in terms of Mellin Barnes contour integral with help of (0.4.1) in the 

left hand side of (3.5.5). By changing the order of summation and integration (which is 

permissible under the condition stated) we get the following form of integral ( )
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Applying well known result (3.4.4) and expressing the function  in terms of series 2F3

and interchanging the order of summation and integration on inner most integral (3.5.7) 

after a little simplification. we get following form 
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rearranging the resulting expression in terms of Aleph function, we reached at the 

desired result (3.5.5). 
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The conditions of validity given in first integral (3.5.1) are satisfied.

Proof- 

To prove the above theorem, we use the following result given by Slater [100, p.75, 

equation (2.5.2)]
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finally, we easily reach at the required result by evaluating the integral on the right hand 

side with help of same procedure  given in the integral first.

THEOREM 2   
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The conditions of validity given in Integral first are satisfied.

Proof-  To prove the above theorem, we use the following results given by Slater [100, 

p.79,equation (2.5.27)]
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where and represented in (3.6.8) and the conditions stated in (3.5.1) are true.                                                                                                                                               I J

Proof – To prove the above theorem, we use the following results given by 

Slater [100,p 79,equation (2.5.29)]
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We easily arrive at the right hand side of (3.6.11) by proceeding on same lines to 

those of theorem 1. 

3.7 APPLICATIONS AND SPECIAL CASES

(I) If we put c=a in our Theorem 1, the value of  in (3.6.4) come out equal to 'na
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where and represented in (3.6.3).                                                                                                                                                                                      G H

II. We easily achieve the following result by putting b=c=d in theorem 2
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Again, if we substitute  in (3.7.3), it reduces to the following interesting ea 
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III. We reach at the following integral, if we substitute b=c=d in Theorem 3
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IV If we put in equations (3.5.1) , (3.5.3) and (3.5.5) respectively then Aleph 1i 

function reduce to I-function and get new special cases

 
(i) From equation (3.5.1), we get
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(ii) From equation (3.5.3), we get
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(iii) From equation (3.5.5), we get
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where and represented in (3.5.6).                                                                                                                                                                                      E F

V If we put in equations (3.5.1) , (3.5.3) and (3.5.5) respectively then 1rand1i 

Aleph function reduce to H-function and get new special cases
 

(i) From equation (3.5.1), we get
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(ii) From equation (3.5.3), we get
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where and represented in (3.5.4).  C D

                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                           
 (iii) From equation (3.5.5), we get

     




 


 k)2x1(y0,,

nSx,P1)2x1(2x1
1

0

2x1

dxPα,Pa,1α,1a

Qβ,Qb,1β,1b
h)2x1(zN,M

Q,PH






















































Chapter 3

105

 
 




 








 


  

nm

0η

η

0γ !η!γ
nm

wγξnqμ
γη

nmw'Ry ll

   
 

,Pα,Pa,1α,1a,E

F,Qβ,Qb,1β,1b
z2N,M

2Q,2PH
0t t1!tt22

t2t
1

2











 







 







 







 












































                                                                                                                                (3.7.11)                    

where and represented in (3.5.6).  E F

VI If we reduce general sequence of Polynomials   to unity and Aleph ( ) 0,,
nS  

function to Fox H function, we get known result given by Anandani [4, 9.343, Eq. 

(2.2)].

VII If we substitute , and generalized polynomial set reduce 0mq  1l 0,,
nS 

to the Gould and Hopper (A.42) in third integral (3.5.3) then we get the following 

integral

     




 


 ,,k)2x1(y)r(

nHx,P1)2x1(2x1
1

0

2x1

dxiP,1Nji,jiai,
N,1j,ja

iQ,1Mji,jibi,
M,1j,jb

h)2x1(zNM,
r;iτ,iQ,iP














































































































     
  



 







 







 







 




0t t1!tt22
t2t

1
2nm

0η

η

0γ !η!γ
nwγ-γηn(-1)wny

                             (3.7.12)

,iP,1Nji,jiai,
N,1j,ja

iQ,1Mji,jibi,
M,1j,jb

z2N,M
r;i,2iQ,2iP
















































































































     where



Chapter 3

106

                                                                                                          

                                                                                                                                                              
   

.
h,2

1
2
tkwkn1,h,2

tkwkn1L

h,tkwkn1,h,kwkn1K








































Chapter 4

107

CHAPTER- 4

FRACTIONAL DIFFERENTIAL

CALCULUS OF THE ALEPH-FUNCTION

Publication: 

 A study of generalized fractional derivative operator involving aleph -function,  

general class of multivariable polynomials and certain multiplication formulae for aleph

-function of multivariable functions, International Journal of Modern Mathematical  

Sciences, Vol. 15 (3), 2017, pp. 291-310.
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In the present chapter at first we give the definition of the fractional operators and the 

results which are needed to initiate our three theorems. First two theorems whose 

integrand involves the product of Aleph-function and multivariable’s polynomial 

 using Riemann-Liouville fractional operator and last theorem involving the kU,...,1U
VS

product of multivariable Aleph-function and multivariable’s polynomial  kU,...,1U
VS

using Generalized Saigo derivative operators. Next, we give six corollaries involving 

useful special functions specially first class of multivariable hypergeometric 

polynomial, multivariable Jacobi polynomial, multivariable Bessel polynomial. Finally, 

theorems 1 and 2 are then employed to establish two multiplication formulae for 

multivariable Aleph-function, from these multiplication formulas we can obtain a 

known and unknown multiplication formulae as their particular cases. Our Theorems 

are generalization of the results given by Dube [17], Goyal and Saxena [32], Manocha 

and Sharma [58, 59], Raina and Koul [82],  Srivastava and Goyal [108] and Bhatter [9].

4.1 DEFINITIONS

4.1.1 FRACTIONAL DIFFERENTIAL OPERATOR

In this chapter following two types of fractional operators have been used and further 

extensively.

(i) Riemann-Liouville Fractional Operator

Oldham and Spanier [75] were defined the Riemann-Liouville Fractional operator for 

function  of a complex order  can be represented as follows)z(f 

               (4.1.1)
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where m is  non - negative integer. 

Mishra [70] further generalized the (4.1.1) operator as follow

    
.μα,α

xDαkxx,α,kD 

(ii) Generalized Saigo Fractional Derivative Operator

The generalized modified fractional derivative operator due to Samko, Kilbas and 

Marichev [88] is defined as given below, if we let  Nm,Rx,,,10 
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(4.1.2)
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If we take m=1in (4.1.2) then the above operator reduces to Saigo derivative operator   

. ,,
x,0D

If we substitute  m=1 and , in the equation (4.1.2), it reduces to the well known 

Riemann-Liouville fractional derivative operator given by Miller and Ross [71], we get 

    .xfα
xDxfηβ,α,

x0,D 

RESULTS REQUIRED 

We will need the following relations in making our results.
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To establish our Theorem 3, we also need following result given by Bhatt and Raina [6]. 
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4.2 MAIN THEOREMS

Theorem 1. If convergence conditions of equation (0.4.3) are hold, then 
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Theorem 2.  If convergence conditions of equation (0.4.3) are hold, then 
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absolutely convergent.

