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Abstract

As we know that in a low Reynolds number regime the swimming strategies those are

used in high Reynolds number regime are inefficient because of the dominating viscous

forces. Therefore, micro-swimmers have developed different moving strategies that have

successfully overcome and have exploited drag. In the present study, we are proposing a

new artificial swimmer, which we call a one-hinge swimmer. Here, we show that at low

Reynolds number the flexibility plays a crucial role to break the Scallop theorem in the

case of one-hinge swimmer. To model a one-hinge artificial swimmer, we use bead spring

model. To make the arms of the swimmer semi-flexible, we use a three body bending

potential. The two semi-flexible arms of the swimmer are joined by a hinge and a bending

wave potential provides the opening & closing to the swimmer. The dynamics of the

swimmer is studied in a two dimensional Newtonian fluid. The fluid is simulated using

a particle based mesoscopic simulation method known as the multi-particle collision

dynamics with Anderson thermostat. Here, we show that when the swimmer has rigid

arms, it performs reciprocal motion and due to that it is not able to propel itself as

expected from the Scallop theorem. Instead of rigid arms, if we consider semi-flexible

arms, the time reversal symmetry breaks in the case of the one-hinged swimmer. At first,

we consider that both the arms have same bending rigidity (symmetric arms). We find

that in case of symmetric arms, the swimmer follows the straight swimming trajectory.

We calculate the scaled velocity of the swimmer for parameters like bending rigidity,

amplitude and beating frequency. We show the flow field created by the swimmer. We

also calculate the dimensionless Sperm number for the swimmer and get the maximum

velocity when the Sperm number is around ∼ 1.8.

Further, we show that the arrangements of the bending rigidity along the arms of the

swimmer can change the dynamics of the swimmer. To do so, we consider a non-uniform

distribution of the bending rigidity Kb along the arms. Where we progressively change



xii

the bending rigidity in a geometric sequence and show that this pattern can enhance

the swimming speed. Next, we show that when the arms of the swimmer have different

bending rigidity (asymmetric arms), then instead of straight path it follows the circular

path. The direction of the circular pattern depends upon the combination of the bending

rigidity of both the arms. Here, we obtain the swimming trajectories, rotation rate and

dependency on the amplitude & the sperm number Sp of the swimmer. We show that

when one of the arm is pretty rigid and second has moderate rigidity with Sp ∼ 1.8,

this combination creates maximum rotation rate and the swimming trajectory has larger

curvature here.

Hydrodynamic interactions due to the objects in the vicinity are also one of the

ingredients that can make a micro-swimmer motile. To show the importance of such kind

of hydrodynamic interactions, here we investigate a 2-D rigid one-hinge swimmer near

no-slip boundaries. Here, we show that if we place a scallop near a wall, it gets rotated

and the direction of rotation depends upon the orientation of the scallop as expected.

Instead of one wall, if we place the scallop between two closely spaced walls, initially

it rotates and then slowly starts moving in backward direction due to the hydrodynamic

interaction with the walls. Then we show that how the speed of the scallop is affected as

we change the width of the channel.

Further, we study the dynamics of the swimmer in three dimensions, where we

consider a width of the swimmer. Now the swimmer is similar to a 3-D flexible scallop.

The scaled velocity of the 3-D scallop is studied as a function of width W of the flaps,

where we show that by varying the width we can change the dynamics of the swimmer.

Since the width plays an important role, we further consider a well known Taylor sheet

model with a finite width. To model the waving Taylor sheet, we use bead spring model

with the bending potentials. To consider the hydrodynamic interaction between the beads,

we employ the Rotne-Prager mobility tensor. We show that for the rectangular sheet the

frequency of the undulation is proportional to the velocity also the flow field created by

the sheet is the similar to that of the infinitely long Taylor sheet. In the present study,

we also show that the ratio of the perpendicular and parallel friction coefficient is no

longer a constant but varies with the dimensions of the sheet. The stroke efficiency of the

swimmer is also calculated for different lengths and widths.
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Chapter 1

Introduction

Since the beginning of a journey of the technology, people have tried to replace the man

power by machines. Though in the early stages these machines were giant, complicated

to handle and also could perform only limited tasks, but nowadays we are approaching

to micron size machines those are efficient, easy to handle and can perform multi-tasks.

The ever decreasing world around us can be attributed to the technology advancement.

Professor R. P. Feynman, for the first time, gave the idea of micron scale technology in

his 1959 talk “There is Plenty of Room at the Bottom” [20]. In this talk, he dreamt of a

day when machines could be miniaturized as well as a large amount of information could

be stored in very small spaces. Feynman also shared one of his friend’s (Albert R. Hibbs)

idea that it would be amazing in surgery if one could “swallow the surgeon”. The idea

encompassed a situation in which the surgeon is in the form of an externally controlled

very tiny machine, with a scalpel, that can go down inside the blood vessels, can examine

the different organs and repair the faulty one or can perform the assigned task. The

important question comes that how to make a small piece of mechanical machinery that

can freely swim in the body fluid. Such a question arises because of various factors, such

as the Reynolds number, those come into the picture due to the influence of the fluid,

when the machine size changes from macro to micro. Especially, when we are taking into

consideration the swimming case of micro-swimmers [10]. Nature has inspired human

being in constructing various devices such as aeroplane model was inspired from pigeon

wings, caterpillar movement inspired the construction of conveyor belt movement of
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military tanks, many surgical instruments are designed from beaks of birds which provide

a very precise grip and strength. One such inspiration for constructing micro-robots came

from natural biological micro-swimmers such as bacteria, archaea, viruses, protists, etc.

They are very small in size and still manage to swim in water and other dense fluids. So,

the need arose to have a deep insight in the swimming dynamics of these micro-organisms

to design the artificial micro-swimmers.

Fig. 1.1 Pictorial representation of a micro surgeon (image source [1]).

Due to huge application of engineering sciences in various sectors of human life,

especially in the medical field, people have shown immense interest in the last few decades

to study the dynamics of small scale creature and also have proposed many artificial

models that work on the mechanism of these biological entities. Researches have leaped

forward by constructing prototypes of artificial micro swimmers, but yet we have to wait

for few more years till these artificial swimmers find their use in their desired fields.

1.1 Low Reynolds number swimming

The surpassing of viscous forces over inertial forces makes the physics of swimming at

micron scale different as compared to macro level swimming. Just think about a situation

when a man has jumped into a pool of corn-syrup. The man would find it difficult to

swim in corn-syrup than water. This is due to the viscosity difference between corn-syrup

and water. Now, if we imagine a situation where the size of the object is comparable

to micro-organism and it is swimming in a pool of water, then the situation would be
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analogous in terms of difficulty faced by the man swimming in a corn-syrup pool. This

analogy is substantiated by the calculation of Reynolds number for both the cases. The

Reynolds number is basically the ratio of inertial forces to the viscous forces and it turn

out to be Re = V L/µ, where L is the size of the object, V is the typical flow velocity

around the object and µ is the kinematic viscosity of the fluid. Let us calculate the Re for

different bodies that are surrounded by water. First, we consider a man having a body

length L = 1.7m is swimming at speed V = 1.5m/s and the kinematic viscosity of the

water µ = 10−6m2/s [21]. So, the Reynolds number comes around Re ∼ 106. Here

inertial forces are certainly high as compared to the viscous forces and that’s why the

value of the Reynolds number turns out to be high. Thus, a human in the water filled pool

is a “high Reynolds number swimmer”. Now let us calculate Re for tiny fishes. Consider

a fish which swims at a rate 12mm/s and have a body length 60mm [22]. As size

reduces inertial forces also reduce and Reynolds number comes around Re ∼ 103. While

calculating Re number for micron size bodies like bacteria, algae, viruses, etc., it comes

out to be in order of 10−5. For instance the bacterium Escherichia coli is about 2µm

long and it swims with a typical speed 20µm/s [23]. This shows that as size decreases

the inertia forces get neglected and viscous forces start dominating. Such swimmers are

referred as “Low Reynolds number swimmer” which is the domain of the thesis. Low

Re flow is also known as Stokes-flow or viscous-flow and it shows different behavior that

is unlike from that obtained in our inertial world.

1.1.1 Overview of swimming mechanisms of the micro biological en-

tities

Most of the micro-organisms employ appendage for locomotion and the appendage can

be one or multiple, also can be helical shaped or whip like. For example, the sperm cells

have a flexible appendage, as shown in figure 1.2(a), which undergoes whip like motion

because of the movement of the molecular motors that are allocated along the length

of the appendage [24]. E. Coli bacterium has helical shaped appendages and the motor

embedded in the cell wall rotates the helical flagellum [25]. The organelles of propulsion

in E. Coli and S. Typhimurium are the bacterial flagella, where the helical flagellum is

connected to the motor with the help of a hook [26–29]. These bacteria generally have a

number of flagella attached to the cell body and when motor whirls anti-clockwise (from



4 Introduction

Fig. 1.2 Pictorial representation of micro-organisms. (a) Spermatozoon (image source
[2]). (b) Escherichia coli (image source [3]). (c) Caulobacter (image source [4]). (d)
Rhodobacter sphaeroides (image source [5]).

the outside view of the cell body) the flagella wrap into a bundle and produce a thrust that

pushes the cell body as shown in figure 1.2(b) [30]. When any of the motor invert the

direction of rotation, the related flagellum leaves the bundle which change the handedness

and the direction of the propulsion as well [31].

There are many differences in the core mechanism of the bacterial swimming.

For instance, Caulobacter crescentus (see figure 1.2(c)) bacterium has only right-handed

helical flagellum that can whirl in either direction. The motor favorably whirls in clockwise

direction and pushes the body in the forward direction [32]. An anti-clockwise whirl of

the flagellum pulls the cell body rather than pushing. The Rhodobacter sphaeroides whirls

in a single direction and when the attractant concentration is increased there is no change

in rotational behavior. But when an attractant is removed, the motor stop transiently [33].

This shows that rather than swimming and tumbling, Rhodobacter sphaeroides take a

halt from time to time [34]. When motor comes to a halt, the flagellum of the bacterium

makes a compress coil shape and when motor again whirls, the flagellum come back into

helical shape as shown in figure 1.2(d). Many archaea also utilize the rotating flagellum
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to propel, but archaeon like Halobacterium propel at a very slow pace as compared to the

bacteria [35]. Though similar to bacteria, archaea also contain a rotary motor, filament

and a hook that connects the motor with the filament but molecular analysis exhibits that

flagella of archaea and bacteria are not similar [36].

Fig. 1.3 Pictorial representation of micro-organisms. (a) Spirochetes (image source [6]).
(b) Paramecium (image source [7]). (c) Chlamydomonas reinhardtii (image source [8]).
(d) Spiroplasma (image source [9]).

There are several bacteria that can propel without external flagella. The spirochetes

bacteria have flagella that dwell inside the fine periplasmic area between the outer and

inner cell membranes as shown in figure 1.3(a) [37]. The flagella appear from the motor

that is enclosed into the cell wall at both the poles of spirochete’s body. The flagella wrap
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around the spirochete’s body and the flagellar filaments can be one or more depends upon

the species type. In few conditions, like the Lyme disease spirochete Borrelia burgdorferi,

the spirochete deforms its body and it is believed that the periplasmic flagella rotate which

causes this shape distortion. This deformation successively provides the net propulsion

to the body and the deformation may be planar or helical [38, 39]. The bacteria having

internal flagella move faster in gel-type viscous environment as compared to the bacteria

having external flagella [40, 41]. Another spirochetes, for example Treponema primitia,

don’t deform their body for motion and it is believed that propulsion is produced because

of the contrary rotation of the cytoplasmic layer and outer layer [38, 42]. The bacteria

Spiroplasma have a helical shaped body without any flagella (see figure 1.3(d)) and they

employ pairs of kinks for propulsion [43]. These kinks generate due to the contraction of

cytoskeleton [44–46].

There is a huge variation in the beating style of the flagella and cilia. Also the

length of the same vary from species to species. For instance, the sperm cells of several

organisms contain a head and a tail with planar or helical beating style [47]. Also the

length of the flagella varies from a few micrometers to millimeters and a few even have

centimeter long flagella [48–50]. The alga Chlamydomonas reinhardtii has two flagella

as shown in figure 1.3(c). These can perform ciliary beating pattern as well as flagellar

beating pattern. In the ciliary motion, each flagellum beats asymmetrically [24]. When

the flagella perform the power-stroke, they extend and bend at the base similar to the

breaststroke motion of the human and in recover-stroke Chlamydomonas reinhardtii fold

its flagella. Chlamydomonas reinhardtii moves in the opposite direction when a bright

light falls on it and now each of its flagellum extends and a bending wave passes through

it [51]. Paramecium is also an excellent example of the micro-organism that contains a

lot of cilia (see figure 1.3(b)). The surface of paramecium is fully seeded by abundant of

cilia that deform in a coordinated pattern [52].

1.1.2 Basic swimming strategies of the artificial micro-swimmers

In highly viscous environment, for sustained self-propelled motion, the movement

of the object should be continuous otherwise the viscous forces immediately dissipate

the velocity produced by a single stroke. For instance, a micro-swimmer propelling
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Fig. 1.4 Here, in (a) a one-hinge swimmer is exhibiting reciprocal motion and in (b) a
Purcell’s two-hinge swimmer is exhibiting non-reciprocal motion.

at speed 30µm/s in the water, suddenly stops its movement. After this it would coast

around 0.1A◦ and within 0.6µs it will come to the halt [10], which is unlike to the inertial

world. So for sustained propulsion the movement strokes have to be cyclic. E. M. Purcell

in his 1976 famous talk “Life at low Reynolds number” [10] demonstrated that at low

Reynolds number regime, for self propulsion, the movements of the swimmer must not

be reciprocal. He highlighted that in the inertia-less world (Re << 1) the Navier-Stokes

equations of flow field reduce to Stokes equations, and because of time independence and

the linearity of the Stokes equations if an object tries to move by a reciprocal motion its

center of mass does not move, this is the so called Scallop theorem (detailed explanation

is provided in the next chapter). If we track the different configurations of motion and the

sequence looks identical if we inverse time, then it is a reciprocal motion. Figure 1.4(a)

shows the reciprocal motion. Here we can see that the configurations of the swimmer look

identical under time inversion. Purcell demonstrated that if an object has one-hinge, then

it is bound to do reciprocal motion as shown in 1.4(a). But a “two-hinge swimmer” can

perform non-reciprocal motion and hence can break the Scallop theorem. In figure 1.4(b),

we can observe that configurations of the two-hinge swimmer are not identical under

time inversion. Also, by inspiring from the swimming strategies of the micro-biological

entities, Purcell suggested two simple ways to break the Scallop theorem at low Reynolds

number that are “corkscrew” motion and “flexible oar” motion.
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Fig. 1.5 Theoretical swimmers adapted from Purcell’s “Life at Low Reynolds numbers”
[10]. (a) Corkscrew, (b) flexible oar and (c) the two-hinge swimmer.

All three proposed movements by Purcell those work at low Reynolds number are

shown in figure 1.5. On the basis of these basic swimming strategies many artificial

swimmers have been proposed theoretically and realized experimentally as well [11, 15,

18, 19]. We will briefly talk about these artificial swimmers in the next chapter. The

present thesis is mainly focused on the “flexible oar” kind of motion.

1.2 Motivation

Study of the swimming at Stokes regime enhances our knowledge of biological sys-

tems. It provides us a deeper insight of the dynamics of biological swimmers and how

surrounding boundary conditions affect the dynamics of these swimmers. It helps us to

construct the new bio-inspired mechanical devices and is also important to improve the

performances like enhancement of velocity, efficiency and functionality of the previously

built bio-constructs [17, 53–55]. As we have discussed earlier, these artificial micro-

swimmers could provide propulsion for medical payloads, and therefore can be employed
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for a variety of purposes in the medical field. These can be used for targeted drug delivery,

cancer detection and its treatment, minimally invasive surgery, breaking up kidney stones,

removal of the defected parts in DNA structure, parasite removal, clearing away the blood

clots and so on. Nowadays scientists are imagining a day of nano-medication when people

could be close to immortality.

Fig. 1.6 Artificial micro-swimmers. (a) Swimmer with a passive head and a flexible tail
(image source [11]). (b) Swimmer with two tails and without head.

To construct an artificial micro-swimmer the main challenges are: i) break-down

of the Scallop theorem which leads to self propulsion, ii) employment of energy sources,

and iii) provide control or intelligence to the swimmer [56–58]. In the present thesis, we

have proposed a new artificial swimmer known as “one-hinge swimmer”. The one-hinge

swimmer contains two arms that are connected via a hinge. To break the Scallop theorem,

swimmer exploits elasticity of the arms. To provide the propulsion to the swimmer, we

have employed a bending wave potential which ensures that total applied force and torque

on the body is zero. So any external energy or external field is not required here. Most of
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the previously proposed flexible swimmers contain a single tail and a head [15, 18, 19].

In figure 1.6(a), we have shown a simple one head and single tail swimmer. Here, head

is essential to break the Scallop theorem [11, 15]. The passive head increases the drag,

which reduces the swimming velocity. But in the case of our one-hinge swimmer (see

figure 1.6(b)), the Scallop theorem can be broken without a passive head [19]. Initially,

we have considered that both the arms of the swimmer have same bending rigidity and

are positioned exactly symmetrically with respect to the axis of symmetry, or are mirror

image of each other. Then all transverse forces due to one arm are exactly canceled by

the second arm. This results in a straight swimming trajectory, which is an advantage

over a single arm swimmer. Further, we have considered that both the arms have different

bending rigidity, wherein we have taken various combinations of the bending rigidity for

both the arms, which changes the direction of the swimming.

1.3 Objectives of the thesis

The main objectives of the present work are as follows

• Model an artificial low Reynolds number swimmer that exploits elasticity for propulsion

(using bead-spring model).

• Simulate the designed model in a viscous solvent using the method of multi-particle

collision dynamics with Anderson thermostat.

• Study a two dimensional active swimmer after introducing a beating procedure for the

swimmer.

• Establish a theoretical framework for such a swimmer.

• Optimization of simulation parameters and improve the performance of the swimmer.

• Study the dynamics of a three dimensional active swimmer.

1.4 Overview of the thesis

In the present thesis, we are studying the dynamics of an artificial low Reynolds number

swimmer in a Newtonian fluid. The thesis is organized as follows:
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• Chapter 2 :- “Background”. In this chapter, we will briefly discuss the basic topics

of the fluid dynamics that are essential for the understanding of the dynamics of

the low Reynolds number swimmers. We will also provide a brief literature review

of the artificial swimmers which will contain the brief overview of the theoretical,

experimental and simulation based studies. In this, we will mainly focus on the

artificial swimmers that perform the flexible oar kind of motion.

• Chapter 3 :- “Modelling and simulation techniques”. In this chapter, we will talk about

the advantage of the coarse grained simulation method known as multi-particle

collision dynamics with Anderson thermostat (MPC-AT). This technique includes

hydrodynamic interactions with thermal fluctuations and momentum conservation.

Then we will provide a brief understanding of the MPC-AT technique, where we

will explain how Anderson thermostat works and how one can conserve the angular

momentum in MPC-AT. We will also explain how hydrodynamic interactions can be

turned off in MPC. Next we will discuss about the implementation of the boundary

conditions. In this chapter, we will explain the modelling of our artificial swimmers

and also the coupling of the swimmer with the fluid environment. Further, we will

explain how the code is implemented.

• Chapter 4 :- “Locomotion of a flexible one-hinge swimmer in Stokes regime”. In

this chapter, we will show how a one-hinge swimmer is able to break the Scallop

theorem. We will illustrate the flow field created by a flexible one-hinge swimmer.

