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ABSTRACT

Chapter 1 is intended to provide an introduction to various functions, polyno-
mials, integral transforms and fractional integral operators studied by some of
the earlier researchers. Further, we present the brief chapter by chapter sum-
mary of the thesis. Finally, we give a list of research papers which have either
been published or accepted or communicated for publication in reputed journals
having a bearing on subject matter of the thesis.

In Chapter—2, we first introduce our function of study and call it generalized
extended Mittag-Leffler (GEML) function and present it’s basic properties. Fur-
ther, we obtain some integral representations of generalized extended Mittag-
Leffler function. Later on, we obtain Laplace transform, Mellin transform and
Inverse Mellin transfrom of function of our study. Finally, in this chapter we ob-
tain right-sided Riemann- Liouville fractional integral operator I, , right-sided
Riemann- Liouville fractional derivative operator D], and Hilfer derivative oper-

ator D] of our function of study GEML. The results established in this chapter

Vil



generalize the findings of and Ozarslan and Yilmaz [46]Shukla and Prajapati [59).
In Chapter—3, we introduce and study an integral operator whose kernel is gener-
alized extended Mittag-Leffler (GEML) function and point out it’s known special
cases. Then we derive boundedness property of aforementioned integral operator.
Next, we obtain image of some useful functions under the integral operator of our
study along with some of it’s special cases. Finally, we establish composition
relationship of integral operator of our study with right-sided Riemann- Liouville
fractional integral operator I, and an integral operator H;”ffggg involving the
Fox H-function . The results stated in this chapter generalize the findings of
Kilbas et al. [28] and Srivastava and Tomovski [78].

In Chapter—4, we first define a new integral transform whose kernel is extended
Hurwitz-Lerch zeta function and name it as the €—transform. This transform
yields a number of (new or known) integral transforms as its special cases. Fur-
ther, we evaluate the Mellin transform of extended Hurwitz-Lerch Zeta function
and Inversion formula for €—transform. Next, we present some basic properties
of E—transform and prove the Uniqueness theorem for €—transform. Finally, we
obtained &—transform of Derivatives and Integrals.

In Chapter—5, we study a pair of class of fractional integral operators whose ker-
nel involve the product of SY|z], Eg:i (2;q,0,(¢) and @2;22 (z,s,a) which stand
for SY polynomial, generalized extended Mittag-Leffler function and extended
Hurwitz-Lerch Zeta function. Next,we derive three new and interesting composi-

tion formulae for the operators of our study. The operators of our study are quite

general in nature and may be considered as extensions of a number of simpler

viil



fractional integral operators studied from time to time by several authors. By
suitably specializing the coefficients and the parameters of functions involved in
our fractional integral operators we can get a large number of expressions for
the composition of fractional integral operators. Finally, as an application of our
main findings we obtain three interesting integrals which are believed to be new.
In Chapter—6, we first consider a generalized form of General Family of frac-
tional differential equations and find it’s solution. On account of general nature
of our findings we can obtain a number of special cases by taking particular values
of the parameters involved therein. We mention here two new and three known
special cases.

Next, we study some interesting two new and three known special cases of our
main findings involving H-function. Later on, by giving numerical values to the
parameters in the functions and the operators involved therein we have plotted
some graphs with the help of MATLAB SOFTWARE.

Futher, we obtain solution of another fractional differential equation involving
Dgf ' and ﬁ;"f;’;g Finally, by specializing the parameters occuring therein we
can obtain a number of special cases of this result. However, we give here only

two known and two new special cases.
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1.1 SPECIAL FUNCTIONS

The present chapter deals with an introduction to the topic of the study as
well as a brief review of the contributions made by some of the earlier workers
on the subject matter presented in this thesis. At the end, a brief chapter by

chapter summary of the thesis has been given.

1.1 SPECIAL FUNCTIONS

Special functions have vast applications in all branches of engineering, applied
sciences, statistics and various other fields. A large number of eminent mathe-
maticians such as Euler, Gauss, Kummer, Ramanujan and several others worked
out hard to develop the commonly used special functions like the Gamma func-
tion, the elliptic functions, Bessel functions, Whittaker functions and polynomials
that go by the name of Jacobi, Legendre, Laguerre, Hermite.

The core of special functions is the Gauss hypergeometric function 5 F}, intro-
duced by famous mathematicians C. F. Gauss. It is represented by the following
series:

=14+ ==
c)n nl MPET c.(c+1) T

Z (azn(b)nz_:’ a.b z a.(a+1).b.(b+1)z_ (1.1.1)

n=0

where
(@), =ala+1)(a+2) - (a+n—1) for n>0;(a)o=1,c#0,-1,-2,-

a, b, ¢ and z may be real or complex. Also if either of the numbers a or b is a

non-positive integer, the function reduces to a polynomial, but if ¢ is non-positive
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integer, the function is not defined since all but a finite number of terms of the
series become infinite.