Proof of Theorem 1

At first we use the well-known Taylor’s expansion
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Then we substitute value of  and  with the help of (0.4.1) and (0.6.2)  z kU,...,1U
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In right hand side of equation (4.2.5), we use known result (4.1.4), we obtain the 

following form

 


 









 


0n

n

0h !n!h

nxh)n(n)1(

!iR

i
iw

)kR,...,1R,V(A)V(

R
k

1i
ViRiU

0kR,...,1R
k

1i i
R

i
U




 




1m

0p )spkRkρ...1R1ρμ(
s)phkRkρ...1R1ρλ(Γ

-l
-l



Chapter 4

113

                                               (4.2.6) 
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

l

With the help of equation (0.1.3), we can also explain above result in terms of 

generalized hypergeometric function  and then we get the required result for right QFP

hand side of (4.2.1).

To prove Theorem 2 we use following result given by Dube [17] and process same as 

the theorem 1. 
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  
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                                                                               (4.2.9) .(x)pds...1dsps
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






Interchanging the order of summation and integration (which is satisfied under the 

conditions, given above) and using the binomial expansion formula is given below

                                                                               .1
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Then right hand side of (4.2.9) becomes
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By using the result (4.1.6), we easily get the required result (4.2.8), after a little 

simplification. 
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4.3 SPECIAL CASES OF THEOREMS

(i) In equation (4.2.1), if we reduce the general class of polynomial to the first class of 

multivariable hypergeomertic polynomials [(A.23)], then we obtain the following (k)
DF

corollary 1.

Corollary 1
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 where

                                                      (4.3.2)

,
1)m(μ,...,μ,μD

1)m(λ,...,λ,λC












ll

ll

here

.siRiρ
k

1i



 

The conditions of validity of (4.3.1) can be easily got from the existence conditions 

indicate with theorem 1.

(ii) In equation (4.2.1), if we reduce the general class of polynomial to Multivariable 

Jacobi Polynomial  [(A.27)], then we obtain the following corollary 2.kβ,kα;...;1β,1α
VP
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Corollary 2
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                                                                                                                                                                                                                                                                                                (4.3.3)
where are given by equation (4.3.2). DandC

The conditions of validity of (4.3.2) can be easily got from the existence conditions 

given with theorem 1.

(iii) If in equation (4.2.1), the generalized class of polynomials is reduced to 

multivariable Bessel polynomial  [(A.29)], then we obtain the following kα,...,1α

kn,...,2nV,y

corollary 3.

Corollary 3
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(4.3.4)
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 ll

ll

The conditions of validity of (4.3.4) can be easily obtained from the existence 

conditions of the theorem 2.

(iv) In equation (4.2.8), if we substitute  and , then we get the following  0

corollary 4.

Corollary 4

















 






 






 






  kσ

ξtkρ
tkY,...,1σ

ξt1ρ
t1YkU,...,1U

VS
δ

ξtwtα,0
θ,x,0D

  xpμ
ξtpλ

tpz,...,1μ
ξt1λ

t1z



















 





 






 

!iR

iR
iY

)kR,...,1RV,(A)V(ξ

k

1i
ViRiU

0kR,...,1R
k

1i i
R

i
U

k

1i iRiσννδ
k

1i iRiθw
x 






 














                       (4.3.5)                                                                                                                                                                                                                     
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The conditions of validity of (4.3.5) can be easily obtained from the existence 

conditions given with theorem 3.

(v) If we substitute  in equation (4.2.8), we obtain the following corollary 5.1
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                         (4.3.6)  
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The conditions of validity of (4.3.6) can be easily obtained from the existence 

conditions given with theorem 3.

Corollary 6

On putting  and  in equation (4.3.6), the equation (4.3.6), can be also  0
reduced to following result for the Riemann-Liouville Fractional derivative operator:
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                 (4.3.7)
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 (vi) In equation (4.2.8), if we put  and  the Aleph ( ) function reduce 1,1R  1i  

to H function then we find the known result due to Bhatter [8].
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(vii) If we put k=1 and  in equation (4.2.1) and (4.2.2), then we find the known 1)z( 

results due to Goyal and Saxena [108].

(viii) If we reduce the generalized class of polynomial to unity and  in equation 1)z( 

(4.2.1) and (4.2.2), then we arrive at known results due to Dube [17].
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4.4.1 APPLICATIONS OF THEOREM 1 AND 2 

Now we create two multiplication formulae as application of Theorem 1 and 2 

respectively. 
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with the help of equations (0.6.2), (0.5.1) and (4.1.4), we have 
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                                                                                                                                (4.4.4) 
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the asterisk  in (4.4.2) and (4.4.4) specifies that the parameters at these places are the 

same as the parameters of the multivariable’s Aleph-function (0.5.1).

Putting the values of differential operators (4.4.2) and (4.4.3) in theorem 1 and 2, 

Assuming and comparing the coefficients of  
  

both sides, 
x
ny

ny,,
x
1y

1y   iR
iw

next we replace , and , we kRkρ...1R1ρλλ  kRkρ...1R1ρμμ  σ1σ 

get the following Multiplication formula for multivariable’s Aleph-function.
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and the asterisk  in (4.4.5) and (4.4.6) specifies that the parameters at these places 

are the same as the parameters of the multivariable’s Aleph-function (0.5.1).
       

Multiplication Formula 2 




 













































1m

0p n)p1()pμ(Γ
n)pμ1()pλ(Γ

0n !n

n)1(1-σtQ
R

t1y

tny

rn,rm;...;1n,1mm,N0,

11U,R,iτ;miQ,miP ll

ll





Chapter 4

125











































 



*,*)n,1,...,1σ(

*,*),1,...,1(
ny

1y

rn,rm;...;1n,1m1,N0,

11U,R,iτ1,iQ1,iPt;)1m(nλ,...,nλ,nλ,n

)1m(nμ,...,nμ,nμ
mF1m

ll

ll

                                                                                                                                   (4.4.7)
                                                                                                                                                                         
where

               (4.4.8)                              
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and the asterisk  in (4.4.7) and (4.4.8) specifies that the parameters at these places 

are the same as the parameters of the multivariable’s Aleph-function (0.5.1).
       

4.5 SPECIAL CASES 

If we put 
 
in equation (4.4.5) and (4.4.7) then Aleph ( ) function 1Rand1i  

reduces to H function and we find a known result due to Bhatter [9]
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where

               (4.5.2)                   
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(ii) Multiplication Formula 2
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where 
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CHAPTER-5

INTEGRAL PROPERTIES OF THE ALEPH- 

FUNCTION, MULTIVARIABLE’S GENERAL 

CLASS OF POLYNOMIALS ASSOCIATED 

WITH THE FEYNMAN INTEGRALS

Publication:

On some integral properties of aleph function, Multivariable’s general class of 

polynomials associated with Feynman integrals, International Journal of Physics and 
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The aim of this chapter is to discuss certain integral properties of Aleph-function and 

multivariable’s general class of polynomials, proposed by Inayat – Hussain which 

contains a certain class of Feynman integrals. We establish two certain new double 

integrals. In first integral whose integrand involves the product of multivariable’s 

polynomials and Aleph-function and in second integral whose integrand h,...,1h
LS

involves the product of multivariable’s general class of polynomials  and 


m,...,1m
n,...,1nS

Aleph –function. Also we obtain new and known integrals as their special cases.