Then we will vary different parameters and show how the dynamics of the swimmer

changes with that. We will also try to provide the theoretical framework for the

one-hinge swimmer, where we will show that when the Sperm number is around 2,

then we can achieve the maximum velocity for the swimmer. Also, we will discuss

how this artificial swimmer can be realized experimentally.

• Chapter 5 :- “An exploration of one-hinge asymmetric swimmer in Stokes flow”.

In this chapter, we will show the dynamics of a one-hinge swimmer which has

asymmetrical arms in terms of bending rigidity and therefore shape as well. An

asymmetric swimmer follows a curved trajectory contrary to symmetric one-hinge

swimmer that always follows a straight swimming trajectory. Here, we will show

that by varying the combination of the bending rigidity along the arms, we can
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change the direction of the swimming. We will also show that by varying the

rigidity (non-uniform rigidity) we can improve the performance of the one-hinge

swimmer.

• Chapter 6 :- “Swimming of a 3-D elastic scallop in a viscous fluid”. In this chapter,

we will report the dynamics of a three dimensional version of the flexible swimmer.

Here, we will consider a finite width of the flaps of the swimmer and show how

this width affects the motion of the swimmer.

• Chapter 7 :- “Swimming of a waving sheet in a viscous fluid”. In this chapter, we will

consider a well known Taylor sheet model in three dimensions. For infinite long

two dimensional Taylor sheet the ratio of the parallel and perpendicular component

of the friction coefficient is a constant (2). But when we will consider a finite sheet

in three dimensions, the ratio will no longer remain a constant and depends on the

length and width of the sheet. In this chapter, we will show how the width and the

length of the sheet will affect the dynamics of the swimmer. We will also study the

stroke efficiency of the swimmer by varying the length and width of the swimmer.

• Chapter 8 :- “Conclusions and future scope of the work”. In this chapter, we will

briefly conclude our results which are followed by the future scope of this work.
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Literature review

2.1 Fluid dynamics

In this thesis, we investigate the dynamics of the artificial swimmers and the surrounding

fluid medium using the computer simulations. The fundamental knowledge of the fluid

dynamics is required to build and control the artificial swimmers and to understand the

involved physical phenomena. Also, the understanding of the basic Physics of fluid flow

will allow us to precisely understand the obtained results. In this section we provide an

essential knowledge of the fluid dynamics for the present thesis.

2.1.1 Fluid properties

A fluid is defined as a substance that deforms in a continuous manner on the application

of a shear stress. The fluids exhibit several properties like,

Viscosity

k2 Viscosity is the property of the fluid which provides resistance to the shear stresses.

To explain this property better, we consider a fluid between two long horizontal parallel

planes. Let’s consider the distance between the planes is H as illustrated in figure 2.1.

To provide a motion to the upper plane, we apply a tangential force F which offers a

constant velocity V to the plane in the x-direction. Now, we analyze the velocity profile

of the fluid flow between the planes. In the figure 2.1, we can see that the velocity of the

fluid layer adjacent to the stationary lower plane is zero and adjacent to the upper plane it
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is V, which is equal to the upper plane velocity. Experimental observations show that

the viscous fluid takes the tangential velocity of the adjacent boundaries also known as

no-slip condition. Also the layer adjacent to the boundary imposes tangential forces to

the next adjacent layer and so on. Because of this we get a linear velocity profile (when

H is small), as can be seen in figure 2.1.

Fig. 2.1 Flow profile between to parallel planes (image source [12]).

According to the experiments, to provide a constant velocity V to the upper plane if

a force F is required, then F is proportional to the velocity V, 1/H and the area of plane

A. So,

F = η
AV
H

(2.1)

where η is proportionality constant. We know that the shear stress can be written as

τ̄ = F/A. So we can rewrite the equation 2.1 as τ̄ = η V
H

and more appropriately

τ = η
dvx

dy
. (2.2)

According to Newton’s Law of Viscosity, in fluids for an applied strain rate, the

shear stress is directly proportional to the viscosity. In equation 2.2, if η denotes the

viscosity, then the equation is a mathematical expression of Newton’s law of viscosity.

The fluids that follow the expression 2.2 are known as Newtonian fluid. But, all the
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fluids do not follow Newton’s law of viscosity. For example: blood, polymers, paints,

ketchup, etc. and these fluids known as non-Newtonian fluids.

Momentum diffusion

To understand the physical description of momentum diffusion, consider a fluid between

two parallel planes as shown in figure 2.2. Suppose at time t = 0 both the planes are

stationary. So the fluid is also at rest between the planes. An instant later, apply a

tangential force F to the upper plane due to which it attain a velocity V. At this moment

the velocity profile appears as shown in figure 2.2(a). The layer of the fluid that is

just adjacent to the upper plane moves with the velocity of the plane due to the no-slip

boundary condition, but the remaining fluid layers seem almost stationary. The top layer

of fluid having velocity V interacts with the next adjacent layer and exchanges velocity

or momentum with it. Thus, after a few moments, the velocity profile might looks as

shown in figure 2.2(b). We can observe that high momentum fluid particles have diffused

away from the moving plane towards the interior of the fluid region. In figure 2.2(c), we

can see that at a later time fluid tries to attain a smooth linear velocity profile. When the

fluid acquires its steady behavior, then the absolute linear velocity profile can be seen.

From the figure 2.2 it is clear that diffusion of momentum occurs from regions of higher

momentum to those of low momentum regions.

Fig. 2.2 Momentum diffusion of fluid particles between two parallel planes. One of the
plane is stationary and the other one is moving at velocity V (image source [12]).
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2.1.2 Continuum hypothesis

The continuum hypothesis says that when dealing with fluids one can ignore the fact

that fluids are actually made up of billions of individual particles in a rather small region,

and instead can treat that the properties of fluids are varying continuously from one

point to the next point within the fluid. To understand the importance of the continuum

hypothesis, let us consider a small volume of fluid where particles are moving randomly.

The diameter of this volume is smaller as compared to the average distance traveled by

particles between successive collisions and as a result it contains only a few particles

which are well separated. Now we want to calculate the velocity at a particular point in

this volume without considering the continuum hypothesis. We will be able to calculate

the velocity of the fluid at the desired point if there is a particle situated at the desired

location. If there is no particle situated at the desired point and nearest particles are

moving in different directions. Then, we will not be able to calculate the velocity at

the desired point, but we can take the average over the velocities of all the surrounding

particles to get the estimate of the velocity at the required point. Though, this will not

provide significant results because according to the statistical mechanics the sample

should be large enough for error less measurements. But, if we take an average over a

comparatively large region (larger than the mean free path), we can find out the value of

velocity at selected point. Further, if we slide the averaging volume throughout the fluid

in a continuous manner, thus can obtain a continuous function defined at each point for

the velocity to be treated in more detail in the sequel. Basically, the continuum hypothesis

allows the identification of each fluid particle and then consideration of the volume of

fluid as a whole to be a continual aggregation of these fluid particles. Thus, the continuum

hypothesis is important to provide the framework for the analyses of fluids.

2.1.3 Continuity equation

The continuity equation is a partial differential equation which represents conservation

of mass in a fluid flow. To derive the continuity equation, we consider an arbitrary region

Ω(t) which contains fluid (or fluid element) with fixed mass m. The mass m of the fluid

element can be written in the form of density as
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m =
∫

Ω(t)
ρdΩ = constant. (2.3)

Both Ω(t) and ρ can change with time, but they should change in a manner that m remains

constant to maintain the conservation of mass. We can understand this by an example

of a balloon filled with hot gas surrounded by cooler environment. The temperature of

the gas filled inside the balloon will decrease due to the heat transformation with the

surrounding environment. As a result the density of the gas will increase and the size of

the balloon will decrease, but the mass of the gas will remain unchanged.

Mathematically, this can be written as

d

dt

∫
Ω(t)

ρdΩ = 0. (2.4)

By using the general transport theorem and Gauss divergence theorem, we can write the

equation 2.4 as ∫
Ω(t)

(
∂ρ

∂t
+ ∇l.lρV

)
dΩ = 0. (2.5)

The algorithm 2.5 is known as continuity equation and it can also be written in a differential

form as
∂ρ

∂t
+ ∇l.lρV = 0. (2.6)

In the case of constant density, ∂ρ
∂t

= 0, the equation 2.6 reduces to

∇l.lV = 0. (2.7)

The equation 2.7 is the continuity equation for in-compressible fluids.

2.1.4 Navier-Stokes equations

The Navier-Stokes equations are the equations of motion of fluid flow. In the present

thesis, we deal with in-compressible fluid. So we will go into the details of the Navier-

Stokes equations for in-compressible fluids. For fluids we can express the Newton’s
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second law of motion in words as

(
rate of change of momentum of a fluid

element with respect to time

)
=
(

sum of the forces acting on
the fluid element

)
. (2.8)

To calculate the L.H.S. of equation 2.8, we can write it as [12]

(
rate of change of momentum

with time

)
≡ D

Dt

∫
Ω(t)

ρVdΩ. (2.9)

For in-compressible fluids density is constant and ∇l.lV = 0, so the expression of rate

change of momentum can be simplified further as

D

Dt

∫
Ω(t)

ρVdΩ =
∫

Ω(t)
ρ
DV
Dt

dΩ (2.10)

Fig. 2.3 Representation of viscous stresses and pressure that are acted on a fluid element
(image source [12]).
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Further, we consider R.H.S. of the equation 2.8 that is the summation of the forces

acting on the fluid element. There are mainly two types of the forces, one is body forces

and another is surface forces. The body forces acting on the region Ω(t) can be denoted

as ∫
Ω(t)

FBdΩ. (2.11)

Generally the body forces include buoyancy force, electromagnetic force and rotational

effect. The surface forces acting on the surface S(t) of Ω(t) can be written as

∫
S(t)

FSdS. (2.12)

The sum of the forces acting on the fluid element contains a volume integral as well

as a surface integral which is not easy for analytical calculations. The surface force

FS is a vector quantity and can be written in a matrix form as FS = T.n̂, where n̂ is

the unit vector in the outward direction normal to the surface S(t). T is a 3×3 matrix

which contains nine elements. These elements contain the same information found in

the components of FS . Using Gauss’s theorem and equations 2.8 - 2.12, we can find the

preliminary version of the Navier-Stokes equation as follows

∫
Ω(t)

ρ
DV
Dt

dΩ =
∫

Ω(t)
FBdΩ +

∫
Ω(t)

∇l.lTdΩ, (2.13a)

ρ
DV
Dt

= FB + ∇l.lT. (2.13b)

The elements of T are associated with the shear stress and pressure as depicted in

figure 2.3. In figure 2.3, the first subscript of τ denotes the face of the cube on which

the stress is acting and the second subscript of τ indicates the direction of the stress. For

example, in τxy the subscript x represents that the considered component act on a face

normal to the x axis, and the subscript y denotes that the stress is acting in the y direction.

It can be easily calculated that the various components of the shear stress shown in figure

2.3 are associated as

τxy = τyx, τyz = τzy, τxz = τzx (2.14)
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From equation 2.14 and Newton’s law of viscosity (equation 2.2), we can find that

τxy = η

(
∂vx

∂y
+ ∂vy

∂x

)
= τyx, (2.15a)

τyz = η

(
∂vy

∂z
+ ∂vz

∂y

)
= τzy, (2.15b)

τxz = η

(
∂vx

∂z
+ ∂vz

∂x

)
= τzx. (2.15c)

The pressure is a scalar quantity, and in the present case the forces associated with

it are compressive as can be seen in figure 2.3. So we use a minus sign in the pressure

terms. The matrix T contains the viscous stresses as well as pressure contribution, and

can be expressed as

T = −p


1 0 0

0 1 0

0 0 1

+


τxx τxy τxz

τxy τyy τyz

τxz τyz τzz

 . (2.16)

Now if we substitute this into equation 2.13b, it gives

ρ
Dvx

dt
= −∂p

∂x
+ ∂τxx

∂x
+ ∂τyx

∂y
+ ∂τzx

∂z
+ FBx , (2.17a)

ρ
Dvy

dt
= −∂p

∂y
+ ∂τxy

∂x
+ ∂τyy

∂y
+ ∂τzy

∂z
+ FBy , (2.17b)

ρ
Dvz

dt
= −∂p

∂z
+ ∂τxz

∂x
+ ∂τyz

∂y
+ ∂τzz

∂z
+ FBz . (2.17c)

Now if we employ equation ??, 2.7, and 2.15 into equation 2.17, it can be written as

total acceleration︷ ︸︸ ︷
∂V
∂t︸︷︷︸

local accel.

+ Vl.l∇V︸ ︷︷ ︸
convective accel.

=

pressure forces︷ ︸︸ ︷
−∇p

ρ
+ µ∇2V︸ ︷︷ ︸

viscous forces

+

body forces︷︸︸︷
FB

ρ
, (2.18)

the general representation of Navier-Stokes equations for in-compressible fluids, where µ

is the kinematic viscosity and ∇2 is Laplace operator.
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2.2 Life around scallop theorem

The Navier-Stokes equation

ρ

(
∂V
∂t

+ Vl.l∇V
)

= −∇p+ η∇2V + FB, (2.19)

describe the motion of an in-compressible Newtonian fluid. When we are considering the

case of micro-swimmers, Re << 1 as discussed in section 1.1. At low Reynolds number

regime, we can neglect the inertia and equation 2.19 can be reduced as

− ∇p+ η∇2V = 0. (2.20)

This equation is called as Stokes equation and tells that in inertialess world, when there

are no external forces the pressure forces have to balance the viscous forces. As the

fluid is in-compressible, then according to conservation of mass, flow field should also

be divergence free (∇l.lV = 0) as discussed before. At Stokes regime, the pressure

forces have a linear relation with velocity which means in this regime the flow field is

kinematically reversible [59–61]. The effect of kinematic reversibility is well explained

by E. M. Purcell in “Life at Low Reynolds Number” using an example of micro scallop

[10]. In figure 2.4, we have illustrated the motion of a scallop at low Reynolds number.

Initially the shells of the scallop are opened as shown in 2.4(a). When the scallop closes

its shells, it produces a velocity field V which induces viscous stresses. According to

the Stokes equation 2.20, these viscous stresses should be balanced by pressure. This

balancing pressure further induces a force on the scallop, due to which scallop travels a

dx distance in the backward direction as depicted in figure 2.4(a) and reaches at a state

shown in figure 2.4(b). After this the scallop again open up its shells. Since the fluid

is kinematic reversible, a reverse motion of the shells will produce an equal & opposite

velocity field −V. Because the pressure has a linear relationship with velocity, so the

opening of the shells will produce a force which is equal and opposite to the force that

was produced at the time of closing the shells. Due to this force the scallop will travel a

−dx distance and reaches at a state shown in 2.4(c). Finally, over a complete cycle of

motion, the scallop will reach at the same point from where it started. This is because for

a complete cycle there is no net force and hence no net displacement. This result is not
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only for the scallop, but is also applicable for all the low Reynolds number swimmers

which deform their body in a sequence and go back to the original shape by using the

reverse sequence. This type of motion is known as reciprocal motion (explained before in

section 1.1.2). This phenomenon is called as a “Scallop Theorem” and a swimmer have

to break this for self propulsion.

Fig. 2.4 Motion of the scallop at low Reynolds number.

Over the time many theoretical model swimmers have been proposed that success-

fully break the Scallop theorem. For example; “spherical squirmer” was proposed by M.

J. Lighthill, where he showed that the squirming motion of nearly spherical deformable

bodies is able to propel at low Reynolds number regime [62]. Sir Taylor Groffrey proposed

a “waving sheet model”, where the deformation of the sheet due to propagating wave

enables it to propel at low Reynolds number [63]. A simple “three sphere swimmer”

was proposed by A. Najafi and R. Golestanian, where the spheres are connected by two

slender rods and these rods change their length in nonreciprocal fashion similar to Pur-

cell’s two-hinge swimmer and break the time inversion symmetry [64]. J. E. Avron et
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al. proposed “Pushmepullyou swimmer”, where two spheres which exchange volume

are connected by a thin rod whose length also can be varied [65]. Here, due to the two

degrees of freedom, i.e. the volume of the sphere and the length of the rod, the swimmer

can perform nonreciprocal motion. Few other similar examples are “orientation changing

two spheres swimmer” [66], “three sphere swimmer with one passive elastic arm” [67],

“elastic two sphere swimmer” [68], etc.

2.3 Flagellar swimming

2.3.1 Taylor sheet

In 1951, Sir Geoffrey Taylor showed how the micro-swimmers propel themselves in a

viscous fluid medium without inertia [63]. For this, he considered an infinite waving sheet

surrounded by a viscous fluid and calculated the flow field generated by the propagating

transverse wave. The sheet is similar to the waving flagellum of the sperm cell. The

Taylor considered a two-dimensional flow which made the problem easier to handle. The

vertical displacement of the sheet is denoted as

y0 = b sin(kx− wt), (2.21)

where k is the wave number, b is the amplitude of the wave, w is the beating frequency

and +x is the direction of the wave propagation. The amplitude of wave b is considered

small as compared to the wavelength 2π/k which further simplifies the problem. To

calculate the flow field generated by the propagating wave (through sheet), the Stokes

equations have to be solved with no-slip boundary conditions,

∂y0

∂t
= −b0w0 cos(kx− wt), (2.22)

with a flow field far from the sheet

lim
y→∞

u(x, y) = −V. (2.23)

Here, -V is the velocity of the sheet, which is opposite to the velocity of wave propagation.
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Though V is unknown, but Taylor obtained that not any extra condition is needed

to calculate V, and there is a unique value of V consistent with the solution to the Stokes

equation and the no-slip boundary conditions 2.22. Though the Stokes equations are

linear, but the propulsion velocity V is not a linear function of b. Due to the symmetry,

the propulsion velocity must be invariant under the changing sign of amplitude from b to

−b which is equivalent to a phase change of π, indicating that the V should be an even

function of amplitude b. Taylor expanded the boundary condition (equation 2.22) in bk

and solved the Stokes equation order by order. Here we will only take the leading term

that is quadratic in b. The velocity V is a vector, so it should be proportional to a vector

quantity in the problem i.e. the wave vector k = kx̂. The dimensional analysis tells

that the dependency of V on the other parameters of the problem is V ∝ wkb2. Taylor

calculated the constant of proportionality as

V ∼ 1
2wkb2. (2.24)

The dimensional consideration needs that the propulsion velocity should not be dependent

on viscosity. So this result holds when there is no load attached to the waving sheet.

2.3.2 Slender-body hydrodynamics

Fig. 2.5 Resistive force theory relates the local viscous force to the local velocity in terms
of the resistive or drag coefficients (image source [13]).

Taylor’s infinite waving sheet model provided an understanding of the flagellar swim-

ming. Although, the real biological flagellum is a slender filament with a finite amplitude.
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These aspects can be covered by using a slender-body theory for Stokes flows [69–74].

This method is appropriate for slender filaments, typically to the aspect ratio of one

to a few hundreds. The idea of this theory is to model the flow field generated by an

undulating filament by replacing the filament with a line of singular solutions to Stokes

flow of appropriate strength. This theory provides a relation between the force acting on

the filament to its distribution of velocity relative to the background fluid. The leading

order result of slender-body theory is a local-theory which states that the viscous forces

acting on the body at a point are linearly proportional to the local velocity of the filament.

This local drag theory neglects the hydrodynamic interactions between separated parts of

the filament and is known as resistive force theory [14, 75, 76].