5.1 RESULTS REQUIRED

Edwards [18, pp.145, 177 and 243] has defined the following relations which are useful 

to find our results

(i)   
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5.2 FIRST MAIN RESULT

 (A)  In part section we derive four integrals whose kernels is product of  and h,...,1h
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Proof:- With the help of equations (0.6.2) and (0.4.1), we can write
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integrating with respect to p and q with limit 0 to 1 for both the variables 

dpdqw
pq1
q1n,m

r,i,iq,ipqw
pq1
p11

0

1

0

h,...,1h
LS

)q1()p1(
qp1

ρ

pq1
q1

σ

pq1
qp)(1





































































 

  


 



















 



1i !ik

ik
w)k,...,1k,L(AL

1i
Likih

0k,...,1k
1i ikih



Chapter 5

132

      .dqdp
q1p1

pq1s-ρ

pq1
q1ikσ

pq1
p)q(1

1

0

1

0
dssw

L
snm,

r;iτ;iq,ipΩ
2π
1












































  i

Now we use the result (5.1.1) on right hand side in above inner most integral, we get 
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after a little simplification , we obtain the required result (5.2.1).
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Likih

0k,...,1k
1i ikih

 

 
)3.2.5(.

r;ip,1njiA,jiai,
n,1jA,ja,1;1

1,ik1,
r;iq,1mjiB,jibi,

m,1jB,jb

1n,m
r,i,1iq,1ip


































































Provided that for the conditions (0.4.3) and , the above  mj1,0
jB
jb

Re 















integral is valid, where  are positive.,

Proof:- With the help of equations (0.6.2) and (0.4.1), we can write

       


 



















 



1i

ik
!ik

1)k,...,1k,L(ALwn,m
r,i,iq,ip

rh,...,1h
LS

1i
Likih

0k,...,1k
1i ikih
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(5.2.4)                                           
                              .dssw

L ip

1nj

iq

1mj
sjiBjib1ΓsjiAjiaΓ

r

1i
iτ

m

1j

n

1j
sjAja1ΓsjBjbΓ

2π
1 

 





 





 



 





 





 

 
 

 
i

Now we multiply both sides of the equation (5.2.4) by and   



  1-w1wf

integrating with respect to  and  between 0 to  for both the variables  w 

      dwdwn,m
r,i,iq,ip

0 0

h,...,1h
LS1-w1wf 

 
 

  


 



















 





1i !ik

1)k,...,1k,L(A
1i

Likih

0,...,k1k
1i ikih

L

       .dwd1sρw1ikσ

0 0
w)(fdssw

L
snm,

r;iτ;iq,ipΩ
2π
1














 

  i

Interchanging the order of integration and summation in above equation and use the 

known result (5.1.2), we have

  


 



















 



1i !ik

1)k,...,1k,L(AL
1i

Likih

0,...,k1k
1i ikih

,d
1-s-ik

)1(
0

)(f
s)-ik(

s)-()ik(











 
after a little simplification, we get the required result (5.2.3). 

            dwdw-1n,m
r,i,iq,ip1w

1

0

1

0

h,...,1h
LSw1-w-111w)3A(  
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          



 







 




d
1

0

1ik1
1i

)ikσ(Γ
!ik

1)k,...,1k,L(AL
1i

Likih

0k,...,1k
1i ikih

 
 

 
)5.2.5(.

r;ip,1njiA,jiai,
n,1jA,ja,1;1

1,ik1,
r;iq,1mjiB,jibi,

m,1jB,jb
11n,m

r,i,1iq,1ip

































































Provided that for the conditions (0.4.3) and , the above  mj1,0
jB
jb

Re 















integral is valid, where  are positive.,

                                                                                                                                                         
Proof: - With the help of the equations (0.6.2) and (0.4.1), we can write

 

    w1n,m
r,i,iq,ip1w

h,...,1h
LS 

     


 



















 



1i

ik1w
!ik

1)k,...,1k,L(AL
1i

Likih

0,...,k1k
1i ikih

               (5.2.6)                 
                                  .dssw1

L ip

1nj

iq

1mj
sjiBjib1ΓsjiAjiaΓ

r

1i
iτ

m

1j

n

1j
sjAja1ΓsjBjbΓ

2π
1 

 





 





 



 





 





 

 
 

 
i

Now we multiply both sides of equation (5.2.6) by  and        w1-w-111w

integrating with respect to  and   with limit 0 to 1 for both the variables  w

            dwdw-1n,m
r,i,iq,ip1w

1

0

1

0

h,...,1h
LSw1-w-111w  
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  


 



















 



1i !ik

1)k,...,1k,L(AL
1i

Likih

0,...,k1k
1i ikih

      .dwdik
w1sρw11ikσ1

1

0

1

0
w)(ds

L
snm,

r;iτ;iq,ipΩ
2π
1














  i

Interchanging the order of integration and summation in above equation and use the 

known result (5.1.3), we get 

  


 



















 



1i !ik

1)k,...,1k,L(AL
1i

Likih

0,...,k1k
1i ikih

,d
1s-ik

)1(
1

0
)(

s)-ik(

s)-()ik(








 

after a little simplification, we obtain the required result (5.2.5).

 
 

    dqdpw
pq1

p1qn,m
r,i,iq,ippq1

p1q1

0

1

0

h,...,1h
LS

p1
1

ρ

pq1
q1

σa

pq1
p1q)4A(





































































 

   


 



















 



1i !ik

11Γ)k,...,1k,L(AL
1i

Likih

0k,...,1k
1i ikih

 

 
)7.2.5(.

r;ip,1njiA,jiai,
n,1jA,ja,1;ika1

1,ika,
r;iq,1mjiB,jibi,

m,1jB,jb
w1n,m

r,i,1iq,1ip

































































 Provided that for the conditions (0.4.3) and , the above  mj1,0
jB
jb

Re 















integral is valid, where  are positive.,,a
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Proof:- With the help of equations (0.6.2) and (0.4.1), we can write

   





















 w

pq1
p1qn,m

r,i,iq,ippq1
p1qh,...,1h

LS

    


 






























 



1i

ik

pq1
p1q

!ik
1)k,...,1k,L(AL

1i
Likih

0k,...,1k
1i ikih

       

(5.2.8)                           
  .ds

s
w

pq1
p1q

L ip

1nj

iq

1mj
sjiBjib1ΓsjiAjiaΓ

r

1i
iτ

m

1j

n

1j
sjAja1ΓsjBjbΓ

2π
1















 





 





 



 





 





 

 
 

 
i

Now we multiply both sides of equation (5.2.8) by and  
  












































p1

1
ρ

pq1
q1

σa

pq1
p1q

integrating with respect to p and q with limit 0 to 1 for both the variables 

 
 

    dpdqw
pq1

p1qn,m
r,i,iq,ippq1

p1q1

0

1

0

h,...,1h
LS

p1
1

ρ

pq1
q1

σa

pq1
p1q





































































 

  


 



















 



1i !ik

1)k,...,1k,L(AL
1i

Likih

0,...,k1k
1i ikih

     dqdp
p1

1
ρ

pq1
q1

sikσa

pq1
p)q(1

1

0

1

0
dssw

L
snm,

r;iτ;iq,ipΩ
2π
1
































  i

  


 



















 



1i !ik

1)k,...,1k,L(AL
1i

Likih

0,...,k1k
1i ikih
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     .dqdp
p1

1
1-1)(ρ

pq1
pqq1

sikσ

pq1
pqq

1

0

1

0
dssw

L
snm,

r;iτ;iq,ipΩ
2π
1




































  i

Interchanging the order of integration and summation in above equation and use the 

known result (5.1.1), we get 

  


 



















 



1i !ik

1)k,...,1k,L(AL
1i

Likih

0k,...,1k
1i ikih

  
)sika1(

)1()sika(
dssw

L
snm,

r;iτ;iq,ipΩ
2π
1



 i

after a little simplification , we obtain the required result (5.2.7).

5.3 SECOND MAIN RESULT

(B)  If we use the multivariable’s general class of polynomials by (0.6.3) and Aleph-

function (0.4.1), then we also get new results

dpdqw
pq1
q1nm,

r,iτ,iq,ipwq
pq1
p11

0

1

0

νm,...,1m
νn,...,1nS

)q1()p1(
pq1

ρ

pq1
q1

σ

pq1
p)q(1)1B(





































































 

 
 






]νmνn[

0νk

ν

1i
)ikσ(Γik

w
ik,inA

!ik
ikim)in(-]1m1n[

01k
...

 

 
)1.3.5(.

r;ip1,njiA,jiaiτ,
n1,jA,ja,1;ρ1

1,ρσik1,
r;iq1,mjiB,jibiτ,

m1,jB,jb
w1nm,

r,iτ,1iq,1ip

































































 Provided that for the conditions (0.4.3) and , the above  mj1,0
jB
jb

Re 















integral is valid, where  are positive.,
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Proof: - With the help of equations (0.6.3) and (0.4.1), we can write

           






















 w
pq1
q1n,m

r,i,iq,ipwq
pq1
p1m,...,1m

n,...,1nS

        

 
  




























]νmνn[

0νk

ν

1i

ik
wq

pq-1
p-1

ik,inA
!ik

ikim)in(-]1m1n[

01k
...

         

(5.3.2)         
.ds

s
w

pq1
q1

L ip

1nj

iq

1mj
sjiBjib1ΓsjiAjiaΓ

r

1i
iτ

m

1j

n

1j
sjAja1ΓsjBjbΓ

2π
1














 





 





 



 





 





 

 
 

 
i

Now we multiply both sides of equation (5.3.2) by and 
   












































q1p1
pq1

ρ

pq1
q1

σ

pq1
p)q(1

integrating with respect to p and q with limit 0 to 1 for both the variables.  Interchanging 

the order of integral and summation and use the known result (5.1.1) in obtain equation, 

we get the required result (5.3.1), after little simplification.

      dwdwn,m
r,i,iq,ip

0 0

m,...,1m
n,...,1nS1-w1wf)2B( 

 



 

        

  
 


 




   d
0

1ik
f

]νmνn[

0νk

ν

1i
)ikσ(Γ

ik,inA
!ik

ikim)in(-]1m1n[

01k
...

         

 

 
)3.3.5(.

r;ip,1njiA,jiai,
n,1jA,ja,1;1

1;ik1,
r;iq,1mjiB,jibi,

m,1jB,jb

1n,m
r,i,1iq,1ip


































































Provided that for the conditions (0.4.3) and , the above  mj1,0
jB
jb

Re 















integral is valid, where  are positive.,
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Proof:- With the help of equations (0.6.3) and (0.4.1), we can write

      
  



















]νmνn[

0νk

ν

1i

ik
η

ik,inA
!ik

ikim)in(-]1m1n[

01k
wnm,

r,iτ,iq,ipηνm,...,1m
νn,...,1nS ...

                 

(5.3.4)  
  .dssw

L ip

1nj

iq

1mj
sjiBjib1ΓsjiAjiaΓ

r

1i
iτ

m

1j

n

1j
sjAja1ΓsjBjbΓ

2π
1 

 





 





 



 





 





 

 
 

 
i

Now we multiply both sides of equation (5.3.4) by and   



  1-w1wf

integrating with respect to  and  between 0 to    for both the variables.  w 

Interchanging the order of integral and summation and use the known result (5.1.2) on 

obtain equation, we get the required result (5.3.3), after little simplification.

           dwdηw-1nm,
r,iτ,iq,ipη1w

1

0

1

0

m,...,1m
n,...,1nSσw1-ρw-11ση1ηwψ)3B( 


 

    



 




   d
0

1ik1f
]νmνn[

0νk

ν

1i
)ikσ(Γ

ik,inA
!ik

ikim)in(-]1m1n[

01k
...

  
 

 
)5.3.5(,

r;ip,1njiA,jiai,
n,1jA,ja,1;1

1;ik1,
r;iq,1mjiB,jibi,

m,1jB,jb
11n,m

r,i,1iq,1ip

































































Provided that for the conditions (0.4.3) and , the above  mj1,0
jB
jb

Re 















integral is valid, where  are positive.,

Proof:- With the help of equations (0.6.3) and (0.4.1), we can write

             
    w1n,m

r,i,iq,ip1w
m,...,1m

n,...,1nS 

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   
  




















]νmνn[

0νk

ν

1i
ik-1w

ik,inA
!ik

ikim)in(-]1m1n[

01k
...

                 
(5.3.6)

  ,dssw-1
L ip

1nj

iq

1mj
sjiBjib1ΓsjiAjiaΓ

r

1i
iτ

m

1j

n

1j
sjAja1ΓsjBjbΓ

2π
1 

 





 





 



 





 





 

 
 

 
i

Now we multiply both sides of equation (5.3.6) by and        w1-w-111w

integrating with respect to  and   between 0 to 1 for both the variables, now  w

interchanging the order of integral and summation and use the known result (5.1.3) in 

obtain equation, we get the required result (5.3.5), after little simplification.

 
 

    dqdpw
pq1

p1qn,m
r,i,iq,ippq1

p1q1

0

1

0

m,...,1m
n,...,1nS

p1
1

ρ

pq1
q1

σa

pq1
p1q)4B(





































































 

 
 






]νmνn[

0νk

ν

1i
)1(Γ

ik,inA
!ik

ikim)in(-]1m1n[

01k
...

 

 
)7.3.5(,

r;ip,,1njiA,jiai,
n,1jA,ja,1;ika1

1,ika,
r;iq,1mjiB,jibi,

m,1jB,jb
w1n,m

r,i,1iq,1ip

































































Provided that for the conditions (0.4.3) and , the above  mj1,0
jB
jb

Re 















integral is valid, where  are positive.,,a

Proof: - With the help of (0.6.3) and (0.4.1), we can write
   
























 w
pq1

p1qn,m
r,i,iq,ippq1

p1qm,...,1m
n,...,1nS



Chapter 5

141

  
  































]νmνn[

0νk

ν

1i

ik

pq1
p1q

ik,inA
!ik

ikim)in(-]1m1n[

01k
...