The local velocity v of the filament relative to the fluid can be broken into two

components, parallel (v∥) and perpendicular (v⊥) to the local filament axis as shown in

figure 2.5. Resistive force theory says that the drag force is an-isotropic with parallel and

perpendicular drag coefficients to the local filament axis. The local force per unit length

can be expressed as

f∥ = −ξ∥v∥ (2.25a)

f⊥ = −ξ⊥v⊥. (2.25b)

The drag coefficients ξ∥ and ξ⊥ can be approximately given by

ξ∥ ≈ 2πη
ln (L/r) − 1/2 (2.26a)

ξ⊥ ≈ 4πη
ln (L/r) + 1/2 , (2.26b)

where L is the length of the filament and r is the radius of the filament. The expression

2.26 is valid when L >> r, as L
r

→ ∞, the ratio ξ⊥
ξ∥

→ 2. The viscous force acting on

the per unit length of the filament can be written in a combined form as

fv = −(ξ⊥n̂n̂ + ξ∥ t̂̂t).v, (2.27)

where t̂ is a local unit tangent vector, n̂ is a local unit normal vector along the filament

and v is the local velocity along the filament relative to flow.
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Gray and Hancock [75] used resistive force theory to the motion of sea-urchin sperm

and found appreciable agreement with the experimental observations. They determined

the leading order propulsion velocity as

V = b2wk

2

(
ξ⊥

ξ∥
− 1

) 1
1 + Rh

Nλξ∥

 , (2.28)

where N is the number of wave trains in flagella and Rh is the drag coefficient of the

passive head. The speed of the swimmer decreases monotonically as the size of head

increases. Let us suppose that the length of the filament tends to infinity. That means

the ratio ξ⊥
ξ∥

→ 2 and also there is no head attached with filament (Rh = 0), then the

swimming speed reduces to V ∼ 1
2wkb

2 which is identical to that derived by Taylor for a

waving sheet. According to the equation 2.28, when drag is isotropic (ξ⊥ = ξ∥), then the

speed goes to zero, and that tells the importance of the drag anisotropy.

2.3.3 Theory of the flexible filament

Fig. 2.6 Flexible filament, where base of the filament is situated at the origin. The shape
of the filament is given by the position vector r(s). Inset shows ds length element of the
filament and local angle ψ (image source [14]).

Now we will see how flexibility affects the motion in Stokes regime. In figure 2.6, a

flexible filament has been shown. The shape of the filament is described by the position

vector r(s) , where s is arc length coordinate, n̂ is a local unit normal vector, t̂ is a local unit

tangent vector and ψ is a local angle. The elastic forces on the filament can be obtained
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from an energy functional which considers the bending energy & the inextensibility

constraint

ε =
∫ L

0

(
A

2 κ
2 + σ

2 rs
2
)
ds, (2.29)

here the subscript s notifies a derivative (e.g. rs = ∂r
∂s

), κ ≡ ψs is the curvature of the

filament, A is the bending rigidity and σ is the Lagrange multiplier enforcing inextensi-

bility. By taking variational derivative ( δε
δr ), we can find the elastic force per unit length

as [77, 78]

fε = −(Aψsss − ψsτ)n̂ + (Aψssψs − τs)̂t, (2.30)

where τ = −σ+Aκ2 is local tension in the filament, rs = t̂, n̂s = −κt̂ and t̂s = κn̂ = rss.

Since we are working at a regime where inertial forces are negligible. So the local

viscous forces per unit length fv (equation 2.27) balance the local elastic forces per unit

length fε (equation 2.30),

fv + fε = 0. (2.31)

By substituting the equation 2.27 & 2.30 in above, we get

ψt = − 1
ξ⊥

(Aψssss − τψss − τsψs) + 1
ξ∥

(Aψs
2ψss + τsψs), (2.32a)

τss −Bτψs
2 = −A(1 +B)(ψsψsss) − Aψss

2, (2.32b)

where B = ξ∥/ξ⊥. We can simplify the above equation if we consider that the slope of

the filament is small (ψ ≈ yx << 1). Wiggins & Goldstein [79] have shown that, this

consideration gives a linear hyperdiffusion equation

yt ≈ − A

ξ⊥
yxxxx (2.33)

We now non-dimensionalize the equation 2.33 to get the relevant dimensionless

parameters. In case of harmonic angular actuation, we use ψ = asin(wt) boundary

condition at the base. We substitute x = Lx̃, y = aLỹ, t = t̃/w in the equation 2.33 as
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ỹt̃ = − A

wξ⊥

1
L4 ỹx̃x̃x̃x̃

= −
(
ℓw

L

)4

ỹx̃x̃x̃x̃.

Where ℓw =
(

A
wξ⊥

)4
is the elastohydrodynamic penetration length. The shape of the

filament is a function of the angular amplitude a and the dimensionless number known

as Sperm number,

Sp = L

ℓw

= L

(
wξ⊥

A

) 1
4

. (2.34)

This dimensionless Sperm number is the key parameter which tells the flexibility of the

filament as well as the efficiency of the swimmer. The optimum flexibility of the filament

allows the propagation of waves through filament which breaks the kinematic reversibility

and therefore allows it to move in low Reynolds number regime [14, 19, 79–81]. This

theory predicts the optimum values of parameters, which results the maximum propulsive

forces to the swimmer. The large value of Sperm number represents the dominance of

elastic forces, which provides stiff filament that obey Scallop theorem, and very small

value of Sp predicts dominance of viscous forces. Wiggins & Goldstein [79] provided

the shape prediction using the Sperm number in their studies, which was comparable

with experimental studies [82]. The figure 2.7 shows how the shape of the filament

changes with Sperm number. The elastohydrodynamic theory considers small amplitude

approximations. Still it works fine for comparatively large amplitudes. C. P. Lowe et al.

used simulation approach for the analysis of single filament or one-arm swimmer, where

they confirmed the theoretical prediction and showed that small amplitude approximation

also works for large amplitudes as well [83, 84].

2.4 A brief literature review

From past few decades people have shown immense interest in the locomotion of flexible

filaments [77–80, 83–87] and by exploiting flexibility they have proposed many theoretical

swimmers [19, 68, 67] as well as have realized it experimentally [14, 15, 17, 53, 55].

In 2005 Dreyfus et al. constructed the first man made artificial micro swimmer, where
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Fig. 2.7 Deformation of a single filament as the value of Sperm number changes, obtained
from our simulations.

they considered a chain of para-magnetic colloidal particles linked by DNA as shown

in figure 2.8. In their experiment they had shown that an applied magnetic field induces

beating pattern in the flexible filament and the swimmer is able to exhibit non-reciprocal

motion. This magnetic flexible chain is connected to a red blood cell, in the absence of

the red blood cell as a head swimmer is not able to perform non-reciprocal motion. The

induced bending wave travels from tip to head and as a result swimmer propel from head

to tip. They expressed the maximum scaled velocity as a function of the dimensionless

sperm number Sp, as predicted in the case of model elastic filaments [79]. However,

they showed that the optimum combination of parameters also depends upon a distinct

parameter named as magnetoelastic number, which involves the magnetic field strength.

The velocity and the direction of motion of the swimmer can be controlled by adjusting

the magnetic field. Based on this artificial swimmer further experimental [14, 88, 89],

theoretical [19] and computational [11] studies have been done. In 2010, Wei Gao et al.

achieved a magnetically actuated nanowire swimmer with a gold head and nickel tail

jointed by a flexible silver bridge [16], schematic is shown in figure 2.9. The flexible silver

bridge allows the cyclic deformation under an external rotating magnetic field. Under
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Fig. 2.8 Schematic representation of a flexible magnetic filament, proposed by Dreyfus et
al [15].

Fig. 2.9 Schematic of the nano-wire magnetic swimmer, proposed by Wei Gao et al [16].

rotating magnetic field the nickel tail starts to rotate, which results the rotation of the gold

head segment at a different amplitude, hence breaks the system symmetry and induces the

propulsion. The forward and backward propulsion are achieved by tailoring the length of

the nickel and gold segments. A precise On/Off motion control is achieved by modulating

the magnetic field. The flexible nanowire swimmer shows defined locomotion over a long

path, parallel to the magnetic field axis. The length and the speed of this swimmer are

around 6µm and 3µm/s respectively, that means it moves approximately 0.5 body length

per second. Very recently Tianlong Li et al. have created a magnetically driven fish-like

nano-swimmer which exhibit a very efficient swimming. The nano fish contains 2 nickel

segments as a body, 1 gold segment as a head and 1 gold segment as the caudal fin, with

three flexible silver hinges linking each segment. Due to an oscillating magnetic field,

the nickel segments bend the body and caudal fin periodically generate travelling-wave

motion. This nano fish has a diameter 200 nm, length 4.8 µm and it swims at a speed 30

µms−1.
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Fig. 2.10 Schematic of a biohybrid swimmer actuated by heart muscles, proposed by B. J.
Williams et al [17].

Most of these proposed artificial swimmers that work on the concept of flexible oar

motion are driven by external magnetic field and contain a head and a single tail. Now a

days people have been working on different ideas to construct and operate these structures.

Some of the interesting ideas are employing heart muscles to actuate the structure [17]

and also use of remote light signals to control the swimmer [18]. B. J. Williams et al.

proposed a bio-hybrid synthetic swimmer actuated by the heart muscles as depicted in

figure 2.10 [17]. The swimmer made up of a polydimethylsiloxane filament with a short

rigid head and a long slender flexible tail. They slectively seeded the heart muscles at

the joint area of the head & tail. The contraction-relaxation of heart muscles deform the

filament, which breaks the time inversion symmetry and swimmer propels.

In 2015, C. Haug et al. have shown that they are able to create soft robotic swimmer

using light actuated materials [18]. The light-driven liquid-crystal (LDLC) material [90]

containing azobenzene chromophore, sensitive to ultra-violet light, can convert light into

the mechanical energy with quick response and large deformation. The irradiation of UV

light bends the film that can be recover by visible light. Azobenzene chromophore has

very rapid phase transition, so the deformations of the LDLC film are very spontaneous
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with light irradiation, so can be controlled by the light. To build the device with the help

of LDLC material, Haug et al. used LDLC film attached with a rigid head and make

an arrangement of UV and visible light as shown in figure 2.11. Where synchronous

irradiation of UV light at the selective portion of the film make the film bend and

irradiation of visible light make the film straight again. The periodic irradiation of UV

and visible light provides a periodic deformation to the LDLC filament which results the

locomotion.

Fig. 2.11 Schematic of soft robotic light sensitive micro swimmer and light irradiation
system, proposed by C. Haug et al [18].

But again all these studies are focused on a single arm or single filament swimmer. E.

Lauga proposed multiple flexible filaments swimmer as shown in figure 2.12. He provided

an analytical treatment of the locomotion of the flexible swimmer with in the limit of

small amplitude approximation. He showed that the proposed muti-filament swimmers

follow straight swimming trajectories [19]. He argued that this is the simplest swimmer

which takes benefit of the coupling between drag and bending forces for locomotion.

Additionally, B. J. Williams et al. have also given the experimental evidence that a

bio-hybrid two tailed swimmer, actuated by heart muscles can achieve much higher

speeds as compared to simple one head and one tail swimmer [17]. The one-tail bio-

hybrid swimmer swims at a speed 5–10 µm/s, while two tail swimmer is able to attain a
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Fig. 2.12 Schematic of multi-filament swimmer. (a) Swimming with two symmetric
filaments, in planer motion. (b) Swimming with six filaments in planar motion, proposed
by E. Lauga [19].

swimming speed 81 µm/s. In the present work we have proposed a very simple artificial

swimmer known as one-hinge swimmer, it contains two arms. The idea to make this

swimmer is originated from a Scallop theorem itself. As Scallop theorem states that a

swimmer with one-hinge can not propel in a viscous fluid itself because it has only one

degree of freedom. We consider a swimmer with one-hinge, identical to a scallop, which

has two flexible arms, as we know that flexibility can break the Scallop theorem. The

two filament swimmer proposed by Lauga did not consider hydrodynamic interactions

between the filament and the swimmer body, which should be included. In our one-hinge

swimmer, we consider hydrodynamic interaction between two arms and our swimmer

does not contain a head.





Chapter 3

Modelling and simulation techniques

There are three approaches to study the dynamics of an artificial micro-swimmer

surrounded by a fluid, i) analytical ii) experimental and iii) computational. For simple

geometries, one can use analytical approac. But for complex geometries it becomes an

arduous task to solve flow field equations analytically and experiments have their own lim-

itations. But nowadays, thanks to modern computers comprising of high speed computing

processors and reducing computation costs have made computational approach as an

alternative to the analytical approach. In this work we have also opted the computational

approach. The problems that are herculean or almost impossible to solve analytically,

like the calculation of countless interactions between molecules and collective behavior

that contain many degrees of freedom. These problems can be tackled quickly through

computer simulations, which can be referred as in-silico studies. In-silico studies have

full hold over the simulation parameters, measurements, interactions, etc. and these allow

us to determine which factors play important role. This approach can direct us to a better

fundamental understanding of the problems. In the present work, we deal with coarse

grained fluid medium which makes the simulation computationally very efficient. So

particularly we need a mesoscopic method that can efficiently solve the Navier-Stokes

equations with thermal fluctuations. In this work mainly the Multi-Particle Collision

Dynamics (MPC) simulation technique is employed. The benefit of MPC is that it solves

the Navier-Stokes equation and also has inherent thermal fluctuations [91, 92], which

resembles real fluids. Using this technique, a variety of hydrodynamic problems in low

Reynolds number have been solved. For example, swimming of the sperm cells [93],

squirmer [94, 95], African trypanosome [96], E. Coli [97], taylor line [98], spheroidal
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micro-swimmer [99] etc. Previous studies show that this method is computationally

efficient for low Reynolds number hydrodynamics. The micro-swimmers that move by

deforming their surface can be simulated by coupling them to the surrounding fluid at

low Reynolds numbers using MPC [93, 96, 98, 100]. We have chosen this method as

it is very easy to implement and is also one of the most efficient methods in the Stokes

limit [101, 102]. We have utilized the technique with Anderson thermostat, where both

linear and angular momentum are conserved [102]. The continuous beating pattern of the

swimmer keeps imparting the energy into the fluid which increases the temperature of

the system. The Anderson’s thermostat which is inbuilt in the simulation method, keeps

the temperature of the system stable.

3.1 Multi-Particle Collision Dynamics

Multi-particle collision dynamics is a particle based coarse-grained simulation tech-

nique for fluid flow which was proposed by Malevanets and Kapral in 1999 [91, 92]. MPC

conserves mass and momentum globally as well as locally and includes hydrodynamic

interactions with thermal fluctuations. MPC is a particle based method, where we use

fictitious point particles of mass m0 to mimic the fluid medium. MPC consists of two

steps, one is called the streaming step and another one is called the collision step.

3.1.1 Streaming step

In streaming step, each fluid particle moves ballistically within a discrete time interval

δt. We update the position ri(t) of all the fluid particles at time t according to

ri(t+ δt) = ri(t) + δtvi(t). (3.1)

Where vi(t) is the velocity of ith particle at time t and δt is the MPC time step.
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Fig. 3.1 The streaming step (algorithm 3.1)

3.1.2 Collision step

In collision step, momentum transfer takes place between fluid particles. To perform

collision step, the simulation box is divided into square collision cells of size a0. The

collision step keeps mass and momentum conserved on a cell level. In collision step, the

velocity of each particle vi(t) is updated according to

vi(t+ δt) = u(t) + vran
i −

∑
cell

vran
i /Nc(t). (3.2)

Where u(t) = ∑
cell vi(t)m0/

∑
cell m0 is the center of mass velocity of jth cell, vran

i is a

random value for ith particle taken from a Gaussian distribution with variance kBT/m0

and Nc(t) is the number of particles in jth cell at time t. The number of particles in

one cell can vary from another cell, but the average particles per cell or average number

densityNa remain unchanged. Basically, in collision step a new randomly picked velocity

is assigned to each fluid particle. The velocity of ith particle in jth cell is the center

of mass velocity of the cell u(t) plus its new random value assigned from a Gaussian

distribution minus the mean of all the new random values for jth cell (see figure 3.2).

Though the individual velocity of each particle is assigned randomly but the center of

mass velocity of the cell does not change as
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u(t+ δt) = u(t). (3.3)

So the momentum remains constant as well.

Fig. 3.2 Depiction of MPC-AT collision algorithm. (a) Sort particle into cells, (b) calculate
the center of mass velocity u of the cell, (c) for each particle generate a random velocity
such that the center of mass velocity remains u and (d) apply this new velocity to each
particle.

3.1.3 Grid shifting

Due to the discretization of the space into cells, the system no longer remains Galilean

invariant. This happens when the mean free path of the fluid particles or MPC time step

δt is much smaller than the cell size a0. Because in this condition, particles mostly fail to

move far enough to leave the cell and due to that they repeatedly exchange momentum

with the same set of neighboring particles. The Galilean invariance can be restored

by performing a random shift (see figure 3.3) of the simulation box in the interval

[−a0/2, a0/2] as proposed by Ihle et al. [103, 104]. If δt is comparable or larger than
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cell size a0, then there is no need to perform the grid shift. In the present work, the MPC

is used to simulate a solvent (δt ≪ a0). However, if δt is too large, MPC behaves as a gas

rather than a liquid. In this case fluid becomes quite compressible [105]. In the case of

gas, the value of Schmidt number i.e. the ratio of the viscosity to the diffusion coefficient

(Sc = µ/D) becomes small, around Sc ∼ 1. While real liquids often offer Schmidt

numbers ranging between Sc ∼ 102 − 103. Many particles based simulation methods

like molecular dynamics (MD) [106], dissipative particle dynamics (DPD) [107, 108]

etc. struggle to achieve appropriately large Schmidt number. The good thing of MPC is

that one can obtain large value of Sc ∼ 102. As the value of δt decreases, Sc increases

and contrary to this when δt increases, Sc decreases (tending towards gas behavior).

Fig. 3.3 Picture of random shift of the collision cell.

3.1.4 Angular momentum conservation

The MPC-AT (multi-particle collision dynamics with Anderson thermostat) algorithm

(equation 3.2) conserves mass, linear momentum but it is unable to conserve angular

momentum. However, equation 3.2 can be expanded to (equation 3.4) conserve angular

momentum.



40 Modelling and simulation techniques

vi(t+ δt) = u(t) + vran
i −

∑
cell

vran
i /Nc+m0I−1 ∑

j∈cell

[rj,c × (vj − vran
j )] × ri,c

 .
(3.4)

Here ri,c = ri − Rc is the relative position of ith particle with respect to the center of

mass position Rc of jth cell, I is the moment of inertia of jth cell about center of mass. To

conserve angular momentum of the cell, ri,c is crucial. The MPC-AT algorithm shown in

equation 3.2 generates a small difference δL⃗ in angular momentum after performing a

collision step. This amount of angular momentum can be absolutely removed by providing

an appropriate angular velocity w⃗ to the cell. The angular velocity required to cancel

the δL⃗ is w⃗ = I−1δL⃗. So an extra term corresponding to the change in linear velocity

(resulting from the imposed angular velocity about the center of mass) is required to

conserve angular momentum, as can be seen in equation 3.4. We can refer the algorithm

3.2 and 3.4 as MPC-AT-a (MPC-AT without angular momentum conservation) and

MPC-AT+a (MPC-AT with angular momentum conservation) respectively.

3.1.5 Expressions for transport coefficients

The advantage of MPC is that we have analytic expressions for viscosity calculation.

The total kinematic viscosity µ is the sum of the kinetic viscosity µkin and collision

viscosity µcol. The expressions for MPC-AT-a are [109–111]

µkin = kBTδt

m0

(
Na

Na − 1 + e−Na
− 1

2

)
(3.5a)

µcol = a2
0

12δt

(
Na − 1 + e−Na

Na

)
, (3.5b)

thereinNa is the average number of particles per cell. The term eNa is due to the fluctuation

and it becomes crucial for Na ≤ 3.
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In MPC-AT+a for sufficient number of Na [112, 111] (in our case we always

consider ten particles per cell) the expressions are

µkin = kBTδt

m0

(
Na

Na − (d+ 2)/4 − 1
2

)
(3.6a)

µcol = a2
0

24δt

(
Na − 7/5

Na

)
. (3.6b)

By reducing δt we can increase the viscosity but in the cost of the more simulation time.