   

(5.3.8)
  ,ds

s
w

pq1
p1q

L ip

1nj

iq

1mj
sjiBjib1ΓsjiAjiaΓ

r

1i
iτ

m

1j

n

1j
sjAja1ΓsjBjbΓ

2π
1















 





 





 



 





 





 

 
 

 
i

Now we multiply both sides of equation (5.3.8) by and  
  












































p1

1
ρ

pq1
q1

σa

pq1
p1q

integrating with respect to p and q with limit 0 to 1 for both the variables, now 

interchanging the order of integral and summation and use the known result (5.1.1) on 

obtain equation, we get the required result (5.3.7), after little simplification.

5.4 SPECIAL CASES

1. If we choose 
 
in equation (5.3.1), (5.3.3), (5.3.5) and (5.3.7) then Aleph –1iτ 

function reduces to I-function we find the known result due to Agrawal [3]

dpdqw
pq1
q1nm,

r,iq,ipIwq
pq1
p11

0

1

0

νm,...,1m
νn,...,1nS

)q1()p1(
pq1

ρ
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q1

σ

pq1
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

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



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
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


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
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


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
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


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





 

         

 
 






]νmνn[

0νk

ν

1i
)ikσ(Γik

w
ik,inA

!ik
ikim)in(-]1m1n[
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...

                       

          

              

 

 
)1.4.5(,

r;ip1,njiA,jia,
n1,jA,ja,1;ρ1

1,ρσik1,
r;iq1,mjiB,jib,

m1,jB,jb
w1nm,

r,1iq,1ipI






















































      dwdwn,m
r,iq,ipI

0 0

m,...,1m
n,...,1nS1-w1wf)2C( 

 



 
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  
 


 




   d
0

1ik
f

]νmνn[

0νk

ν

1i
)ikσ(Γ

ik,inA
!ik

ikim)in(-]1m1n[
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 

 
)2.4.5(,

r;ip,1njiA,jia,
n,1jA,ja,1;1

1;ik1,
r;iq,1mjiB,jib,

m,1jB,jb

1n,m
r,1iq,1ipI





































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

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1

0

1

0

m,...,1m
n,...,1nSσw1-ρw-11ση1wηψ)3C( 


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    

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   

 
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r;ip,1njiA,jia,
n,1jA,ja,1;1
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r;iq,1mjiB,jib,
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11n,m

r,1iq,1ipI












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









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
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

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2. If we put and in equation (5.3.1), (5.3.3), (5.3.5) and (5.3.7) then Aleph –1iτ  1r 

function reduce to H-function then we find the known result due to Agrawal [3]
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6. If we choose   1,1mB,1,1mb,11B,01b,2iq,1m,1,0ipn,1i

    in our  results (5.3.1), (5.3.3), (5.3.5) and  (5.3.7) then reduce to given results due to  

   Agrawal [3].
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CHAPTER-6

FRACTIONAL INTEGRAL 

TRANSFORMATIONS OF 

THE ALEPH-FUNCTION

Publication:

Fractional integral transformations of Mittag- Leffler type E-function with 

Multivariable Polynomial and Aleph function, International journal of mathematical 

Archive, 8(5), (2017), 1-11. 
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In the present chapter, we study about different types of fractional integral 

transformations. At first we derive Riemann-Liouville fractional integral transformation 

of the E-function, Multivariable polynomial and Aleph function then we obtain various 

new and known special cases. Finally establish Erdelyi- Kober fractional integral 

transformation and generalized fractional integral transformation of the E-function, 

Multivariable polynomial and Aleph function respectively then we get many new and 

known special cases. 

6.1 DEFINITIONS

6.1.1 RIEMANN-LIOUVILLE FRACTIONAL INTEGRAL TRANSFORM

Samko, Kilbas and Marichev [88] define the Riemann-Liouville fractional integral 

operator as follows)x()cI( 


                                                            (6.1.1),dt
x

c
)t(1)tx(1)x)(cI(  






where   0.θRndaCθ 

6.1.2 ERDELYI-KOBER FRACTIONAL INTEGRAL TRANSFORM

Samko, Kilbas and Marichev [88] define the Erdelyi-Kober fractional integral operator 

  as follows(x))θη,
0( 

                                                     (6.1.2)        ,dttf
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where     0.θRand0ηR;Cθ,η 

6.1.3 THE GENERAL MULTIVARIABLE POLYNOMIAL

Srivastava and Garg [107, p.686, eq. (1.4), (1987)], introduced the Multivariable 

polynomial  in the following manner l
l x,...,1x

U,...,1U
VS

                   (6.1.3)                                          ,
!

ix
)R,...,1RV,(A

1i
ViRiU

0R,...,1R
1i iRiU

V)x,...,1x(
U,...,1U

VS
iR

iR

l

l

l
ll

l 





 






Chapter 6

149

where 
 

an arbitrary positive integers ,  and the coefficients lU,...,1U …0,1,2=V

 
are arbitrary constants (real or complex).)R,...,1R,V(A l

6.1.4 ALEPH - FUNCTION IN SERIES  )(

Chaurasia [15] has given the series representation of the Aleph function
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6.1.5 MITTAG- LEFFLER TYPE E-FUNCTION

 Bhatter and Faisal [7], have defined a M-L type E-function in the following way
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

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
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        (6.1.6)                        
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 
,

βnαΓ
kr

nkp)kδ(...
2r

n2p)2δ(
1r

n1p)1δ(

τanzρn1
hs

nhq)hγ(...
2s

n2q)2γ(
1s

n1q)1γ(


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
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where  0iq,0)j(R,0)i(R,0)(R,0)(R,Cj,i,,,z 

    or
h

0i

k

1j
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






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
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
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
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
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
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


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
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k.1,2,...,j;h1,2,...,ihere 
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 6.1.6 RESULTS REQUIRED

    (i)                    (6.1.8),1nm)ab(
)nm(
)n()m(dz1n)zb(1m)a-(z

b

a







   (ii)                               (6.1.9).1nm)b(
)nm(
)n()m(dz1n)zb(1m)(z

b

0







6.2 THE IMAGE OF ALEPH -FUNCTION UNDER THE RIEMANN – 

LIOUVILLE (R-L) OPERATOR  
cI

Theorem 1. If convergence condition of (6.1.3), (6.1.6) and (6.1.4) are satisfied also 

 and , then the R-L transform of the  Multivariable polynomial , - C   0R  
cI 

function and Aleph function is
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

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 
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l
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
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

 

 


 

l

      (6.2.1)                               .
a,1)1,gG,η(τ,h1,)i,siq,i;(γ)aρ,(

a,1)1,gG,ηθ(τ,k1,)jr,jp,j(δ;),(
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iR
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



























l

l

Proof:-With the help of equations (6.1.3), (6.1.6) and (6.1.4), we can give the R-L 

transform of the Multivariable polynomial, -function and Aleph function as 
cI 

follows
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          xctNM,
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
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
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
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          
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where
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                                                                                                                                  (6.2.3)

6.2.1 SPECIAL CASES OF THEOREM 1

I. In the equation (6.2.1), if we substitute  1jr,0is,1a,0,1mk,0,0h 

then we get R-L transform   of the “multiindex M-L type functions” (0.8.4), as 
cI

follows  
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(6.2.4)