3.1.6 Boundary Conditions

Periodic boundary Conditions

Fig. 3.4 Periodic boundary conditions. The positions of particles that are outside the
constrained area are shifted to the opposite end.

The application of periodic boundary conditions (PBC’s) is that by using this, one

can mimic the bulk unbounded fluid. PBC’s wrap the simulated fluid such that the

positions of the particles that come outside the controlled volume are shifted to the

opposite side as shown in figure 3.4. Imagine we have a 2-dimensional (2-D) square

simulation box having side length Lbox. The co-ordinates of the corners of the simulation
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box are (0, 0), (Lbox, 0), (Lbox, Lbox) and (0, Lbox). After performing a streaming step,

we implement the conditions i.e. the particles which have been positioned ri(t) > Lbox

or ri(t) < 0 are shifted according to ri(t) − Lbox or ri(t) + Lbox respectively (see figure

3.4). In 2-D this situation is exactly like a paper sheet is folded into a cylindrical shape as

depicted in figure 3.5. The MPC involves hydrodynamic interactions, so in the case of

PBC’s the simulation box has to be chosen appropriately to avoid the box size effect.

Fig. 3.5 Schematic of a 2-D periodic boundary conditions. PBC’s wrap the system.

Solid boundary Conditions

Fig. 3.6 Schematic of solid boundary conditions.

If the fluid is confined between the solid walls, then the fluid flow near the walls comply

the no-slip boundary conditions. No-slip BC’s refers to any solid and impenetrable

boundary that leads to zero velocity (or equals to wall’s velocity) of the fluid particles

that interact with the wall. To implement the no-slip BC’s in the MPC fluid, we allow

the effective fluid particles interact with the walls using the bounce-back rules [113], see

figure 3.6. In bounce-back rules, when a fluid particle travels into a solid wall to position

R after performing a streaming step, we invert the velocity v′
i(t) = −vi(t) and allow the
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particle to move ballistically to position Q for half the collision time according to

ri(t+ δt/2) = ri(t) + v′
i(t)δt/2. (3.7)

After this, we shift the particle to the nearest spot on the solid wall at position X and then

allow it to stream with the velocity v′
i(t) for remaining half the collision time (to position

Y ) [114]. To improve the no-slip BC’s, virtual particles are required to distribute inside

the solid boundary [113, 115].

Virtual particles

Fig. 3.7 Inclusion of the virtual particles. In case of (a) virtual particles are not required
and in (b) virtual particles are needed. In the figure, virtual particles are colored as yellow.

The implementation of the perfect no-slip BC’s solicit bounce-back rules with the

incorporation of virtual particles. Simple bounce-back rules (without virtual particles)

are effective for insuring no-slip only when the wall strictly coincides with the boundaries

of neighboring MPC cells. However, generally walls do not coincide with neighboring

cells or can be parallel to the neighboring cells. Also, when we perform the random

grid-shift to restore Galilean invariance, simple bounce-back BC’s collapse to ensure

no-slip [116]. This is because the cell overlaps with solid boundary and some part of the

cell is not accessible to the solvent particles and so the cell remains partially empty. So
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the average particles per cell Na decreases near the wall and viscosity as well. It was

proposed that in this kind of situation, to ensure no-slip BC’s, virtual particles should

be employed [113, 117]. We uniformly distribute virtual particles (Nvirtual = Na −Nc)

in the region of the collision cells that is cut by the solid boundary as depicted in figure

3.7(b). This makes the density of the fluid near the wall equal to the average density Na.

The velocity components of the virtual particles are taken from a Gaussian distribution

with variance kBT/m0. These virtual particles are incorporated in the collision step.

This ensures in-compressible fluid as well as no-slip [113, 118, 119].

3.1.7 Brownian MPC

Often the hydrodynamic interactions (HI’s) in complex fluids are crucial. One of the

useful features of the MPC is that one can switch-off the HI’s. Sometimes it is useful to do

a comparative study with and without HI’s or turn off hydrodynamic interactions for some

parts of the study [120–125]. The methods for turning off HI’s in MPC simulations have

been shown in Refs. [120, 121]. Basically, a MPC fluid can be constrained to behave as a

BD (Brownian dynamics) fluid, with no HI’s, by randomly interchanging the velocities of

the MPC fluid particles after each collision step (see figure 3.8). In this case momentum

on cell level is not conserved.

Fig. 3.8 Distortion of hydrodynamic interactions (Brownian fluid) by randomly inter-
changing the velocity of the solvent particles.
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3.2 Modelling of the swimmer

3.2.1 2-D one-hinge or scallop swimmer

Fig. 3.9 The snapshot of a model one-hinge artificial swimmer with flexible arms. Three
mass points are given blue color to show that the bending waves pass through only these
three points. We have magnified the bond vectors ti and ti+1, which connect neighboring
mass points and make an angle θ. ϕ is the angle between two arms near the hinge.

To model a one-hinge swimmer, we take a chain of Nb beads connected with springs

[126], where each bead has unit mass m0 and rest length of the spring is l0 = 0.5. The

middle bead of the chain acts as a hinge for the swimmer. So we always consider odd

number of beads to make the length of the arms equal, as can be seen in figure 3.9. The

spring potential between the beads is given by

Us

kBT
= 1

2Ks(l − l0)2. (3.8)

Where Ks is the spring constant and l is the length of the spring at any given time. To

make sure that the springs remain relatively stiff during the simulations, we use a high

spring constantKs = 108 in the case of 2-D one-hinge swimmer. To control the flexibility

along the arms of the swimmer, we introduce a three body bending potential

Ub

kBT
= Kb(1 − cos θ). (3.9)

Where Kb is the rigidity constant and θ is an angle between two bond vectors ti and ti+1.

We apply the bending potential along both the arms of the swimmer except for the hinge

points. By varying the value of Kb, we can change the flexibility of the arms. When
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Kb → ∞, it means swimmer has completely rigid arms and when Kb → 0, swimmer

has completely flexible arms.

To obtain a hinge in the middle of the chain or between the two arms and also to

achieve the opening and closing beating pattern of the arms, we introduce a three body

bending wave potential along the three blue colored beads (see figure 3.9) given by

Uw

kBT
= 1

2Kw[ti+1 − R(l0α)ti]2. (3.10)

WhereKw is a bending rigidity constant that decides the strength of the potential, R is the

rotation matrix, φ = l0α is the angle between the two bond vectors where this potential

is applied, α = A sin2 (2πνt) is the spontaneous curvature, ν is the frequency of beating

and A is the amplitude of the wave. The matrix R rotates one bond vector ti against the

neighboring bond vector ti+1 about a unit vector which is perpendicular to ti and ti+1 by

an angle φ. As the curvature α is function of square of the sine wave, we will have only

positive values for curvature. Thus the angle ϕ between the arms can vary only between

0 − π. When two arms are completely opened (i.e. zero curvature position), the angle ϕ

will be the maximum ϕmax = π at that time. The value of Kw = 4 × 105 is used in the

present work. The total force on the ith bead of the swimmer due to spring and bending

potentials is given by

Fi = −∇i(Us + Ub + Uw). (3.11)

Note that the total force and the total torque on the entire swimmer is always zero,

ΣFi = 0, ΣTi = 0. (3.12)

3.2.2 3-D scallop swimmer

In order to build the three dimensional elastic scallop, we again use bead spring model.

The schematic of the scallop is as shown in figure 3.10. Here, we consider a sheet of

length L and width W , made up of beads [126]. The middle beads act as a hinge and we

always take an odd number of beads or mass points in the direction of length so that we

can divide the sheet into two equal flaps as shown in figure 3.10. The spring potential

between the beads is given by equation 3.8. The equilibrium distance between the beads
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is l0 = 0.5. The first nearest and the second nearest (diagonal one) neighboring beads are

connected with the potential Ks as illustrated in 3.10(i). To ensure that the springs are

really stiff, we have used a high spring constant Ks = 106.

Fig. 3.10 The schematic for 3-D model scallop; here middle beads are given in red color
to show that the bending waves pass only through these beads. The blow up (i) illustrates
that nearest and next nearest beads are connected with spring potential; blow up (ii) shows
the bond vectors ti and ti+1 which connect neighboring beads and makes an angle θ.

The flaps of the scallop are made semi-flexible by employing a three body bending

potential given in equation 3.9. We have applied the bending potential along both the

length and width directions except for the hinge (red) beads. In the direction of length we

consider the bending rigidity constantKb = KbL
and in the direction of widthKb = KbW

.

The hinge separates the sheet into two equal flaps. When we consider Kb → ∞, we have

completely stiff flaps of the scallop and when Kb → 0, we have completely flexible flaps.

To provide the actuation or opening and closing to scallop, we introduce a three

body bending wave potential Kw along the hinge beads that is given by equation 3.10.

We have used curvature α = A sin2 (2πνt), so that the flaps of the scallop can make an

angle between 0 − π. The angle φ can be controlled by the potential Kw and amplitude

A. The total force experienced by ith bead of the scallop due to all the potentials is given

by equation 3.11.
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3.2.3 3-D Taylor sheet

Fig. 3.11 (a) Snapshot of waving sheet swimmer as obtained from the simulation. (b)
Magnification of bond vectors between the beads and θ is the angle between the bond
vectors along the width. (c) 2-D projection of the sheet that depicts two wave trains each
having wavelength λ.

In the present study, we have also modelled a three dimensional sheet using bead

spring model as illustrated in figure 3.11. In figure 3.11(a), we have shown the structure

of the waving sheet as obtained from simulations. Each bead with a radius a = l0/3

is connected to four other beads with Hookean springs, here l0 is the center to center

distance between two nearest beads in equilibrium [11]. In order to prevent the sheet from

in-plane shear, next nearest neighbors are also connected with Hookean springs. The

potential energy of Hookean springs is given in equation 3.8. To ensure that the variation

of l is always very small as compared to l0, we consider relatively stiff springs. In order to

restrict the sheet from crumbling, we employ a bending potential along the width of the

sheet. The bending potential is given in equation 3.9. In order to make the sheet oscillate,

we apply bending wave potential along the length of the sheet [127] as given in equation
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3.10. Here α = A sin (kcd− 2πνt) is the curvature which is a function of time t, d is the

distance of the bead from one of the edges of the sheet, A is the amplitude of the applied

wave, kc = 2π/λc is the wave number, λc is the contour wavelength and ti is bond vector

that connects the center of two beads. Note that the actual wavelength λ is different from

λc [98]. We measure λ as end to end distance in the waving sheet divided by the number

of wave trains. Here we refer to a wave train for a wave with one complete wavelength,

for instance, in figure 3.11(c) sheet contains two wave trains. The total force on the sheet

is given by equation 3.11.

Molecular dynamics

In our case, we have employed the Molecular Dynamics simulation to provide move-

ment to the swimmer. MD technique numerically integrates the equation of motion for

a number of particles that interact through a set of potentials [106]. The total force on

each bead of the swimmer can be calculated from the applied potentials (Fi = −∇iU ).

The second law of Newton calculates the acceleration of the beads Fi/m0. We update

the velocities and positions of the beads using a velocity Verlet algorithm [128–130].

ri(t+ δtMD) = ri(t) + δtMDvi(t) + 1
2δt

2
MD

Fi(t)
m0

(3.13a)

vi(t+ δtMD) = vi(t) + 1
2δtMD

{
Fi(t) + Fi(t+ δtMD)

m0

}
(3.13b)

Therein δtMD is integration or MD time step. In our simulation we choose MD time

step very small δMD = 10−4 to keep the swimmer stable.

In the case of unbound fluid, if the position of any bead of the swimmer come

outside the constraint volume, in that condition we terminate the simulation. In contrast

to this, if beads interact with solid wall then bounce-forward BC’s are applied. Bounce-

forward BC’s are pretty alike to the bounce-back BC’s employed for the fluid particles. If

any bead of the swimmer moves into a wall, we place the particle at the position X (see

figure 3.6). But in contrary to the bounce-back BC’s, only the velocity component of the

bead orthogonal to the wall is reversed. This makes sure that the swimmer can slip along

a wall.
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3.3 Coupling of the swimmer with the fluid particles

The artificial swimmer in the present work is surrounded by MPC fluid medium.

Therefore, the dynamics of the swimmer must be coupled to the fluid medium. In

streaming step of MPC, we only consider the fluid particles and during this step we

allow the fluid particle to pass through the swimmer as can be seen in figure 3.12. We

incorporate beads of the swimmer with the fluid particles in the collision step, thereby

beads interact with the fluid particles. So in the collision step, beads exchange momentum

with the fluid environment. This ultimately couples the swimmer to the fluid environment

and gives the correct hydrodynamics for the swimmer [126, 131, 132]. Note that the

beads of the swimmer have same mass as that of fluid particles.

Fig. 3.12 Coupling of the swimmer with fluid particles, where fluid particles can pass
through the swimmer body.

3.4 Implementation

In order to perform the simulation, first of all we initialize the parameters. Then we

constraint the volume or area of the simulation box and assign the position of the fluid

particles from a uniform distribution within the simulation box. The initial velocities

of the particles and beads of the swimmer are assigned from a Gaussian distribution

with variance kBT/m0 = 1, which saves the simulation time that consume to achieve

equilibrium. Initially the position coordinates of the beads of a 2-D/3-D swimmer are



3.4 Implementation 51

Basic units Derived units

a0 = length τ0 = a0
√

m0
kBT

0000= time000000000000

kBT = energy D = a0
√

kBT
m0

= a02

τ0
= diffusion constant

m0 = mass µ = a0
√

kBT
m0

= a02

τ0
= kinematic viscosity

η = a0
√

m0kBT
a02 = m02

τ0a0
= dynamic viscosity

Table 3.1 Units associated with MPC algorithm.

considered in a straight line/sheet, having a gap of l0, in the middle of the simulation box.

Once we have the position of the beads we can calculate the force on each bead using

equations 3.8-3.11. Then we perform δt/δtMD number of MD steps before a MPC step.

Where, we update the position and velocity of the beads according to the equation 3.13.

Note that after every MD step we check the BC’s for the beads. After this, we execute

MPC step, where first we perform streaming step (equation 3.1) for the fluid particles

with BC’s. Then perform a grid shift to achieve Galilean invariance and again checked

for BC’s. After this, we perform a collision step (equation 3.4) for the fluid particles

(plus virtual particles if needed) and beads of the swimmer. After the collision step, we

shift the collision cells back. Then repeat the process (after initialization) till the desired

simulation time.

In the present work, we have measured quantities in MPC units where length is

normalized with a0, mass with m0, energy with kBT and time with τ0 = a0

√
m0/kBT

[133]. We have used a0 = 1, m0 = 1 and kBT = 1 which makes the time unit equals to

unity. On the basis of these basic units, we can derive the other units as shown in table

3.1 [133]. Also, we can compare the MPC units with the physical units. For example,

the length of the considered swimmer is L = 40µm in physical units and in MPC units

it is L = 40a0. That means a0 = 1 µm. Lets say the density of the fluid is equal to the

density of the water i. e. ρW = ρm0/a0
3 = 1000 kg m−3. If ρ = 10 in our simulation

then the mass of the fluid particles in physical units will be m0 = 3 × 10−16kg. Let us

consider, we are working at room temperature T ≈ 300K. Once we know all the basic

parameters in terms of the physical units, then we can calculate other parameters. For
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instance, time in the physical units will be τ0 = a0

√
m0/kBT = 3 × 10−4s. Similarly

we can calculate other parameters using table 3.1.



Chapter 4

Locomotion of a flexible one-hinge

swimmer in Stokes regime

E. M. Purcell showed that a body has to perform non-reciprocal motion in order to

propel itself in a highly viscous environment. The swimmer with one degree of freedom

is bound to do reciprocal motion, whereby the center of mass of the swimmer will not be

able to propel itself due to the Scallop theorem. In the present study, we are proposing a

new artificial swimmer called the one-hinge swimmer. Here we will show that flexibility

plays a crucial role in the breakdown of Scallop theorem in the case of one-hinge swimmer

or two-dimensional scallop at low Reynolds number. To model a one-hinge artificial

swimmer, we use bead spring model for two arms joined by a hinge with bending potential

for the arms in order to make them semi-flexible. The fluid is simulated using a particle

based mesoscopic simulation method called the multi-particle collision dynamics with

Anderson thermostat. Here, we show that when our swimmer has rigid arms, the center

of mass of the swimmer is not able to propel itself as expected from the Scallop theorem.

When we introduce flexibility in the arms, the time reversal symmetry breaks in the case

of the one-hinged swimmer without the presence of a head contrary to the one-armed

super paramagnetic swimmer which required a passive head in order to swim. The

reduced velocity of the swimmer is studied using a range of parameters like flexibility,

beating frequency and the amplitude of the beat, where we obtain similar scaling as that
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of the one-armed swimmer. We also calculate the dimensionless Sperm number for the

swimmer and we get the maximum velocity when the Sperm number is around ∼ 1.8.

4.1 Introduction

Microorganisms have adapted their locomotion to the harsh environment of low

Reynolds number regime by invoking different swimming strategy [56]. For exam-

ple, the E. Coli moves by rotating its helical flagellum [25, 26], Chlamydomonas flagella

have a breast stroke kind of motion [51], African Trypanosome has a helical flagellum

attached to the cell body with a planar wave passing through it [96, 134], etc. Swimming

of these kind of natural swimmers has been investigated for the last half-century [24–

26, 51, 56, 75, 96, 134, 135]. As a result of these studies, artificial swimmers have also

been proposed like Taylor sheet [63], Purcell’s two-hinge swimmer [10, 136], three-linked

spheres swimmer [64], Elastic two-sphere swimmer [68] and Three-sphere with a passive

elastic arm [67] etc, which have further enhanced our understanding about low Reynolds

number swimmers. One of the challenges in proposing an artificial swimmer lies in

the fact that the proposed movement stroke should not be reciprocal otherwise it cannot

propel itself due to the Scallop theorem. In Scallop theorem, Purcell had argued that a

swimmer with one-hinge or one degree of freedom is bound to perform reciprocal motion

and thus will not be able to swim in the Stokes regime [10, 56].

Purcell proposed two possible ways to elude from Scallop theorem, one is “corkscrew"

[25, 137] motion and second is “flexible oar" [79, 83] motion. Using the concept of

flexible oar, Dreyfus et al. [15] reported a micro swimmer that exploits elastic property of

a slender filament made up of paramagnetic beads. To break the time inversion symmetry,

a passive head was attached to the flexible arm. The passive head reduces the velocity

of the flexible swimmer. Bigger the head, higher is the drag force experienced by the

swimmer. The head is essential for swimming because without it the tail performs a

reciprocal motion and the velocity of the swimmer reduces to zero [19].

In the present study, we design and simulate a two-dimensional swimmer having

two symmetric arms joined by a single hinge that looks like a two-dimensional scallop.

The arms of the swimmer are semi-flexible and thus behaves as an elastic scallop. To
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design an elastic scallop swimmer, we use bead spring model [126] for the two arms

joined by a common bead which acts as a hinge, and to introduce flexibility to the

two symmetric arms of the swimmer we use bending potential [128]. The actuation

happens only at the hinge and the rest of the arm relaxes depending on the strength

of the actuation similar to the one-armed flexible swimmer [79]. In case of the elastic

scallop, the time inversion symmetry is broken because through the viscous drag term

time enters into the equation of the filament shape similar to the one-armed swimmer.

Hydrodynamic interactions between the arms of the swimmer are implemented using the

particles based simulation method for the fluid called as multi-particle collision dynamics

(MPC) [102]. The advantage of MPC is that it solves the Navier-Stokes equation and also

has inherent thermal fluctuations [91, 92] resembling real fluids. By this method a variety

of hydrodynamic problems have been solved, for example, swimming of sperm cells [93],

African Trypanosome [96], E. coli [97], Taylor line [98], Spheroidal micro-swimmer [99],

Squirmer [94, 95] etc. This is the method of our choice as it is very easy to implement

and is also one of the most efficient methods in the Stokes limit [102].

We know that the dynamics of the one-armed swimmer is described by the non-

dimensional hyper diffusion equation given by Wiggins et al. [79, 80]. They have

already shown that a flexible slender filament is propelled by periodic actuation which

is characterized by a dimensionless number called the Sperm number Sp [79]. Sperm

number is the ratio of the length of the swimmer to its hydrodynamic penetration length.

When Sp ≪ 1, the penetration length is larger than the length of the swimmer, which

means that the arms of the swimmer are stiff and perform nearly reciprocal motion

and that’s why we get very small velocity. When Sp ≫ 1, we have the length of the

swimmer to be very large compared to the penetration length, and hence the drag forces

acting on the swimmer increase. Thus the velocity of the swimmer again reduces. The

interplay between these two effects leads to a maxima in the velocity at a point when the

hydrodynamics penetration length is approximately equal to the length of the swimmer

as shown by Wiggins et al. [80, 79].

In section 3.2.1, we have described the model of our two-dimensional swimmer

using bead spring and bending potentials. In section 3.1, we have also described the

particle based simulation technique MPC and also explained how we couple the swimmer
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with the solvent particles to properly resolve hydrodynamic interactions. In section 4.2,

we discuss how our one-hinge swimmer breaks time inversion symmetry with flexible

arms. Then we analyze the flow field created by a flexible one-hinge swimmer. We

also study the velocity of the swimmer as a function of bending potential, frequency of

actuation and amplitude of the actuating wave. We are able to define the dimensionless

Sperm number for this swimmer and also discuss how our dimensionless velocity vary

with respect to Sp. In section 4.3, we discuss how this artificial swimmer can be realized

experimentally, followed by the conclusions in section 4.4.

4.2 Results

4.2.1 Breakdown of the time inversion symmetry

From the Scallop theorem we know that the movement undergoing time reversal

symmetry will not be able to propel in a low Reynolds number fluid. In the present

work we simulate a two-dimensional one-hinge swimmer similar to a two-dimensional

scallop. Figure 4.1(a) shows the shape conformation when we have flexible arms and

figure 4.1(b) is when we have the rigid arms, for one complete cycle. The curvature of

the hinge undergoes a change as sin2 (2πνt) which means we have only positive cycles.

In figure 4.1(a), when we look from right to left, first half of the figure, (till the solid

black line), sin2 (2πνt) changes from 0 − 1, shows the closing of the arms and the second

half shows the opening of the arms with sin2 (2πνt) changing from 1 − 0. The curvature

of the hinge changes as a function of time (α = A sin2 (2πνt)) as given in the equation

3.10. When t = 0 we have zero curvature, that means arms of the swimmer is open to

maximum possible extent or we start from a straight line. As time progresses, α increases

and the arms of the swimmer start to close from the center of the swimmer, similar to a

two-dimensional scallop. When the arms start to close, the center of mass of the swimmer

moves in the backward direction. The rest of the arms follow the actuation of the hinge

points. As the actuation only happens on the hinge, there will be a delay for the actuation

to reach the end of the arms. This will cause the points near to the hinge of the swimmer

to close faster as compared to the points farther away. So as the arms close, the ends

bend in an outward direction and resembles V shaped conformation. When it reaches

sin2 (2πνt) = 1, we get a maximum value of curvature equal to the amplitude A. After
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that the curvature at the hinge starts decreasing and the arms of the swimmer start to

open up. Again the point away from the hinge will be moving in the closing direction,

due to the delay in the propagation of the actuation. By that time the points close to the

hinge would have already started to move in the opening direction. Due to this the ends

of the swimmer now bend inward as can be observed in the latter half of the figure 4.1(a).

The center of mass of the swimmer also starts moving in the forward direction and the

ends of the arms start to retract now in a U shape conformation. At a later time, when

the arms reach sin2 (2πνt) = 0 or α = 0, the arms of the swimmer open to maximum

possible extent. As the swimmer has a V shape conformation during closing of the arms,

while in case of opening it has a U shaped conformation, thus breaking the time inversion

symmetry and the one-hinge swimmer move ballistically from right to left as shown by

the black arrow in figure 4.1, which was also predicted by E. Lauga [19].

In our simulation when we keep the bending stiffness Kb = 107, we obtain rigid

arms for one-hinge swimmer. In the case of rigid arms, the oscillations at the hinge are

followed by every point of the arms and thus the swimmer performs reciprocal motion.

There is no difference in the opening and closing conformation as can be observed in

figure 4.1(b). As a consequence the center of the mass of the swimmer does not undergo

ballistic motion.

4.2.2 Mean square displacement

Finite size effect

In problems involving hydrodynamics effect, the simulation box has to be choosen

appropriately to avoid finite size effect [93, 138]. To verify the effect of finite box size

we have calculated the mean square displacement of the center of mass (MSD) of the

rigid arm swimmer

⟨R2⟩ = ⟨(rcm(t) − rcm(t0))2⟩. (4.1)

Where rcm(t0) and rcm(t) are the position of the center of mass of the swimmer at

beginning of the simulation t = 0 and at time t respectively. In figure 4.2, we have

plotted the MSD as a function of time t for a swimmer with length of one arm L = 15

for 4 different box sizes. The rigid arms scallop will not be able to break time inversion
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Fig. 4.1 Sequence of conformation of the arms (here different colors are used just for
the better visualization) of the one-hinged swimmer over one complete beat cycle, (a)
represents the case for a flexible arms and (b) for the case of rigid arms. From right to
left, we observe the sequence of closing, from the center bold conformation shows the
opening of the arms of the swimmer. The black arrow at the top shows the direction of
swimming for the flexible swimmer.
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symmetry. So it only diffuses and we expect slope of 1 of MSD due to the inherent

thermal fluctuation of the MPC fluid. In figure 4.2, we can see that in all the cases till

t ≈ 10 the swimmer hardly moves because bending waves take some time to propagate

from hinge to the end of the arms. As we have discussed in the previous section, initially

a swimmer has open arms and with time it starts to close the arms and due to that the

center of mass displaces and we get an upswing in MSD. Once the curvature reaches

k2the maximum, arms starts to open again and center of the mass tries to come back to

the previous position and due to that we get a down swing in MSD. So the MSD of the

swimmer always oscillates depending on the frequency of oscillation. Here, we consider

the beating frequency ν = 0.01 and as we are using a curvature α = A sin2 (2πνt), so

at t = 1/ν = 100 we get two positive cycles that means swimmer completes two cycles

of oscillation by closing and opening the arms. This we can observe in figure 4.2. The

center of mass oscillates two times till t = 100. We observe that when the box size is 60

or 4 times the length of the arm L, after 1 − 2 cycles of oscillation MSD attains slope

of 1. When the MSD reaches a time of t > 300, we observe a deviation from the slope

of 1. When the size of the box was increased to 90 or 6 times of L, we observe that the

deviation of MSD from slope of 1 happens at a later time t > 103 indicating that the

finite size effect happens at a much later time. When we further increased the size to 8

and 10 times the length of the arm of the swimmer, we did not observe a deviation from

a slope of 1 upto the time of our observation. So in the present work we have always kept

the size of the simulation box 10 times the length of the arm of the swimmer to avoid

finite size effect.

Ballistic motion

In order to observe the difference between a flexible and a rigid scallop we have

calculated the MSD as a function of time for both the cases as shown in figure 4.3. As

mentioned before, for the rigid arms the center of mass of the swimmer undergoes diffusive

motion characterized by < R2 > ∝ t. In case of flexible arms, we observe that after

3 − 4 cycles of oscillation, the swimmer starts to undergo ballistic motion characterized

by < R2 > ∝ t2 as expected because in this case the time inversion symmetry is broken.

The flexible swimmer moves toward the left as indicated by the arrow in the figure 4.1(a)

which is also predicted by Lauga et. al [19]. Here for both the cases we have used the
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Fig. 4.2 MSD of a rigid scallop of arm length L = 15 in four different boxes (box sizes
are mentioned in figure). Here solid black line has slope one.

same beating frequency ν = 0.01 and due to that MSD oscillates twice as time reaches

t = 100.

4.2.3 Flow field

To check that what kind of flow field a flexible swimmer creates in the surrounding fluid,

we calculate the average velocity vectors in the vicinity of the swimmer. In figure 4.4, we

depict the velocity vectors or flow field around the swimmer. The scale bar shows the

strength of the velocity vector where the orange color denotes the smallest magnitude

velocity vector and blue color denotes the highest magnitude velocity vector. In the flow

profile we can see two curls. When a flexible swimmer opens and closes its arms it creates

these two curls. Thus the left arm of the swimmer creates an anticlockwise flow curl and

the right arm creates a clockwise flow curl. In the figure, we can see that for both the

arms the velocity vectors that have the maximum strength are in the upward direction. So

the flow curls push the swimmer in the upward direction as expected from the previous

observations. The depicted flow field of the one-hinge swimmer is somewhat similar to
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Fig. 4.3 Mean square displacement of the center of mass position of the swimmer is
plotted as a function of time t for the flexible arms (blue) and rigid arms (red). The solid
line has slope of 1 indicating diffusive motion and dotted line has slope of 2 representing
directed motion of the swimmer.

the average flow field of the Chlamydomonas reinhardtii and also it follows the same

direction of motion [139].

4.2.4 Effect of Flexibility

From the previous sections, we know in the present work flexibility plays a major role

in the swimming of the two arms swimmer. To study the effect of flexibility we measure

the reduced velocity after the swimmer has attained ballistic motion which is defined

as Vcm/Lν, where Vcm =
√

⟨R2⟩/t. The Reynolds number is defined Re = VmaxL/µ

[10, 93, 133]. We use µ = 3.6 and the maximum velocity we have studied for the

scallop is Vmax ≈ 0.03, the length of the arm of the scallop is L = 20, so the Reynolds

number of our system Re < 0.16 is consistent with the previous studies of low Reynolds

number regime using MPC simulations [93, 98, 140]. The Peclet number is defined as

Pe = VcmL/D, where D is the diffusion coefficient of the rigid swimmer [133] and in

our case the range of Pe = 16-80, which means the thermal fluctuations do not play a

significant role in our simulations [141]. In MPC simulation the Mach number of the
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Fig. 4.4 Flow field created by a flexible one-hinge swimmer (thin black line). Here, solid
black arrow shows the direction of the swimming.

fluid should be very small in order for the fluid to be incompressible. The Mach number

is defined as Ma = Vmax/Vsound, here Vsound =
√

2 is the speed of sound in 2 dimension

for MPC fluid. In our case, for maximum frequency we have used Vmax ≈ 0.03 and so

Ma ≈ 0.021 [138], which is within the incompressible limit of MPC. In order to verify

that MPC fluid is in the incompressible limit at all length scales in our simulation, we

calculated the mach number for the tip of the swimmer which moves with the maximum

velocity ≈ 0.42. The mach number for the tip of the arm turns out to beMa ≈ 0.30, which

is again within the accepted MPC limit for having an incompressible fluid [113, 133, 142].

In figure 4.5, we have plotted the reduced velocity as a function of bending rigidity Kb of

the arms of the swimmer. When Kb = 0 and Kw = 0 our swimmer becomes passive and

behaves as a Gaussian polymer chain. When we increase Kb from 105 onward, keeping

Kw = 4 × 105, we observe a nominal increment in speed. The reason being that here

the arms of the swimmer are very flexible and the wave which passes from the hinge

is damped before reaching the end point. Here the configurations of the swimmer do

not change appreciably during the entire beat cycle. The arms of the swimmer become
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progressively rigid by increasing Kb and the speed increases as shown in figure 4.5.

Here we have a competition between the elastic forces of the swimmer and viscous drag

because of the fluid particles. The speed starts to increase till it reaches a maximum

when the elastic forces cancel the frictional forces, for intermediate bending stiffness

Kb = 3.25 × 105. On further increasing the rigidity of the arms, the velocity goes down.

Near Kb = 107 it starts behaving as a conventional scallop and eventually the speed of

the scallop goes towards zero as we keep on increasing the rigidity of the arms.

Fig. 4.5 The reduced velocity of the swimmer is plotted as a function of bending rigidity
of the arms of the swimmer.

4.2.5 Beating frequency

In figure 4.6, we have plotted the reduced velocity of the swimmer with respect to the

beating frequency ν imparted on the hinge. Here the minimum frequency we have used

is ν = 0.008 and maximum frequency is ν = 0.0175, so that the swimmer completes 48

and 105 cycles respectively for a time t = 3000. In the present study of the one hinge

swimmer, we are considering only large amplitudes, and the reduced velocity scales

linearly with ν as shown by the straight dashed line in the figure 4.6 which has slope

of 1. For a single-armed swimmer Wiggins et al. had derived the equation for velocity
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Fig. 4.6 The reduced velocity is plotted as a function of frequency of the actuation. The
solid line has slope of one as predicted for the small amplitude approximation.

using small amplitude approximation, where it was shown that the reduced velocity scales

linearly with ν. In our case, the amplitude we have considered A = 4.25 is large. Still

we observe that the scaling is in agreement with that of Wiggins et al. [79].

4.2.6 Amplitude of the actuation

For closing and opening of the arms of the swimmer, the parameter that we are changing

is the amplitude A of the bending wave given in the equation 3.10. The amplitude is

chosen in such a way whereby we make sure that the mass points of the swimmer close

to the hinge will never overlap. As we change the amplitude of the beating, the angle ϕ

created between the arms of the swimmer changes as well, see figure 3.9. The maximum

angle between the arms in the simulation nearly stays around ϕmax = π, while the

minimum angle varies between ϕmin = π/3 − 2π/3. In the present study the amplitude

is related to the difference in the minimum and maximum angle made by the arms of the

swimmer. In figure 4.7, we plot the amplitude A as a function of ∆ϕ = ϕmax − ϕmin,

which is the difference between the minimum and maximum angle during the opening

and closing of the arms of the swimmer.



4.2 Results 65

When ∆ϕ = π, then the maximum angle will be π and the minimum angle will

be 0 between the arms of the swimmer, which means the arms of the swimmer is going

to overlap at the minimum angle. For measuring ϕ, we calculate a unit vector between

the hinge and the fourth bead from the hinge for the left arm p̂l and the right arms p̂r

respectively. Then the angle ϕ = cos−1(p̂l · p̂r). Also note that for the beating of the arms

we are changing the spontaneous curvature of the beads close to the hinge by sin2 (2πνt),

which means the angle between the arms will not go beyond π. The dashed line in figure

4.7 is drawn from straight line equation which shows that A ∝ ∆ϕ. In the present work

we have keptKw ≈ 105 and found that arms can open and close in such a way ∆ϕ > π/3.

In figure 4.8, we plot the reduced velocity as a function of the ∆ϕ. Here we observe

that as the difference in the angle between the arms increases, the speed of the swimmer

also increases. We observe that the reduced velocity scales as the square of ∆ϕ, the

dashed line in the inset of figure 4.8 has slope of two. The equation for the velocity has

been deduced from the small amplitude approximation for the single-armed swimmer

[79] as well as for the one-hinge swimmer [19]. In these works they had shown that the

reduced velocity scales with the square of the amplitude of the actuation. Even though

our amplitudes are larger than that were considered in these work, we observe that the

reduced velocities have similar kind of scaling as that of small amplitude approximation.

We were not able to further increase the amplitude of the actuation as it will lead to

overlap of the arms of the swimmer, which is not a physical scenario for an artificial

swimmer.

4.2.7 Sperm number

Wiggins et al. had shown that if a flexible rod is perturbed at one end by y0 cosωt, for

small amplitudes, the dynamics of the one arm follows the dimensionless hyper diffusion

equation dy
dt

= S4
p

d4y
dx4 , where Sp is a dimensionless number called Sperm number. The

Sperm number is given by

Sp = L

(
ξ⊥2πν
k

) 1
4

. (4.2)

Where L is the length of the arms of the swimmer, k = Kbl0 is stiffness of the arms of

the swimmer, ν is the frequency and ξ⊥ is the frictional coefficient per unit length in

perpendicular direction of motion defined to be consistent with the one-armed swimmer.
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Fig. 4.7 ∆ϕ (in radian) is plotted as a function of the amplitude of actuation. The dashed
line shows the linear fit given by (0.43A/a0 + 0.1).

Fig. 4.8 Reduced velocity of the swimmer is plotted as a function of ∆ϕ (in radian), the
dashed line (inset) has slope of two as predicted for small amplitude approximation.
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Fig. 4.9 The reduced velocity of the swimmer is plotted as a function of Sperm number.
The value of Sp was varied by changing ν (square), L (circle) and k (triangle), keeping
all other parameters same.

In the present study, we calculate the perpendicular friction coefficient using ξ⊥ =

4πη/[ln (L/r) + 1/2] [13], where η is the viscosity of the fluid and r is the radius of

the arm. In the present work, the spring that connects two beads behaves as a rigid rod

of length l0 = 0.5, as a result we have considered the radius of the rod to be r = 0.25.

In figure 4.9, we show the reduced velocity of the swimmer as a function of the Sperm

number. For the small value of the Sp we observe that the elastic forces dominate and

we get a small velocity, while in the high Sperm number region the drag forces acting

on the arms of the swimmer dominate and again the velocity goes down. As there is a

competition between the viscous and elastic forces in the arms of the swimmer, there

should be one particular Sp value where we should observe a maximum for the velocity,

which is around ∼ 1.8 in our case.

For the one-armed swimmer with small amplitude approximation, it was shown that

the maximum velocity is when Sp ≈ 4, while Lagomarsino et al. have demonstrated using

simulations that for the same one-armed swimmer with large amplitude, the maximum

velocity happens when Sp ≈ 2 [83, 84]. This is similar to our present work, where we
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consider the amplitude larger than the small amplitude approximation. In figure 4.9, Sp is

varied by changing the length of the arms, the frequency of actuation and the stiffness Kb

of the arms of the swimmer, keeping rest of the parameters constant of the equation 4.2.

Here we can see that the peak positions of the reduced velocities remain almost same. For

small values of the Sperm number till Sp < 1.6, we find continuous increment in scaled

velocity with Sp as expected. After the maximum, we observe that the scaled velocity

continuously decreases as we increases the Sp and after Sp > 2 we observe a slow drop

in scaled velocity. For small amplitude approximation Wiggins et al. had shown that the

scaled velocity attains a plateau for higher Sp value. Our results are similar to the results

obtained by Lagomarsino et al. [83], where they showed that for large values of Sp, when

large amplitudes are considered, the velocity does not stay constant, it slowly decreases

with Sp.

4.3 Discussion

It was shown that the one-armed flexible swimmer [11, 15] will undergo ballistic

motion only if a passive head is attached to the arm. The two-armed swimmer with a

head was initially considered by Lauga [19]. For simplification of the calculation he

ignored the hydrodynamic interactions between the arms of the swimmer and also the

velocity of the swimmer was derived under the infinitely small amplitude approximation.