II. In the equation (6.2.1), if we substitute  1jr,0is,1a,0,mk,0,1h 

then we get R-L transform   of the M-L type function (0.8.5), as follows
cI
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         (6.2.5)
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III. In the equation (6.2.1), if we substitute  1jr,0is,a,0,1k,M,0h 

then we get R-L transform   of the M-L type function (0.8.6), as follows
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                                                                                                                               (6.2.6)     

IV. If we put multivariable polynomial and Aleph function is unity in (6.2.1), (6.2.4), 

(6.2.5) and (6.2.6) then we get the known results due to Bhatter [7, equations (4.2.1) , 

(4.2.5) , (4.2.6) and (4.2.7) respectively ].
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(6.2.8)
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(iii)      
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

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                (6.2.9)
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
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6.3. THE IMAGE OF ALEPH- FUNCTION UNDER ERDELYI- KOBER (E-K) 

OPERATOR  
 ,

0

Theorem 2. If convergence conditions of (6.1.3), (6.1.6) and (6.1.4) are satisfied also 

 then the E-K transform  of the Multivariable 0)(R,C,    0Rand 


 ,
0

polynomial, E-function and Aleph function is
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

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          (6.3.1)
.
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
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Proof: With the help of equations (6.1.3), (6.1.6) and (6.1.4), we establish the E-K 

transform  of the Multivariable polynomial, -function and Aleph function as 
 ,

0 

follows
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
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(6.3.2)

With the help of known result (6.1.9), right hand side of equation (6.3.2) change in the 
following form
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                                                                                                                                (6.3.3)                           

After little simplification, we get the required result (6.3.1).  

6.3.1 SPECIAL CASES OF THEOREM 2 

I. In the equation (6.3.1), if we substitute  1jr,0is,1a,0,1mk,0,0h 

then we get E-K transform   of the M-L type function (0.8.4), as follows ,
0
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(6.3.4)

II. In the equation (6.3.1), if we substitute  1jr,0is,1a,0,mk,0,1h 

then we get E-K transform   of the M-L type function (0.8.5), as follows
 ,

0

     xtNM,
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                                                                                                                                   (6.3.5) 

III. In the equation (6.3.1),if  we substitute  1jr,0is,a,0,1k,M,0h 

then we get E-K transform   of the M-L type function (0.8.6), as follows ,
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                                                                                                                                 (6.3.6)
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IV. If we substitute multivariable polynomial and Aleph function is unity in equations 

(6.3.1), (6.3.4), (6.3.5) and (6.3.6) then we get the results due to Bhatter  [7, equations 

(4.3.1) , (4.3.5), (4.3.6) and (4.3.7) respectively] 
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6.4 THE IMAGE OF THE ALEPH- FUNCTION UNDER THE GENERALIZED 

INTEGRAL OPERATOR

Theorem 3 If convergence condition (6.1.3), (6.1.6) and (6.1.4) are fulfilled also 

 and then   0R,0)(R,0)(R,C,,  R,x,t 
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Proof: we put value of multivariable polynomial, Aleph function and E- function by 

using the equations (6.1.3), (6.1.4) and (6.1.6) respectively, the left hand side of 

equation (6.4.1), we get
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By using known result (6.1.8) and

 

after little simplification we get the required result 

(6.4.1).                        

Corollary 1 If we put  in theorem 3, then we get0t 
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(6.4.3)
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Corollary 2
 
If we put  in theorem 3, then we get1,0t 



Chapter 6

162

    zdzNM,
r,i,ci,QiP)

R
z,...,1R

z(
U,...,1U

VSσzh
kEτ

x

0

1θz  ll

  

 
 

GB!g

(s)NM,
r,ic,iQ,iPΩg1

0g!R
1

!1R
1)R,...,1RV,(A

M

1G

1i
ViRiU

0R,...,1R
1i iRiU

V




  








 




l
l

l

l
l



 

 

 
.

,1)a,gG,η(,h1,)is,iq,i(γ;aρ,

,1)a,gG,η1(,k1,)jr,jp,j(δ;,
|x1h

1kEτ
1i

iR

1i
iR

g,G1i iR

g,G1i iR

x

































































l

ll

l

                                                                                                                                   (6.4.4)   

 6.4.1 SPECIAL CASES OF THEOREM 3

I. If we substitute  in the equation (6.4.1), 1jr,0is,1a,0,1mk,0,0h 

we get general integral transform of the M-L type function (0.8.4), as follows
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II. In the equation (6.4.1), if we substitute  1jr,0is,1a,0,mk,0,1h 

then we get general integral transform of the M-L type function (0.8.5), as follows
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III. In the equation (6.4.1), if we substitute  1jr,0is,a,0,1k,M,0h 

then we obtain general integral transform of the M-L type function (0.8.6), as follows
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IV. If we put multivariable polynomial and Aleph function is unity in (6.4.1), (6.4.4), 

(6.4.5) and (6.4.6) then we get the results due to Bhatter [7, equation (4.4.1) , (4.4.7) , 

(4.4.8) and (4.4.9) respectively]
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APPENDIX-A

THE GENERAL CLASS OF POLYNOMIALS   
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VS
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τδ,μ,
nS



Appendix A

168

PART-A

A GENERAL CLASS OF POLYNOMIALS

The general class of polynomials introduced by Srivastava [104] (see also [105] and 

[106]) is defined as the following way:

                                                    (A.1) 
  

2,...;1,0,V,Rx
!R

RV,AURV
xU

VS
UV

0R



 



where the coefficients 
 
are arbitrary constants, real or complex and U is an R,VA

arbitrary positive integer.

SPECIAL CASES OF THE POLYNOMIALS  xU
VS

The general class of polynomials can be reduced to the generalized hypergeometric 

polynomials and the classical orthogonal polynomials, on considerably specializing of 

the coefficients 
 
present in (A.1) which is cited in the chapter referred to above.

 R,VA

 (i) Hermite Polynomial

   If we put in (A.1), we have R1)(RV,A,2U 

         
,                                                                               (A.2)  
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x2
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VH2
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where  is the Hermite polynomial Szego [127, p.106, Eq. (5.5.4)] , define as ]x[VH

follows
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(ii) The Jacobi Polynomial
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       .                                                                                   (A.3)   2x-1),(
VPx1

VS 

Szego [127, p.68, Eq. (4.3.2)] defined the Jacobi polynomials , which is define as),(
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also the polynomials  defined by (A.1) can also be reduced to several special ]x[U
VS

cases of the Jacobi polynomials  for example, the Legendre polynomials , ),(
VP  )x(VP

the Tchebychef polynomials , the Gegenbauer polynomial  and 
 

)x(VT )x(v
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of the first and second kinds
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(iii) The Laguerre Polynomial 

On assuming  in (A.1), we have
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Szego [127, p.101, Eq. (5.1.6)] defined the Laguerre polynomial  , as follows x)(
VL 

               .xα;V;11F1!V
Vα)(1

x)(
VL 




 (iv) The Bessel Polynomial

Considering  in (A.1) ,R1)V(αRV,A,1U 

      .                                                                                    (A.9)    ,x,Vyx1
VS