Lauga has also shown analytically that if two arms are actuated similar to a one-armed

swimmer, a passive head is not required to break the time inversion symmetry. In the

present work, we are able to show that if two filaments are joined by a hinge and actuated

only at the hinge, the artificial swimmer starts to behave as a self propelled object. We

obtain the direction of the swimmer as predicted by Lauga [19], but the magnitude of

velocity is not in agreement with our work. This may be because in the present work

there are hydrodynamic interactions between the arms of the swimmer as well as the

amplitude of the actuation in the present work is higher than that considered for the

small amplitude approximation. E. Lauga et al. neglected the long range hydrodynamic

interactions between the two arms of the swimmer [19], while MPC includes the long

range hydrodynamic interactions. The biflagellate algae Chlamydomonas is one biological

model which is similar to our model. The two flagella show precise phase synchrony
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in the breaststroke beating [143]. Similarly in our model, the long range hydrodynamic

interaction provides the synchronized behavior between two filaments. Because in our

case both the filaments undulate with the same frequency and provide phase locking

between two filaments which reduces rotational motion of the swimmer. Hence it ensures

straight swimming trajectory. In our simulation, due to the long range hydrodynamics,

we have found that swimmer always has a nearly straight swimming trajectory. Due to

the absence of a passive, head we believe that the scallop swimmer will be more efficient

than the single arm swimmer.

Also recently Tian Quie et al. [144] demonstrated that a micro scallop can swim in

a non-Newtonian fluid. In this work they have used a rigid arm scallop in a non-Newtonian

fluid, while in the present work our scallop or one-hinge swimmer have flexible arms

thereby performing the ballistic motion even in Newtonian fluid. It is known that swimmer

African Trypanosome velocity is increased approximately 8 times when it swims in a fluid

(non-Newtonian) having obstacles of size and spacing of RBC in blood [145] and it will

be interesting to study the swimming of the one hinge swimmer in these environments.

Recently Haug et al. have shown that they can create soft robotic materials using

light actuated materials [18]. The light-driven liquid-crystal (LDLC) material [90], which

are sensitive to ultra-violet light, can convert light into mechanical energy with quick

response and large deformation. When we shine UV light the LDLC undergoes a phase

transition by which it gets converted into a shorter molecule, while shining visible light

it recovers its original conformation. We believe using these materials experimental

realization of the one-hinge swimmer is possible. They have already demonstrated using

these materials that they are able to recover the shape conformation for a one-armed

swimmer and to extend it to a one-hinge swimmer should not be too challenging.

4.4 Conclusions

In this chapter, we have modeled a two-dimensional scallop or a one-hinge swimmer.

We have shown that the hydrodynamic interactions between the mass points of the

swimmer and the fluid particles can be simulated using multi-particle collision dynamics

(MPC). We have also demonstrated that if the arms of swimmer are very rigid, it follows



70 Locomotion of a flexible one-hinge swimmer in Stokes regime

the Scallop theorem and the swimmer is not able to propel itself through the viscous

fluid. But when the arms are made flexible, the time inversion symmetry is broken and

swimmer performs ballistic motion. For a flexible swimmer, we have shown the velocity

flow profile. We have also shown that the velocity of the swimmer has a maximum for

intermediate bending rigidity along the arms of the swimmer. For small bending rigidity,

the arms are very flexible and the actuation is not able to produce the desired shape

conformations, while for stiff arms we are closer to the Scallop theorem and the velocity

approaches to zero. The reduced velocity is also studied as a function of frequency as well

as the amplitude of actuation and we have shown a similar scaling relation as predicted

by elastohydrodynamic within the small amplitude approximation, even though we have

considered large amplitude in the present work. We were also able to define Sperm

number for the swimmer and have also shown that the reduced velocity had a maximum

at Sp ∼ 1.8 which is consistent with what is expected for large amplitude actuation.



Chapter 5

An exploration of one-hinge

self-propelled swimmer in stokes flow

In the present study, we are exploring the two dimensional one-hinge swimmer in a

Newtonian fluid. Here we will show that the arrangements of the bending rigidity along

the arms of the swimmer change the properties or the dynamics of the swimmer. To

model the one-hinge swimmer, we have use bead-spring model and the fluid is simulated

using a technique known as multi-particle collision dynamics with Anderson thermostat.

Here, we show that when our swimmer has asymmetric arms, then instead of straight

path, it follows the circular path. The direction of the circular pattern depends upon the

combination of the bending rigidity of both the arms. Here we obtain the swimming

trajectories, rotation rate for a few combinations of bending rigidity. When one of the

arms is pretty rigid and second has moderate rigidity, then this combination creates

maximum rotation rate and the swimming trajectory has larger curvature. As we increase

the amplitude of actuation the rate of rotation also increases. Here, we also consider

a non-uniform distribution of the bending rigidity Kb along the arms, where we have

progressively changed the Kb in a geometric sequence and show that this arrangement

can enhance the swimming speed.
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5.1 Introduction

Locomotion at the micron-scale encounters entirely different kind of challenges as

compared to macro-scale swimming. Micron-scale swimmers experience viscous drag

much stronger as compared to the inertial forces. In order to get a single external force

free low Reynolds number swimmer motile in an infinite Newtonian fluid, swimmer must

follow the non-reciprocal movements as stated in Purcell’s famous Scallop theorem [10,

81]. Natural biological micro-swimmers generally break the Scallop theorem by waving

their flagella [51], oaring flexible cilia [146] and by rotating helical flagellum [25, 26].

Inspired by natural swimmers, many artificial small scale swimmers have been constructed

to exploit identical swimming strategies. For example, para-magnetic flexible micro-

swimmer attached with red blood cell, [15], light sensitive soft robotic swimmer [18],

cardiomyocytes cultured ploydimethylsiloxane film swimmer [17], magnetic multilink

nanoswimmers [54], fish-like nanoswimmers [55] and magnetically driven helical shaped

micro-robots [147, 148]. Other than this, many theoretical artificial models have also

been proposed like Taylor sheet [63], three-spheres swimmer with a passive elastic arm

[67], elastic two-sphere swimmer [68] and one-hinge flexible swimmer [149] etc. These

further assist us to design more controlled artificial swimmers and also help us in more

precise fabrication as well as to improve the performance of previously built swimmers.

In theoretical flexible models, the prototypical example is a single flexible filament

swimmer [19, 79, 83, 84]. Later E. Lauga has shown that swimming using multiple flexible

filaments provides straight swimming trajectories, which is the advantage over single

filament swimmer and head is also not required to break the time-inversion symmetry

[19]. Additionally, B. J. Williams et al. have also given the experimental evidence that a

bio-hybrid two tailed swimmer can achieve much higher speed as compared to simple

one head and one tail swimmer [17]. In chapter 4 of this thesis, we have demonstrated a

computational model of one-hinge swimmer, where we have optimized the parameters

that results maximum velocity using dimensionless Sperm number [79]. To obtain the

diverse functionality of one-hinge flexible swimmer, we carry this study to the next step.

In the present chapter, we consider a bit sophisticated arrangement of bending rigidity of

the arms of the one-hinge swimmer which provide us an enhanced swimming speed and

also give us control over the direction of the swimmer. Similar to previous work, to design
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the one-hinge flexible swimmer we have used bead-spring model (see section 3.2.1) and

to simulate the solvent we have used the particles based simulation method known as

multi-particle collision dynamics (MPC) [102] (see section 3.1). The benefits of MPC are

that it provides the solution of the Navier-Stokes equation and also has inherent thermal

fluctuations [91, 92] similar to the real fluids.

The chapter is arranged as follows. In section 5.2, we have discussed the results

where we have demonstrated how the dynamics of the swimmer changes by adding a

disparity in the bending rigidity of the arms. Also we have compared our results with

similar experimental observation. In section 5.3 we have concluded our results.

5.2 Results and discussion

A one-hinge swimmer can perfectly swim in a viscous fluid if it has flexible arms as

shown in chapter 4, where we have considered a one-hinge swimmer with symmetric

arms and uniform bending rigidity along the arms as shown in figure 5.1(a). The bending

rigidity is the parameter that makes the one-hinge swimmer mobile. To make the swimmer

more controlled and efficient, we consider an assorted arrangement of the bending rigidity

of the arms.

5.2.1 Constant but asymmetric rigidity

Initially we consider a swimmer which has asymmetric arms. By asymmetry we mean

that both the arms have different bending rigidity. As discussed in section 3.2.1, we can

control bending rigidity by changing the value ofKb. In the case of asymmetric swimmer,

we label the arms as arml (left arm) & armr (right arm), and their bending rigidity as

Kb = Kbl
& Kb = Kbr respectively as shown in figure 5.1(b).

There are many possible combinations that we can choose. For example, arml is

pretty flexible & armr is moderately flexible, or arml is pretty rigid & armr is pretty flexible

and many more. We know that the slender body swimmers that move by waving their

flagellum, propel in the opposite direction to the direction of bending wave propagation

[56]. In case of one-hinge swimmer, for every combination of rigidity, the body of the
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Fig. 5.1 Schematic of one-hinge swimmer. (a) Both the arms of the swimmer are sym-
metric and have uniform bending rigidity. (b) Arms are not symmetric. Left arm has
bending rigidity Kbl

and right has Kbr , though the bending rigidity Kbl
& Kbr along the

arms are uniformly distributed. (c) Arms are symmetric but bending rigidity along the
arms is non-uniform. Bending rigidity is arranged in such a way that it reduces from
hinge to edge in a geometric sequence. We can see that near the edges, arms (green) are
pretty flexible as compared to the symmetric uniform arms (red), though in both the cases
average bending rigidity is same. Three beads are given black color to show that the
bending wave potential Uw is applied only on these three beads. The black solid arrow
shows the direction of the motion.

swimmer deforms in a different manner. So swimmer may follow different swimming

direction. This is because the direction of bending wave propagation depends upon

the pattern or shape that swimmer will follow. We can refer this by comparing two

experimentally observed swimmers. R. Dreyfus et al. proposed a magnetic flexible

swimmer containing a red blood cell (RBC) as a head and a tail made up of magnetic

colloidal particles [15]. An applied magnetic field induces beating pattern that propels

the swimmer. The RBC head moves toward the free end of the tail which indicates that a

wave is passing from free extremity towards head [15]. B. J. Williams et al. proposed

a bio-hybrid synthetic swimmer having a head part and a tail part actuated by the heart

muscles [17]. The contraction-relaxation of heart muscles provide a beating pattern and

contrary to previous swimmer, it moves towards to the head. This is because they seeded

the heart muscles only at the joint area of the head & tail. Due to that the swimmer
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deforms in such a way that a wave travels from head to tail. As a consequence swimmer

moves from free end of the tail to head. This bio-hybrid swimmer body attains different

kind of configurations as compared to the paramagnetic swimmer. Hence it follows the

opposite direction of motion [15, 17], though both have one head and one tail.

In the present work, we are employing a bending wave potential which induces

the bending wave that propagates through the arms of the swimmer. In the beginning

of the simulation, the swimmer is in form of a linear chain of beads and as we apply

the bending wave potential (Uw) the arms of the swimmer start to close and open. The

curvature α = A sin2 (2πνt) ensures that the arms of the swimmer will open & close in

only upper half portion, similar to the scallop [149]. Due to the asymmetric arms, we

expect that swimmer will also have rotational motion. Because of the rotation, it will

be a little bit tricky to observe the direction of bending wave propagation. If somehow

we can eliminate the rotation, it will simplify the observation of the direction of linear

motion as well as the direction of the wave propagation. So we have used the curvature

α = A sin (2πνt) instead of the earlier one. This curvature ensures that arms will open

& close in the upper half region as well as in the lower half region, which will switch

off the rotation. To demonstrate the direction of bending wave propagation, we consider

three key bending rigidities which make arml; (a) extremely stiff (Kbl
= 107), (b) very

flexible (Kbl
= 5 × 104) and (c) moderate flexible (Kbl

= 3 × 105), while armr always

has moderate flexibility. (Note that the values of bending rigidity have been chosen on the

basis of the study of the one-hinge symmetric swimmer. In chapter 4, we have shown the

values of Kb which makes the arms of the swimmer extremely rigid, extremely flexible

and moderate flexible.) In these three cases, we get different directions of motion as

can be seen in figure 5.2. When arml is extremely rigid, then only armr contributes in

the motion. In figure 5.2(a), if we see from top to bottom, we find that the swimmer is

propelling towards the arml. It means a wave is passing from hinge towards armr. Next,

we keep arml pretty flexible. We expect that here also armr will provide motion to the

swimmer because it has moderate flexibility. But if we carefully watch the figure 5.2(b)

then we see that the large flexibility of arml damps down the actuation near the hinge,

due to that armr seems to be rigid and a wave with a smaller amplitude travels from hinge

toward arml. Hence swimmer moves toward armr with a slower speed. Finally when

both the arms have a moderate flexibility, swimmer does not move. It just has diffusive
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motion as expected, see figure 5.2 (c). Since it is the case of symmetric arms and the

thrust generated here by one arm is exactly opposite to the other arm, so there should

not be any propulsion. From this demonstration we can observe that in an asymmetric

one-hinge swimmer, the propelling wave passes from hinge towards the free end of the

arm which is comparatively less rigid and the entire structure propels toward the more

rigid arm.

Fig. 5.2 Trajectories of the swimmer for three different cases where the curvature between
the arms changes as α = A sin (2πνt). (a) Kbl

= 107, Kbr = 3 × 105 and swimmer
propels toward left arm. (b) Kbl

= 5 × 104, Kbr = 3 × 105 and swimmer propels toward
right arm. (c)Kbl

= 3 × 105,Kbr = 3 × 105 and swimmer perform only diffusive motion
.

Now let us consider that curvature is α = A sin2 (2πνt). That means swimmer

performs a scallop kind of movements (arms open & close in only upper half portion).

First, we consider that arml is rigid and armr has moderate flexibility. According to the

previous observation, the swimmer should propel towards the arm that is comparatively

more rigid and bending wave will travel in the opposite direction. We have considered

Kbl
= 107 and Kbr = 3 × 105. Since both the arms on an average (average over one

complete cycle of opening and closing) make an angle of 120◦, so due to the flexibility

when the armr propel towards hinge, the rigid arml tries to resist this motion and in turn
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Fig. 5.3 Trajectories of the swimmer for three different cases where the curvature between
the arms changes as α = A sin2 (2πνt). (a) When Kbl

= 107, Kbr = 3 × 105 and
swimmer has left hand rotation. (b) When Kbl

= 5 × 104, Kbr = 3 × 105 and swimmer
has right hand rotation. (c) When Kbl

= 3 × 105, Kbr = 3 × 105 and swimmer has no
rotation, it follow straight swimming trajectory .

the arml starts rotating toward armr. As the left hand rotation can be observed from figure

5.3(a). To calculate the rate of rotation, we associate a vector d⃗ with the swimmer as

illustrated by the dashed black arrow in figure 5.1(a). For that we introduce two vectors

from hinge to both the edges. Let us consider that the vector d⃗l = −∑(Nb−1)/2
n=1 t⃗i is

associated with arml and d⃗r = ∑Nb−1
Nb/2 t⃗i is associated with armr, where Nb is the total

number of the beads. The normalized vector sum of both these vectors is

d⃗ = d⃗l + d⃗r

| d⃗l + d⃗r |
. (5.1)
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Fig. 5.4 Angular velocity w of an asymmetric swimmer for different values of Kbr while
keeping Kbl

= 107 (extremely stiff). Kbl
and Kbr are the bending rigidities of the left

arm and right arm respectively.

Fig. 5.5 Trajectories of an asymmetric swimmer for three different values of Kbr while
keeping Kbl

= 107. Here Kbl
is always greater than Kbr . Due to that swimmer always

follows a left circular pattern.
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Fig. 5.6 Angular velocity of an asymmetric swimmer for different values of Kbr while
keeping Kbl

= 5 × 104 (very flexible).

If at the beginning of simulation the vector associated with the swimmer is d⃗(t0) and

at a later time t it is d⃗(t), then the angle of rotation is θr = cos−1(d⃗(t0) · d⃗(t)). And when

the swimmer attained ballistic motion we measure the angular velocity as w =< θr > /t.

In the present work, we keepKbl
= 107 fix and vary the value of Kbr . In figure 5.4,

we have plotted the angular velocities w with respect to Kbr . We observe that when Kbr

is small, viscous forces dominate and hinge oscillation dies down in the smaller region.

Hence we get small value of angular velocity. As we increase Kbr , w also increases and

after reaching a maximum value w again starts decreasing. It happens because now armr

starts becoming rigid and we have already kept arml rigid, which means swimmer go

towards symmetry, therefore less rotation and hence small angular velocity. If we consider

Kbr = 107, then both the arms will become symmetric and extremely rigid. Hence it will

follow the reciprocal motion. So here we do not consider Kbr equal or higher than Kbl
.

In figure 5.5, we have plotted the three swimming trajectories for different values

of Kbr , where Kbl
= 107. Here Kbl

> Kbr which keeps the arml always more rigid as
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Fig. 5.7 Trajectories of an asymmetric swimmer for different values of Kbr while keeping
Kbl

= 5 × 104. Here Kbr is always greater than Kbl
which results into right circular

trajectories.

compared to the armr. So swimmer always has left hand rotation as explained before and

it can be observed from their trajectories in figure 5.5.

Next we consider arml very flexible (Kbl
= 5 × 104) and vary the rigidity of armr,

and plot the angular velocity in figure 5.6. It can be observed that as we are increasing

Kbr , w is also increasing. This is because we always keep arml very flexible and when

armr is also flexible, swimmer is unable to generate sufficiently large actuation near hinge.

Also there is not much difference between the rigidity of both the arms which results in

small angular velocity. As we start increasing Kbr , it enhances actuation near the hinge

that results into higher angular velocity. In figure 5.7, we have plotted the three swimming

trajectories, where value of Kbr is varied and Kbl
= 5 × 104. Here Kbr is always greater

than Kbl
. So arml propels in the direction of armr and armr tries to resist this motion and

hence the armr start rotating toward arml. This right hand rotation can be observed from

the trajectories in figure 5.7. Note that if we compare the trajectories of the swimmer

from figure 5.5 (case (i)) and figure 5.7 (case (ii)), we find that trajectories of case(i)

(whereKbl
= 107) have larger curvature as compared to the trajectories of case(ii) (where
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Kbl
= 5 × 104). This is because the average angle between the arms in case(i) & case(ii)

are approximately 120◦ & 135◦ respectively and larger is the angle lesser is the curvature.

Fig. 5.8 Angular velocity of an asymmetric swimmer for different values of Kbr , while
keeping Kbl

= 3 × 105 (moderate). The black crossed point is used in case of symmetric
arms (Kbr = Kbl

).

Further, we consider arml with moderate flexibility Kbl
= 3 × 105. In figure 5.8,

we have drawn the angular velocity with respect toKbr for the same. We start with a small

value ofKbr = 0.5 × 104, so swimmer has a smaller angular velocity for that. As we start

increasing Kbr , initially angular velocity increases and then it starts decreasing. When

Kbr = Kbl
= 3 × 105, w reaches to its minimum value because due to symmetry there

is no rotation. Hence there is very small angular velocity and it is because of thermal

fluctuations. If we keep continue increasing Kbr , armr becomes more rigid as compared

to arml and w again starts increasing. Interestingly, here we get a series of maxima and

minima. This is because armr has moderate flexibility. So we could consider both the

possible cases i.e. Kbr > Kbl
and Kbr < Kbl

. Next in figure 5.9, we have shown three

swimming trajectories, where we vary the value of Kbr and keep Kbl
= 3 × 105. When
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Kbl
> Kbr , then swimmer rotates in clockwise direction and when Kbl

< Kbr , it rotates

in anti-clockwise direction as expected. In case of symmetric bending rigidity, we expect

no rotation. According to the expectation when Kbl
= Kbr , we get straight swimming

trajectory.