Krall and Frink [53, p.108, Eq. (34)] defined the Bessel polynomial 
 
as  ,x,Vy

follows

          
 

.x;1;-VαV;0F2

RV

0R

x
!R

R1)V(αRV)(
,x,Vy


























 

 (v) The Gould and Hopper Polynomial (Generalized Hermite Polynomial)

     Considering  in (A.1), we have1V,RA 

             .                                                    (A.10)  
























 h,

U1

x
hU

Vg
UV

h
xxU

VS

Gould and Hopper [29, p.58, Eq. (6.2)] defined Gould and Hopper polynomials 

 , as follows  h,xU
Vg

        

 
 

.
U

x
Uh;;V);U(0FU

Vx

UV

0R
Rh

!R)U-(V!R
!Vh,xU

Vg URVx























 
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(vi)The Brafman Polynomial

Considering  ),1.A(in
R)q(...R)1(
R)p(...R)1(

R,VA





                                                           (A.11)  .UUx;qβ,...,1β;pα,...,1αU
VxU

VS 





Brafman [11, p.186] defined the Brafman polynomial, as follows 

      
,x;qβ,...,1β;pα,...,1α,V);U(pFpUx;qβ,...,1β;pα,...,1αU

V 



 





here constrict the array of U parameters the set V);U( 1U,
U

1UV,...,
U

1V,
U
V




 being unoccupied.   V);0(

 (vii) The Konhauser Biorthogonal Polynomial

   If we substitute   ,  1U  ,)1.A(in
)Rk1(
)Vk1(

!V
1

R,VA





                                                                                          (A.12)  .)k;k1x(VZx1
VS 

Konhauser [51, p.304, Eq. (5)] defined the biorthogonal polynomial, as follows

.
k

k
x;V

);1;k(kF1!V
kV)1(

)Rk1(

RkxV
R

V

0R

R)1(
!V

)kV1()k;x(VZ







































 

(viii) Shively Polynomial 

Putting ,  1U  ),1.A(in
R)q(...R)1(R)V(

R)p(...R)1(

!V
V)V(

R,VA





       
                                                                                            (A.13)    .x)(

VSxU
VS 

Srivastava and Manocha [110, p.187, Eq. (49); 13, p. 54] defined the Shively 

polynomial , as follows x)(
VS 

     

  .x
;pα,...,1α,V

;qβ,...,1β,V1qF1p!V
V)V(

x)(
VS















 





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(ix) Bateman Polynomials 

(a) Substituting   ,  1U  ,
!R!R
R)V1(

R,VA




                                                                                                   (A.14)   .xVZx1
VS 

Srivastava and Manocha [110, p.183, Eq. (42); 1, pp.574 & 575] defined the Bateman 

polynomial , as follows xVZ

  ,x
;1V,V

;1,12F2xVZ












 


(b)  Assuming     ,  1U  ),1.A(in
)R1

2
()1R(

)V1
2

(

!V
1

R,VA











      
                                                                          (A.15)  ,)x(),(

VJ2xxU
VS 

where 

      

.2x;V

;1
2

,12F1)1(
xV

2
V)x(),(

VJ






































 




(x) Cesaro Polynomial 

      Considering  ,
R)Vs(!V

!RV1)s(
RV,A,1U






         .                                                                                          (A.16)   x(s)
Vgx1

VS 

Srivastava and Manocha [110, p.449, Eq. (20)] defined the Cesaro polynomial ,  x(s)
Vg

as follows

         .x
;1,V

;Vs1F2
sV

V
x(s)

Vg












 













 
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(xi) Generalized Hypergeometric Polynomial by Fasenmyer  

    Putting  ,
R)q(...R)1(!RR)21(
R)p(...R)1(V1)V(

RV,Aand1U





                                                                    (A.17)  .x;qβ,...,1β;pα,...,1αVfxU
VS 





Srivastava and Manocha [110, p.182, Eq. (41); 6, p.806, Eq. (1)] defined the 

Generalized Hypergeometric polynomial , as follows



 x;qβ,...,1β;pα,...,1αVf

     

.x
;pα,...,1α,1V,V

;qβ,...,1β,1,212qF2px;qβ,...,1β;pα,...,1αVf














 







(xii) Krawtchouk Polynomial 

Taking )1.A(in,
R)N(
R)y(

RV,A,1U





      
                                                                                  (A.18)

                                                                                          
  .N;1-xy,VKx1

VS 





Srivastava and Manocha [110, p.75, Eq. (2)] defined Krawtchouk polynomial 

, as follows N;xy,VK

Where   ,1x
;y,V

;N1F2N;xy,VK












 



.N,...,1,0y,1x0 

(xiii) Meixner Polynomial 

Considering )1.A(in,
R)(
R)y(

RV,A,1U





                                                                              (A.19)  .1)x1(,y;VMx1
VS 



 
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Srivastava and Manocha [110, p. 75, Eq. (3)] defined Meixner polynomial , )x,,y(vM 
as follows

  ,1x1
;y,V

;1F2x;y,VM












 




     .0,N,...,1,0y,1x0 

(xiv) Gottlieb Polynomial 

If we put )1.A(in,
!R
R)y(

RV,A,1U




                                                                      (A.20)   .)x1(logy;VIV)x1(x1
VS 

Srivastava and Manocha [110, p.185, Eq. (47); 7, p. 454.Eq. (2.3)] defined by Gottlieb 

Polynomial , as follows)t,y(VI

  .)te1;1;y,V(1F2
Vtety;VI 

The Polynomials   can also be reduced to other hypergeometric polynomials ]x[U
VS

such as extended Jacobi polynomials [117, part I, p. 24 ; 117, Part II, p. 106, Eq. (1.3)] 

and their generalizations [116,p.471,Eqs. (4.2) and (4.3)] and [113, Part II, p. 107, Eq. 

(1.11); 22, Part II, p.108, Eq. (1.17)] etc. 

For more details, one can also refer to papers by Srivastava and Singh [122, pp. 158-

162] and Srivastava and Garg [107, p.686].
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MULTIVARIABLE ANALOGUE OF  xU
VS

Srivastava and Garg [107, p.686, eq. (1.4)] have defined the multivariable polynomial  

as follows

            ,!kR

kR
kx

...!1R

1R
1x

)kR,...,1R,V(A)kx,...,1x(kU,...,1U
VS

k

1i
ViRiU

0kR,...,1R k

1i i
R

i
U

V





 




                                                                                                                               (A.21)

where the coefficients are  are arbitrary constants (real or complex) and)kR,...,1RV,(A

arbitrary positive integers. The class of multivariable kU,...,1Uand…0,1,2=V

polynomials can be reduced to several multivariable polynomials by suitably 

specializing the coefficients 
 
, occurring in (A.21), defined by different )kR,...,1RV,(A

authors.

(a) Multivariable Hypergeometric Polynomials )k(
DF

In (A.21), if we consider 

            

,

kkR...11R)(
kkR)k(...