B. J. Williams et al. have experimentally shown that a two-tailed swimmer (some

what similar to our swimmer) actuated by the heart muscles creates a curved swimming

trajectory [17]. The curved trajectory arises due to a slight asymmetry between two

tails, as authors reported that it is due to the right tail which generates more propulsive

force as compared to the left tail. In their case, the left tail is slightly rigid as compared

to the right. As a result swimmer moves in an anti-clockwise pattern (note that here

swimmer is down facing) [17]. Our one-hinge asymmetric swimmer is also showing a

similar pattern. The two-tailed swimmer exhibits quite sharp turn. This is due to the

large amplitude of the oscillation near the hinge and also there is a disparity in the shape

of the tails. Presently, we have studied the three different cases of asymmetry. If we

compare the angular velocities of all these three (see figure 5.4, 5.6, 5.8), we find that the

swimmer has maximum angular velocity when it has one arm extremely stiff and second

arm moderately flexible with Sperm number Sp ∼ 1.8. Further, for maximum angular

velocity configuration, we change the value of amplitude to check whether it affects the

angular velocity or not. In figure 5.10, we have plotted the angular velocity with respect

to amplitude A of the actuation for the same. In case of a symmetric arm swimmer, linear

velocity increases with amplitude A. Similarly in the present case when we increase the

value of A, w increases with it as can be seen in the figure 5.10.

5.2.2 Varying but symmetric rigidity

Let us consider initially each arm has N beads (except common bead) and uniform

bending rigidity Kb from hinge to edge point. Now we want to progressively change the

bending rigidity starting from end point to hinge point of the arm in such a way that the

average bending rigidity remains equal to Kb. Also if end point has a bending rigidity

K0, then hinge point will have bending rigidity equal to RKb
×K0. Here RKb

is the ratio

of bending rigidity at the hinge point to bending rigidity at the edge point

RKb
= (Kb)hinge

(Kb)edge

. (5.2)
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Fig. 5.9 Trajectories of an asymmetric swimmer for different values ofKbr , while keeping
Kbl

= 3 × 105 (moderate). When Kbl
> Kbr , swimmer follows a left circular pattern

and if Kbr > Kbl
it moves in a right circular pattern. When Kbl

= Kbr (symmetric arms)
swimmer goes along a straight path (black).

To progressively change the bending rigidity, we increase the bending rigidity by a factor

f in a geometric sequence, f can be considered as common bending rigidity ratio between

two consecutive points. The sum of a geometric progression is

K0(
1 − fN

1 − f
) = NKb, (5.3)

where K0 is the first term, i.e. the bending rigidity of the edge point. If we fix the value

of RKb
then we can calculate f as f = R

1/(N−1)
Kb

and then K0 as well. So the bending

rigidity of the ith bead is K0 × (f)i. Here we have taken the different values of RKb
and

have analyzed the dynamics of the swimmer. In figure 5.11, we have plotted the scaled

velocity Vcm/Lν of the swimmer with respect to RKb
, where Vcm is the center of mass

velocity of the swimmer. When RKb
= 1, it means arms have uniform rigidity. In figure

5.11, if we compare the velocity of the uniform case (indicated by red crossed point) with

varying rigidity cases, we can observe that as we increase the ratio RKb
velocity also

increases. When we increase RKb
, the arm near the hinge becomes comparatively stiff

and as we go towards the edge, arm becomes more and more flexible as can be seen in
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Fig. 5.10 Angular velocity w of an asymmetric swimmer for different values of amplitude
A, while keeping all other parameters fixed.

figure 5.1(c). Due to the enhanced flexibility of the edges, the bending wave has larger

amplitude here and the stiffness near the hinge contributes to open & close the arms

perfectly. Both the facts are favorable to add up the velocity. After a maximum, the

velocity starts decreasing. It is because now near the hinge, arm becomes very stiff and

towards the edge it becomes very flexible. So the wave damped in a very small region as

we progressively increase RKb
.

Further, in figure 5.12, we have plotted the scaled velocity of the swimmer as a

function of Sp. Here we have considered two cases; one is the uniform case when the

swimmer has symmetric arms with uniform bending rigidity, and second is the non-

uniform case when arms are symmetric but bending rigidity of the arms is gradually

decreasing, where we have kept RKb
= 30. In figure 5.12, if we compare the scaled

velocity for both the cases, we can see that near the value of Sp where we get maximum

velocity, there is always a hike in the velocity for non-uniform case as compared to

uniform case. Now if we go towards high Sperm number, velocity follows the same trend.

But if we go towards low Sp, the velocity decreases for non-uniform case as compared to

uniform case. This is because in non-uniform case we arrangeKb in a geometric sequence,
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Fig. 5.11 Scaled velocity is plotted as a function of RKb
. RKb

= ratio of bending rigidity
at hinge bead to bending rigidity at edge bead. The crossed point is used for the case of
uniform bending rigidity.

increasing from tip to hinge while keeping average rigidity equals to the uniform case. We

know Sp decreases that meansKb increases and for non-uniform case it is even larger near

the hinge. So bending wave suppresses in a very small region that results low velocity as

compare to the uniform case. From the above observation, we can conclude that if want

to make such a swimmer practical, then we should use such a material for the arms of the

swimmer which has gradual increment in flexibility as we move towards the edge. By

doing so we can get around 25% increment in velocity.

5.3 Conclusions

In this chapter, we have studied two special cases of a two-dimensional one-hinge

swimmer. First, we have considered a swimmer which has arms with asymmetric bending

rigidity. We have demonstrated how asymmetry causes circular swimming trajectory and

how we can change the direction of motion accordingly. If we keep right arm more rigid

as compared to left arm, swimmer moves in a right circular pattern. And opposite to this

if left arm is comparatively stiffer, then swimmer follows left circular path. When one
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Fig. 5.12 Scaled velocity is plotted as a function of Sperm number. The blue curve
and pink curve represent uniform flexibility and varying flexibility along the arms of
symmetric swimmer respectively.

arm is extremely rigid and second has moderate rigidity having Sperm number Sp ∼ 1.8,

then this combination produces maximum angular velocity and swimming trajectory has

larger curvature as well.

Second, we have considered a non-uniform distribution of the bending rigidity Kb

along the arms. Here we have progressively changed Kb in a geometric sequence and

found that by doing so (for moderate Sp ∼ 1.8 value) we can enhance the swimming

speed approximately 25%.



Chapter 6

Swimming of a 3-D elastic scallop in a

viscous fluid

Locomotion in Newtonian fluids at low Reynolds number is possible only if a body

goes through non-reciprocal deformations due to the Scallop theorem. We consider an

elastic three dimensional scallop where elasticity of the scallop is within a range, neither

too small nor too high. To model the elastic scallop, we have used bead spring model.

The fluid is simulated using a multi-particle collision dynamics with Anderson thermostat.

Here we show that due to the elastic property, the deformations of a scallop are non-

reciprocal. Hence the elastic scallop breaks the time inversion symmetry and propels in

Stokes regime. The velocity of the swimmer is studied varying the flexibility and the

width of the flaps of the scallop. Our results demonstrate that artificial low Reynolds

number swimmers can be designed by exploiting elastic deformations of the body.

6.1 Introduction

Most of the micro-organisms habitat in a fluid environment, where for many of them

locomotion is a basic need for survival. Micro-organisms deal with an environment where

they have inertial forces that are much weaker than viscous forces. Therefore the ratio

of inertial force to viscous forces known as the Reynolds number (Re) is very small for

them [56]. In the regime of low Reynolds number, Navier-Stokes equations of flow field
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reduce to Stokes equations. And because of the time independence and the linearity of

Stokes equations, if an object tries to move by a reciprocal motion it cannot go anywhere.

This is the so called Scallop theorem [10].

According to the theory, a micro swimmer can propel in viscous fluid only if it is

able to break the Scallop theorem [81]. The Scallop theorem is only acceptable for single

swimmer that deforms its body in reciprocal fashion in unbounded static Newtonian fluid

and also have no inertia, for details see review paper “Life around the scallop theorem" by

Eric Lauga [81]. There are non-Newtonian physical medium [144, 150], hydrodynamic

interactions [151], inertia [152] or non reciprocal kinematics [10, 56, 61], all these

ingredients can break the Scallop theorem that leads to net non zero propulsion. Many

biological micro swimmers make use of non reciprocal kinematics to propel themselves by

passing a wave through their cell body, for example E. Coli, Chlamydomonas reinhardtii,

Spermetozoa [26, 51, 75] etc. Even the nonreciprocal kinematics has become a key

feature in order to make a motile artificial swimmer at the micron scale. The prototypical

example is Purcell’s two hinge swimmer that goes through the configurations that are

non reciprocal under time inversion [10]. Thereafter several artificial model swimmers

have been proposed where the non-reciprocal kinematics were used for propulsion. For

instance, a simple three-sphere swimmer was proposed by Najafi and Golestanian [64],

where the spheres are connected by two slender rods and the joining rods change their

configuration in such a way that is not time invariant. To construct the swimmer based

on upper mentioned idea one needs atleast two degrees of freedom and there are some

simple possible swimmers those have only one degree of freedom, therein flexibility is a

simple key feature that can destroy time inversion symmetry as we have shown in case of

2-D one-hinge swimmer in chapter 4 and 5.

The archetypal model of a simple flexible swimmer was proposed by Wiggins et

al. [79], where they have shown that a flexible filament which is periodically actuated

can break the time inversion symmetry and if the filament is rigid, it will obey the time

inversion symmetry. Subsequently, many computational [83, 84, 94], analytical [19, 68]

and experimental [15] studies were made on flexible swimmers. A simple swimmer, from

where the scallop theorem originated, is a micro scallop itself [10]. Because of a single

degree of freedom, a scallop performs reciprocal movements and as a result it cannot
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propel in low Reynolds number. Tian et al. have demonstrated that a non-Newtonian

fluid can be used to evade the Scallop theorem in case of micro scallop [144]. As we have

discussed above that in case of single degree of freedom, flexibility is a crucial ingredient

to elude from time reversibility.

Here, we are studying the dynamics of an elastic Scallop in a three dimensional

environment and also able to show that elasticity can make a micro scallop to propel in a

Newtonian viscous fluid. In section 3.2.2, we have described how we constructed our

three dimensional elastic scallop using bead-spring and bending potentials. In section

3.1, we have described the multi-particle collision dynamics (MPC) simulation technique

that is used here for fluid environment and section 3.3 explains how we incorporated the

elastic scallop with fluid particles to resolve the hydrodynamic interactions.

The chapter is arranged as follows. In section 6.2 we show how an elastic scallop is

able to swim in a Newtonian viscous fluid. We also study the velocity of the swimmer as

a function of width of the scallop and bending rigidity along the flaps. This is followed

by the section 6.3 i.e. conclusions.

6.2 Results and discussion

6.2.1 Enhanced diffusion

We start with a conventional scallop configuration, where we consider bending rigidity

KbL
= KbW

= 105 it makes the flaps of the scallop very stiff. Here KbL
and KbW

are bending rigidity along the length and width of the scallop. We apply the bending

wave potential Uw which provides the opening and closing to the flaps. As we are using

curvature α = A sin2 (2πνt), then during one complete cycle the curvature between the

flaps undergoes a change as sin2(2πνt). Here ν is the frequency of opening and closing.

In the first half cycle, the scallop closes its flaps and in the second half cycle, it opens the

flaps and as time progresses scallop keeps continuing this process. We are working in

low Reynolds number regime and simple closing-opening of flaps is reciprocal motion.

So this rigid scallop does not propel itself. It goes under diffusive motion with a diffusion

coefficient D ≈ 0.004. If we consider Kb = Kw = 0, swimmer behaves as a passive
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Fig. 6.1 Mean square displacement (MSD) of the center of mass is shown as a function
of time t for two different cases. One, where the scallop is opening and closing its shells
with reciprocal motion with a diffusion coefficient D ≈ 0.004 and second, where scallop
is passive and only thermal fluctuation is there(D ≈ 0.001).

sheet and for this we get a diffusion coefficient D ≈ 0.001. It means reciprocal motion

enhances the diffusivity of a scallop [153]. We can see this in figure 6.1, where we have

plotted the mean square displacement (MSD) of the center of mass

⟨R2⟩ = ⟨(rcm(t) − rcm(t0))2⟩. (6.1)

Where rcm(t0) and rcm(t) are the position of the center of mass of the swimmer at the

beginning of the simulation t = 0 and at time t respectively. In case of reciprocal motion

(blue), MSD oscillates with time due to the constant opening and closing movements.

Here MSD fits with slop of 1 which verify the diffusive motion.

6.2.2 Ballistic motion

We know that flexibility is the ingredient that can break the Scallop theorem. So

instead of rigid flaps we consider flexible flaps. For that we reduce the value of KbL
,

while keepingKbW
constant. Due to the flexible flaps, the perturbation that creates on the
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Fig. 6.2 Mean square displacement (MSD) of the center of mass is shown as a function
of time t for an elastic scallop.

hinge travels toward edges. But there is a delay for the perturbation to reach the end of the

flaps. Due to this the flaps closer to hinge react faster as compared to the ends. So as the

flaps close, the edges bend in an outward direction. Contrary to this when flaps open, the

edges bend in an inward direction. So in case of flexible flaps, the movements of closing

and opening of the flaps do not remain identical under time inversion. Hence, Scallop

theorem breaks here and swimmer performs ballistic motion in an upward direction. To

quantify the above observation, in figure 6.2 we plot the mean square displacement of the

center of mass with time. MSD fits with a slope of 2 which indicates that elastic scallop

execute ballistic motion at low Reynolds number.

6.2.3 Speed

We know that the flexibility is the key ingredient here that affects the speed of the

scallop. To show the dependency of velocity on flexibility, in figure 6.3 we plot scaled

velocity with respect to bending rigidity KbL
along the length of the flaps. Similar to

elastic filament [79, 83, 84] and 2-D one-hinge swimmer, we get different regimes. One,

where bending forces dominate and flaps of the scallop act like rigid sheet. Second,
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Fig. 6.3 The reduced velocity of the scallop is plotted as a function of bending rigidity
KbL

along the length of the scallop flaps.

where the viscous forces dominate and suppress the elastic wave propagation. The middle

regime between these two provides maximum speed as can be seen in figure 6.3.

We have always considered the total length of the flaps L equal to the width of the

flaps W . Now we vary the width of the scallop to check what happens when L >> W ,

while keeping L fixed. In figure 6.4, we plot the scaled velocity with respect to the width

of the elastic scallop. We start with a width W = 25 and L = 20. Swimmer moves

perfectly in the upward direction and as we start decreasing the value of W , the speed

of the swimmer goes down. This is because when the width of the flap is large, scallop

interacts with more solvent particles and force imposed by solvent, that pushes the scallop

forward, has a larger magnitude and therefore swimmer swims with a greater speed. As

we further decrease the width W , speed goes down monotonically and decreasing width

also induce a little imbalance that generates a slight rotation in the scallop which reduces

the speed and the swimming trajectory no longer remains straight. Here the flaps of the

scallop have a length and a width, but do not have a breath (thickness). So in order to

maintain the balance the width should be in the accordance of the length. To get the

proper opening and closing shape of the scallop, we can not go for very small width. The
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Fig. 6.4 The reduced velocity of the scallop is plotted as a function of Width W of the
flaps of an elastic scallop.

minimum width we have considered is W = 5. For this we get a very small velocity

so we did not go below that. For minimum width W = 5, we have considered the total

length of the flaps L = 20. That means we have considered a width 4 time smaller than

the total length of the flaps.

6.3 Conclusions

In this chapter, we have shown that the hydrodynamic interactions between the mass

points of the scallop and the solvent particles can be simulated using multi-particle

collision dynamics (MPC). We have demonstrated that if the flaps of scallop are very

rigid, it follows the reciprocal motion and do not propel itself through the viscous fluid.

When the flaps are made flexible, the time inversion symmetry is broken and scallop

performs ballistic motion in low Reynolds number. We have also shown that the velocity

of the scallop has a maximum for intermediate bending rigidity along the length of the

flaps. For small bending rigidity, the flaps are very flexible and the actuation created at

hinge are not able to reach towards the edges. While for stiff flaps, we are closer to the

Scallop theorem and the velocity goes towards zero. The scaled velocity is also studied



94 Swimming of a 3-D elastic scallop in a viscous fluid

as a function of width W of the scallop where we have shown that smaller width results

into rotation and larger is the width higher is the velocity.



Chapter 7

Swimming of a waving sheet in a

viscous fluid

We present the study of swimming of a finite size Taylor sheet in a viscous fluid. To

model the waving Taylor sheet, we use bead-spring model with the bending potentials. To

consider the hydrodynamic interactions between the beads, we employ the Rotne-Prager

mobility tensor. We show in the present study that for a rectangular sheet, the frequency

of the wave oscillation is proportional to the wave velocity and also the flow field created

by the sheet is the similar to that of the infinitely long Taylor sheet. In the present study,

we show that the ratio of the perpendicular and parallel friction coefficient is no longer a

constant but varies with the dimensions of the sheet. The velocity of the sheet scales very

well with the finite length approximation of the Taylor sheet. The stroke efficiency of

the swimmer is also calculated which shows similar trends as the velocity with the finite

dimensions of the sheet.

7.1 Introduction

Understanding the locomotion of micron scale organisms is one of the most important

challenges of the science. The swimming of the African Trypanosomes in the blood

vessels [96, 134] or the locomotion of algae and bacteria to find nutrient sources [26]

are some of the examples. As we know that the swimming in micron-scale is entirely
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different from the macro-scale swimming as inertia is absent here [10, 56]. To propel in

inertia less world, micro-organisms employ different swimming machinery, like rotating

flagella in Escherichia coli [25], planar waving flagelum in Spermatozoa [24] and two

waving flagella in Chlamydomonas reinhardtii [51] etc. Artificial swimmers which use

the strategies of the natural swimmer have also been proposed like the Taylor sheet [63]

and also those who do not follow the natural biological strategies like Purcell’s swimmer

[10].

In 1951 Sir Taylor Geoffrey modelled a two-dimensional infinite waving sheet to

explain the flagellar swimming [63]. He showed that deformation of the sheet due to

propagating wave enables it to self propel at low Reynolds number. Gray and Hancock

used resistive force theory and gave a general analysis for the flagellar waveforms [75].

The biological organisms have very thin flagella, so slender body theory holds good in

those cases [56, 69]. The dynamics of flagella have already been investigated in detail,

theoretically as well as experimentally, using slender body theory [75, 135]. It has also

been studied using different simulation techniques [84, 93, 98]. Though most of the

studies have been made considering very thin two-dimensional waving sheet or thin

cylindrical flagella, which is the case for real organisms. In the present work we are

considering an artificial swimmer or a waving sheet that has finite length as well as width

and we want to investigate how the dynamics of the sheet changes as we change the

geometric length as well as the width of the sheet. As in case of 3-D elastic scallop, we

have seen that change in width changed the dynamics of the swimmer. These kind of

waving sheet have been experimentally modelled using the heart cells of the mice [154].

In these experiments, the sheets have a finite width which motivated us to explore the

case of finite width Taylor sheet as a model for these kind of artificial swimmers. In

order to construct the sheet, we use bead-spring model as described in section 3.2.3 and

the hydrodynamic interaction between the beads and friction with surrounding fluid is

studied by using the Rotne-Prager approximation mobility tensor[11, 155].

In the present study, we have modelled a three dimensional Taylor sheet using

a bead-spring model as illustrated in figure 3.11. The modelling of the swimmer is

explained in section 3.2.3. As we have considered stiff springs, the beads of the sheet are

well separated. So to consider the hydrodynamic interactions in an unbound fluid, we are
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employing Rotne-Prager mobility tensor. In the Rotne-Prager approximation, the cross

and self mobilities are given by

Γij =


1

6πηrij

[
3
4(Î + r̂ij ⊗ r̂ij) + 1

2
a2

r2
ij

(Î − 3r̂ij ⊗ r̂ij)
]
, i ̸= j

Î
6πηa

, i = j

 (7.1)

where rij = |rj − ri| is distance from ith bead to jth bead, r̂ij = (rj − ri)/rij . We

calculate the total force Fj acting on each bead according to equation 3.11. Once the

forces are calculated, the hydrodynamic interactions enter into the calculation through the

mobility tensor. So the velocity of each bead is given by vi = ∑
j ΓijFj . To calculate the

position of the bead after time δt = 0.001, we employ simple Euler method for integrating

the equations of motion.

The chapter is arranged as follows. In section 7.2, we show how the variation of

the sheet dimensions influence the dynamics of the sheet. The flow field created by such

a finite sheet is also shown. The variation of the friction coefficient of the sheet is also

discussed, followed by how the stroke efficiency of the swimmer changes with increasing

the dimension of the sheet. In section 7.3 we conclude our results.

7.2 Results and discussion

As a first check, we have verified that total force and torque on the sheet are zero during

the entire course of the simulation. We know that for the Taylor sheet, the direction of

motion of the waving sheet should be in the opposite direction of the wave propagation

[63]. We verified this in our code by reversing the direction of propagation of the wave

and found that direction of the swimmer also reversed accordingly.
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Fig. 7.1 Mean square displacement of the center of mass of sheet for L = 30 and W = 3
as a function of time. The dotted line has a slope of 2, as expected for ballistic motion.

In figure 7.1, we plot the mean square displacement (MSD) of the center of mass

of the swimmer as a function of time. In the Rotne-Prager method, we do not include

any thermal fluctuation. During initial time t < 10, we observe that the sheet takes some

time to relax in steady state due to the effects of bending wave potentials as well as the

hydrodynamic interactions acting within the beads. After that we observe that the MSD

scales as square of time, signifying ballistic motion as expected for the Taylor sheet.

In figure 7.2, we plot the velocity of the finite Taylor sheet of length L = 40 and

width W = 1 as a function of the frequency of the bending wave passing through the

sheet. L is always measured when there is no wave passing through the sheet. We know

that for an infinite length Taylor sheet, the frequency scales linearly with the velocity of

the sheet. In the case of finite length and width Taylor sheet, we also observe that the

velocity scales linearly with velocity, giving us indication that the finite Taylor sheet may

be behaving similarly to the infinite length Taylor sheet.

In figure 7.3, we plot the 2-D projection of the flow field created by the swimming

sheet. In figure 7.3(a), wave is propagating in positive x direction (right) and sheet is
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Fig. 7.2 Center of mass velocity of the sheet for L = 40 and W = 1 as a function of
frequency, inset shows the dependency of velocity on frequency in log scale. The dotted
line in the inset has slope of one.

moving in the negative x-direction (left) and in figure 7.3(b), wave is propagating in the

negative x-direction and the sheet is moving in positive x direction. In flow field, we can

observe four curls which are formed due to the formation of four crests and troughs during

waving of the Taylor sheet. To analyze the flow field 7.3(a), we pick one wave train of the

sheet which is represented with different colors of the beads. When we draw an arrow

on the yellow beads, from the right yellow bead to left yellow bead, this indicates the

local swimming direction of the swimmer, as the sheet is moving from right to the left.

So for this half part of the wave train near the beads, fluid moves in an anti-clockwise

direction and creates a curl that pushes the swimmer to the left due to the no slip boundary

condition. Similarly, we can analyze the remaining half part of the wave train, where near

the pink beads fluid is following the direction of the motion of the pink beads and so on

for green and red beads. Near these beads, the fluid is moving in a clockwise direction

and again creates a curl that pushes the swimmer to the left. In figure 7.3(b), the direction

of the swimming is to the right, so the direction of the curls should be the opposite to

that of 7.3(a). In figure 7.3(b), if we look at the left wave train it is clear that the right
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Fig. 7.3 Flow field created by the waving sheet. In (a) different colors are shown to
explain flow field (see text). The green arrow shows the direction of wave propagation
and yellow arrow shows the direction of motion of the sheet. The red arrows represent
the unit vector of velocity obtained from simulation.

half of this wave train makes a clockwise curl and left half makes an anti-clockwise curl

which is opposite to the other case as expected.

For slender bodies, according to the resistive force theory, the propulsion velocity

for a finite length and zero width sheet through which a planar wave passes is given by

[13]

V = A2wk

2

(
ξ⊥

ξ∥
− 1

) 1
1 + Rh

Nλξ∥

 . (7.2)

Here N is the number of wave trains in flagella, ξ⊥ and ξ∥ are a normal and parallel

component of drag coefficient of the slender body and Rh is the drag coefficient of the

passive head. In the present case we do not have the passive particle as the head, so
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Fig. 7.4 The ratio of friction coefficient of the swimmer as a function of length of the
swimmer for 3 different widths.

we consider Rh = 0. If we keep our amplitude, wave number and velocity of the wave

constant, we know that the velocity of the swimmer depends only on the fraction of friction

coefficient of the perpendicular and parallel component. To verify the dependence on the

ratio ξ⊥
ξ∥

, when we have finite length and width of the sheet, we plot the ratio ξ⊥
ξ∥

= ζ versus

the length of the sheet. To calculate ξ⊥, we drag the flat stiff sheet along the perpendicular

direction of the plane of the sheet. Then the velocity of the sheet is calculated as it moves

ballistically through the fluid. The slope of the force versus the velocity curve gives us

the friction coefficient along the perpendicular direction. Similarly we have calculated

the parallel component of the friction coefficient. From figure 7.4, we observe that the

ratio ζ is dependent on length as well as width. As the width increases, the ratio becomes

smaller and smaller. In case of W = 1, we observe that the ratio fall below W = 3 for

long lengths. Because for long sheets, as the width decreases the sheet becomes more

and more flexible and is not able to stay stiff. For W = 3 we observe a similar behavior

when the length of the sheet is further increased beyond L = 60.

As explained before, we are considering a 2-D sheet in a three-dimensional space

and we are interested to know how the velocity of the swimming sheet changes as we vary
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Fig. 7.5 The center of mass velocity of the swimmer as a function of the length of the
swimmer for 3 different widths. The solid lines represent the analytical calculation from
equation 7.2

the width. In figure 7.5, we plot the center of mass velocity of the sheet as a function of

the length of the sheet for three different widths, keeping all other parameters fixed, where

frequency ν = 0.02, the amplitude of Taylor sheet A = 1.35 and wavelength λ = 7.9.

Note that when we vary the length of the sheet, we keep the wave length λ and amplitude

of the sheet same. To do that, we just increase the number of wave trains. For instance,

if L = 20 contains two wave trains, and when we make length L = 30, one more wave

train gets added up. In the figure 7.5, we can see that as we increase the width of the

sheet the velocity decreases as the friction experienced by the sheet increases with the

increasing width. We calculated the quantity β = V/( ξ⊥
ξ∥

− 1) and found that the value

remains constant for particular values of width. From the slender body theory equation

7.2, we get the constant β = A2wk
2 ≈ 0.09. But from our simulation, forW = 1 we obtain

β = 0.051, for W = 3 we obtain β = 0.0495 and for W = 5 we obtain β = 0.0485. The

solid line in the figure 7.5 is plotted using this constant which gives us the indication

that β is not following the same relation as in equation 7.2. Unfortunately, in the present

model we are not able to change the amplitude and wavelength independently to study

the effect on the constant β.
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Fig. 7.6 Variation in stroke efficiency for the sheet swimmer for different lengths for 3
different widths. The lines are guide to the eyes.

In figure 7.6, we plot stroke efficiency as a function of length. We define stroke

efficiency as

Seff = < v∥ >

c
(7.3)

here < v∥ > is the component of the velocity parallel to the direction of swimming

and c = λν is phase velocity at which bending wave travels along the sheet, for more

detail see ref. [98]. Typically for the infinite Taylor sheet Seff ≈ 0.57, if we plugin our

values from the simulations. In figure 7.6, we observe that the stroke efficiency of all the

swimmers that we have considered will never go above the infinite Taylor sheet. Seff

is decreasing as we are increasing the width. The reason being that as we increase the

width of the sheet, the friction force acting on the sheet increases. Also when the length

increases, the ratio of ξ⊥/ξ∥ increases which enhances the swimming. This is the reason

why L = 30 with W = 3 has a higher efficiency than L = 20 with W = 3.
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7.3 Conclusions

In this chapter, we have shown that the Rotne-Prager mobility tensor is able to simulate

the dynamics of a waving sheet. We confirmed that the relation of the velocity with the

frequency is linear for the finite Taylor sheet. We observed that in three-dimensions, the

width of the sheet plays an important role in changing the dynamics of the sheet. Here we

have shown that as we increase the width of the sheet, velocity decreases as the friction

along the width increases. The ratio of the parallel and perpendicular component of the

friction coefficient is no longer a constant for a finite sheet and depends on the length

and the width of the sheet. The slender body theory qualitatively explains the velocity of

the finite Taylor sheet. The stroke efficiency of the swimmer gets enhanced for long and

slender sheets than for shorter and wider sheets.



Chapter 8

Conclusions and Future Scope of Work

8.1 Conclusions

In this thesis, we present the dynamics of an artificial micro-swimmer in a Newtonian

fluid. Our results can provide important guidance in the construction of robotic micro-

swimmers. The following conclusions are made on the basis of the study carried out:
√

The hydrodynamic interactions between the mass points of the one-hinge swimmer

and the fluid particles can be simulated using multi-particle collision dynamics

(MPC).

√
If the arms of the one-hinge swimmer are very rigid, it follows the Scallop theorem

and the swimmer is not able to propel itself through the viscous fluid as expected.

But when the arms are made semi-flexible, the time inversion symmetry is broken

and swimmer performs ballistic motion.

√
For small bending rigidity, the arms are very flexible and the viscous forces dominate

here. While for stiff arms, bending forces dominate and we are closer to the Scallop

theorem. So the velocity approaches to zero. For intermediate bending rigidity,

the viscous forces and bending forces balance each other and the velocity of the

swimmer reaches to maximum.

√
Note that in the case of biological scallop, the rate of closing and opening of the

flaps is not same which is the reason for the propulsion of the macro scallop. But

in our simulations, we always considered that the rate of closing and opening of

the flaps are same, and the flexible micro-scallop is still able to propel.
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√
We have calculated the reduced velocity of the swimmer as a function of frequency

as well as the amplitude of actuation. We found that the reduced velocity scales lin-

early with frequency and scales as the square with amplitude, which is in agreement

with elastohydrodynamic theory.

√
The elastohydrodynamic theory considers small amplitude approximation, even

though we have considered large amplitude in the present work, but still getting the

scaling in agreement with theory.

√
We have also calculated the Sperm number for the swimmer and found that the

reduced velocity had a maximum at Sp ∼ 1.8 which is consistent with what is

expected for large amplitude actuation.

√
We have shown that the swimming speed can be enhanced, if we progressively

decrease the bending rigidity from hinge to edge. For that, we considered a swimmer

with moderate Sp ∼ 1.8 value and progressively changed the Kb in a geometric

sequence and found that the speed of the swimmer enhanced approximately 25%.

√
Further we have considered a swimmer which has arms with asymmetric bending

rigidity. We have demonstrated that asymmetry causes circular swimming trajectory

and we can change the direction of motion accordingly. If we keep right arm more

rigid as compared to left arm, swimmer moves in a right circular patter. And

opposite to this, if left arm is comparatively stiffer, then swimmer follows left

circular path. When one arm is extremely rigid and the second one has moderate

rigidity having Sperm number Sp ∼ 1.8, then this combination produces maximum

angular velocity and swimming trajectory has a larger curvature as well.

√
We have also studied the dynamics of three-dimensional flexible sheet scallop. We

studied the scaled velocity as a function of width W of the flaps, where we found

that smaller width results in rotation and larger is the width higher is the velocity.

So for a 3-D flexible sheet scallop, there should be a finite width to obtain straight

swimming trajectory.

√
We observed that in 3-D, the width of the sheet plays an important role in changing

the dynamics of the sheet. In case of the Taylor sheet model, we have shown that
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as we increase the width of the sheet, velocity decreases as the friction along the

width increases.

√
The ratio of the parallel and perpendicular components of the friction coefficient

is no longer constant for a finite sheet and depends on the length and width of the

sheet. The slender body theory qualitatively explains the velocity of finite Taylor

sheet.

√
We have also shown that the stroke efficiency of the Taylor sheet gets enhanced for

long and slender sheets as compared to the shorter and wider sheets.

8.2 Future scope of the work

In reality, most of the micro swimmers deal with confined fluid. The experimental

observations have revealed that the presence of a boundary remarkably affects the dy-

namics of swimming micro-organisms, for example near surface trajectory of E. Coli

changes from straight to circular one [156], changes in bacterial motility on a surface

[157], accumulation of spermatozoa nearby boundaries [158], hydrodynamic attraction

by surfaces [159]. The importance of boundaries has also been manifested by theoretical

studies. Berke et al. [159] theoretically exhibited that hydrodynamic interactions of

swimmers with solid walls are responsible for their reorientation in the direction parallel

to the walls and their attraction by the nearest wall. Zarger et al. [160] observed the effect

of the wall on three linked-sphere swimmer and shown that when the swimmer is close

to the wall, the velocity of swimmer decreases as (z/L)2, where z is swimmer distance

to the wall and L is the arm length. Crowdy et al. [161] demonstrated a simple 2-D point

singularity model of a low Reynolds number swimmer near a no-slip boundary. They

showed that in the absence of boundary or in an unbounded fluid, the velocity profile

created by the point singularity swimmer does not lead to any self-propulsion due to

its symmetry about two axes, but the swimmer starts moving when it interacts with a

boundary. These observations emphasize that the presence of the boundary plays a major

role in the dynamics of the microorganisms and in order to get an extensive understanding

of low Reynolds number locomotion, it is essential to study hydrodynamic interactions

between organisms and boundaries.
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It will be intersting to examine the dynamics of a one-hinge swimmer near bound-

aries. Here, we are going to show some initial results in the presence of boundaries which

we can carry forward in the future. As we know that a rigid one-hinge swimmer can

not propel by itself at low Reynolds number [10]. Therefore in order to understand and

isolate just the hydrodynamic interaction of the swimmer and the wall, we are focusing on

a non-self propelling rigid swimmer. Near the walls to implement the no-slip boundary

condition we have used bounce back rule with virtual particles [113] as explained in sub

section 3.1.6. At first we check the effect of a single wall. We consider a square simulation

box of size Lx = 200 & Ly = 200 and place a rigid swimmer near the bottom wall of

the box as shown in figure 8.1(a) and 8.1(b). The top wall of the box is at a distance of

almost 8 times of the length of the arm of the swimmer from the swimmer, so we can

ignore the top wall effect and for now we will talk only about the bottom wall. Lauga

et al. [156] demonstrated that circular trajectories are natural outcomes of force free &

torque free swimming and hydrodynamic interactions with the surfaces. As our swimmer

is also force free & torque free and when it comes in contact with a wall it gets rotated

as expected. Here we consider two different orientations of the initial position of the

swimmer, in first case we take the left facing swimmer which rotates in an anticlockwise

direction as depicted in figure 8.1(a) and in another case we take the right facing swimmer

which rotates in clockwise direction as illustrated in figure 8.1(b). These rotations occur

as swimmer interacts with it’s mirror image situated on the other side of the wall as shown

in the case of puller and pusher [56]. In both the cases, we can see that the front part of

the swimmer gets attracted towards the wall and as a consequence left facing swimmer

rotates in anti-clockwise and right facing swimmer rotates in clockwise direction.

In the next step, we locate the swimmer in between the two walls. Similar to the

previous case, we consider two initial orientations as depicted in figure 8.1(a) and 8.1(b).

At first we are considering left oriented swimmer. In the beginning swimmer gets rotated

in any of the direction either anti-clockwise or clockwise as indicated by the black arrow

in figure 8.1(a1) and 8.1(a2). This is because at initial point both the walls are situated

at equal distance, so the swimmer gets attracted by any of the walls. After rotation,

on an average one of the arm of the swimmer is parallel to the walls and other arm is

perpendicular to the walls as shown in figure. Subsequently, the swimmer instead of

rotating starts moving towards the right as indicated by green arrows. When we consider
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Fig. 8.1 Here (a) and (b) shows two different orientations of the initial position of the
swimmer near a single wall, where the black arrows show the direction of rotation. When
we place swimmer between two walls, in case of (a1) & (a2) initially the swimmer was
oriented as shown in (a) and in case of (b1) & (b2) initially the swimmer was placed as
shown in (b). In the beginning swimmer rotate toward any of the wall as indicated by
the black arrow and after a rotation it start moving in backward direction as indicated by
green arrows.

right oriented swimmer it moves towards the left as depicted in figure 8.1(b1) and 8.1(b2).

It is surprising because we know that a rigid one-hinge swimmer can not move in a

viscous fluid due to the reciprocal motion [10]. In general the no-slip boundary condition

near the surface does not get satisfied by the original set of singularities [56] and an object

experiences a different drag near the boundary and motility as part of consequences. For

example, the translational motility of a sphere decreases near a boundary, and also the

translational motility parallel to the boundary is higher than the translational motility

perpendicular to the boundary [162, 163]. Here the propulsion is may be because both

the arms of the swimmer are near to the walls and have different orientations, one is

parallel and another is perpendicular to the walls, hence experiencing different drags [56].

Since the propulsion is also drag based, then probably it is making the swimmer motile

here. Similar to the present case, Crowdy et al. showed that a point singularity swimmer

does not propel unless it interacts with the boundary [161].
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Fig. 8.2 The reduced velocity is plotted as a function of the channel width.

Further, in figure 8.2 we have shown how the reduced velocity Vcm/Lν of the

swimmer changes as we change the distance between the walls or channel width (W).

Here Vcm is the center of mass velocity of the swimmer, L = 20 is length of the arm of

the swimmer and ν = 0.01 is the frequency of the opening and closing of the arms. Note

that the swimmer is always placed at equal distance from both the walls. Initially, we start

from a channel width equal to 2L and then gradually increases the width of the channel

and find that the reduced velocity decreases as we increase the channel width. As we have

mentioned earlier that swimmer always gets attracted by any of the wall, lets say by wall

X (other one is wall Y ) and its arm that is perpendicular to the wall is always close to the

wall X that attracted the swimmer as shown in figure 8.1. So when we increase the width

of the channel, basically we are increasing the distance h between wall Y and the arm of

the swimmer that is parallel to the walls as shown in figure 8.1. As we are decreasing

h, velocity of the swimmer is increasing and for a maximum distance swimmer stops

propelling. There will be only rotation similar to the case of a single wall. So we may

speculate that the interaction of the parallel arm with wall is important for locomotion.

In figure 8.2, we have shown the data for both the left and right oriented swimmer and

get the same velocity within the error bar as it should be. The only difference is that the
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direction of the motion is opposite. Therefore from initial orientation of the swimmer we

can decide the direction of motion. Based on these findings, future scope of the work can

be proposed as follows:

• A detailed investigation of why a rigid swimmer attains a small velocity when

placed between two narrow walls.

• Study the dynamics of a flexible swimmer near the walls and obstacles as well.

• Study the behavior of the swimmer in Poiseuille flow.

• Other than boundary effect, we can study a swimmer with different rate of closing

and opening the arms.

• Study the behavior of the swimmer when there are multiple swimmers.

• Study the dynamics of a swimmer having arms or filaments more than two in

number.
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