11R)1(
)kR,...,1RV,(A







then

 

                  (A.22)
 .kx,...,1x;)i,(;)i,i(:)iU:V()k(

DF)kx,...,1x(kU,...,1U
VS 

Srivastava and Manocha  [110, pp. 462-463, Eq. 9.4 (4)] defined the first class of 

multivariable hypergeometric polynomials  , as follows )k(
DF

 kx,...,1x;)i,(;)i,i(:)iU:V()k(
DF 
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              (A.23)  .!kR

kR
kx

...!1R

1R
1x

kkR...11R)(
kkR)k(...

11R)1(
k

1i
ViRiU

0kR,...,1R k

1i i
R

i
U

V



 






 




(b) Generalized Lauricella Polynomial

      

In (A.21), if we consider

,
kN

1s kR)k(
s

)k(
s

1N

1s 1R)1(
s

)1(
s

kM

1s kR)k(
s

)k(
s

1M

1s 1R)1(
s

)1(
s

N

1s kR)k(
s...1R)1(

s

)s(

M

1s kR)k(
s...1R)1(

s

)s(

)kR,...,1RV,(A

...

...









 






 

 






 

 








 








 


 




then

  ),kU,...,1U:V(1x

kx

kM,...,1M;1M

kN,...,1N;NFkx,...,1xkU,...,1U
VS

















                      
.kM,1

)k(
s;)k(

s,...,
1M,1

)1(
s;)1(

s;
M,1

)k(
s,...,)1(

s;s

kN,1
)k(

s;)k(
s,...,

1N,1
)1(

s;)1(
s;

N,1
)k(

s,...,)1(
s;s 















 






 






 







 






 






 

                                                                                                                               (A.24)

Srivastava and Daoust [106, p.454] defined the polynomial form of kM,...,1M;1M

kN,...,1N;NF


generalized Lauricella function, as follows 
















 






 






 







 






 






 










 kM,1

)k(
s;)k(

s,...,
1M,1

)1(
s;)1(

s;
M,1

)k(
s,...,)1(

s;s),kU,...,1U:V(

kN,1
)k(

s;)k(
s,...,

1N,1
)1(

s;)1(
s;

N,1
)k(

s,...,)1(
s;s,

1x

kx

kM,...,1M;1M

kN,...,1N;NF

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 






 

 







 


 N

1s kR(k)
sψ...1R(1)

sψ
)sγ(

M

1s kR(k)
sφ...1R(1)

sφ
)sβ(

k

1i
ViRiU

0kR,...,1R k

1i i
R

i
U

V

                                  

                              (A.25).
k

1i
!iR

iR
ix

kN

1s kR(k)
sλ

(k)
sγ...

1N

1s 1R(1)
sλ

(1)
sγ

kM

1s kR(k)
sδ

(k)
sβ...

1M

1s 1R(1)
sδ

(1)
sβ














































(c) Multivariable Jacobi Polynomial 

In (A.21) if we take  and 1kU1U  

 
,

k

1i iR)iα1(

k

1i iR)Viiα1(

k!V

k

1i
V)iα1(

)kR,...,1RV,(A
















then 

                         (A.26)  .kx21,...,1x21k,k...;;1,1
VP)kx,,1x(1,,1

VS 





Srivastava [121, p.65, Eq. (1.4)] defined the Jacobi Polynomial of k k,k...;;,
VP



variables, as follows

 
 

 




 








k

1i
ViRiU

0kR,...,1R k

1i i
R

i
U

Vk!V

k

1i
V)iα1(

)kx,...,1x(k,k...;;1,1
VP
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                                                             (A.27).
k

1i

iR

2
ix1

k

1i
!iR

iR)iα1(

k

1i iR)Viiα1(
















 









(d) Multivariable Bessel Polynomial 

In (A.21) if we put  and 1kU1U  

,
k

2i iR)iniα1(
1R)V1α1()kR,...,1RV,(A 




then 

                                  (A.28)  .kx2,...,1x2k...,,

kn,...,2n,Vy)kx,,1x(1,,1
VS 






Srivastava [119, p.164, Eq. (2.3)] defined the  Bessel Polynomial of  k k...,,

kn,...,2n,Vy


variables ,as follows

         
!kR...!1R

1R)V1α1(
)kx,...,1x(k...,,

kn,...,2n,Vy

k

1i
ViR

0kR,...,1R k

1i i
R

V












 




                                                                          (A.29)  .
k

1i

iR

2
ixk

2i iRiniα1 











 




(e) Multivariable Hermite Polynomial

In (A.21) if we substitute  and 2kU1U  

  ,kR...1R1)kR,...,1RV,(A 

then 

                                             (A.30)  .kX,...,1XVH2V)1x()kx,,1x(2,,2
VS 


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where

    .k,...,1j,
1x
jx

jX,
1x2

1
1X 

Srivastava [120, p.97, Eq. (2.4)] defined the Multivariable Hermite polynomial 

,as follows: )kX,...,1X(VH

   
!kR...!1R

)kR...1R(2V
2V

1x)kX,...,1X(VH

k

1i
Vi2R

0kR,...,1R k

1i i
2R

V



 





 




                                                                                   (A.31)
.

k

2i

iR

2
1x

ix1R

2
1x

1 
 














 



















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PART-B

THE GENERALIZED SEQUENCE OF FUNCTIONS

Raijada [80, p.64, Eq. (2.18)] defined the Rodrigues type formula in terms of 

generalized polynomial set is represented as follows

       (A.32)
 

        ,
nsrx1qnBAxnm

,kTrx1BAx

,k,m,B,A,q,s,r;x,,
nS











 






l

l

with the differential operator  defined asl,kT

                                                                                          (A.33)                                                                                          .
dx
dxkx,kT 



  l

l

Raijada [80, p.71, Eq. (2.3.4)] expressed the generalized sequence of functions in terms 

of series is as follows

                                             (A.34)                   

 
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l

where 
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l
l

                                                                                                                                (A.35) 

here       

     .ernmR  l

Many research workers, such as Krall and Frink [53], Singh [98], Chatterja [13],  

Dhillon [16] , Gould and Hopper [29], and Singh and Srivastava [99], etc. extend the 

Generalized sequence of functions is given in (A.32). We mention below the following 

important specials cases of (A.32):
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 (i) If we put in (A.32) and (A.33), then we obtain the following form0B,1A 

                                (A.36)                               
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where 

      (A.37)   
      ,sn

nm
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l

here   .vrnqnm'R  l

(ii) Further putting  in (A.32) and (A.33) and using the well known results 0
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Then, important polynomial set is given as follows

                  (A.38)                              
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                                                                                                                                (A.39)              

(iii) Further considering in (A.38), we obtain the interesting special case0B,1A 
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                                            (A.40)                                                 
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here
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(iv) if we put and in (A.40), Gould and Hopper [29] defined the 0mkq  -1l

class of the polynomials ,we get the following interesting result
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(v)  Further, putting and in (A.40), we get the interesting 0mk,1q  -1l

polynomials set 
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                                                  (A.43)
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Singh and Srivastava [122] defined the class of polynomials   , is a ),r,x()r(
nL 

generalization of well known Laguerre polynomials.

(vi) We obtain the class of polynomials defined dur to Chatterja [13], if we put 

  and  in (A.40). 0mk  -1l

    

         (A.44)            
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