This series has a fundamental importance in the theory of special function
and is known as Gauss hypergeometric series. It is usually represented by the

symbol o Fi(a, b; ¢; z) the well known Gauss hypergeometric function.

In (|1.1.1)), if we replace z by % and let b — oo then

%z” — 2"

and we arrive at the following well known Kummer’s series

t\z
’g?
+
~
[\

= (a) 1)z
2 _qy0zyelarz 1.1.2
Z (c)n n! +cl'+ (0—1-1)2!+ ( )

n=0 * /"
It is represented by the symbol | Fj(a;c; z) and is known as confluent hypergeo-
metric function.
A natural generalization of o F} is the generalized hypergeometric function ,F,

which is defined in the following manner:

Z q)) % (1.1.3)

n=0 1 n
where p and q are either positive integers or zero and empty product is interpreted
as unity, the variable z and all the parameters a,,--- ,a,; by, -, b, are real or
complex numbers such that no denominator parameters is zero or a negative

integer. The conditions of convergence of the function ,F are as follow:
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(i) when p < g, the series on the right hand side of ([1.1.3) is convergent.

(ii) when p = g+1, the series is convergent if |z| < 1 and divergent when |z| > 1,
and on the circle |z| = 1, the series is
(a) absolutely convergent if R(w) > 0
(b) conditionally convergent if —1 < R(w) < 0 for z # 1
(c) divergent if R(w) < —1

q p

where w =Y b; — > a;
: e~

J=1 Jj=
(iii) when p > ¢ + 1, the series never converges except when z = 0 and the

function is only defined when the series terminates.

A comprehensive account of the functions o F3, 1 F} and ,F,; can be found in the
works of Exton [9], Luke [34], Rainville [53] and Slater [60] their applications can

be found in Mathai and Saxena [37].

1.1.1 THE FOX H- FUNCTION

The Fox H—function is defined by the following Mellin-Barnes type integral [68|
p. 10] with the integrand containing products and quotients of the Euler gamma

functions. Such a function generalizes most of the known special functions.

. . (aj, aj)1.p . (a1, 1), -+, (ap,ap)
Hpy [l =Hpgy |2 =Hpy |2
(ijﬁj)l,Q (blvﬁl)v'” 7(bQ75Q)
. O(s)z* ds (1.1.4)
= z 1.
2mw ’
°
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where w = 1/—1, z € C\ {0}, C being the set of complex numbers,

and
M N
Hl F(bj — ﬁjﬁ) Hl F(l — Clj + Oéjﬁ)
j= j=
0(s) = — _ |
[T T(—=b;+05) I T(a;—ays)
j=M+1 j=N+1

Also M, N, P and Q are non-negative integers satisfying 1 < M < () and

(1.1.5)

0SNZEPsai(j=1,---,P) and p;(j =1,---,Q) are assumed to be posi-

tive quantities for standardization purposes. The definition of the Fox H-function

given by ([1.1.4)) will, however, have meaning even if some of these quantities are

zero. Also, a;(j = 1,---,P) and bj(j = 1,---,Q) are complex numbers such

that none of the points

g_bh+V
Bh

h=1,--- ,M;v=0,1,2,---

which are the poles of I'(b;, — Bis),h =1,--- , M and the points

i—n—1
s=U T 1. Nip=0,1,2,-

a;

which are the poles of I'(1 — a; + «;s) coincide with one another, i.e

ai(bn +v) # bp(a; —n —1)

forv,n=0,1,2,---; h=1,--- ,M;i1=1,--- ,N.
Further, the contour £ runs from —woo to +woo such that the poles

L(by, — Brs),h=1,---, M, lie to the right left of £ and the poles of

(1.1.6)

(1.1.7)

(1.1.8)
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Ml—a;+a;s), i=1,---,N lie to the left of £. Such a contour is possible on
account of ([1.1.8). These assumptions will be adhered to throughout the present

work.

SPECIAL CASES

The following special cases of the Fox H—function have been made use in this

thesis:

1. Lorenzo-Hartley G-function [I5 p. 64, Eq. (2.3)]

(1—r1) W G e (119)

L1 g
Hl:Q |: az (0’ 1)’ (1 +y— rq, q) Z’/‘q—l/—l

Here, G, is the Lorenzo-Hartley G-function [33].

2. Generalized Hypergeometric function[68, p. 18, Eq. (2.6.3)]

I~
=
£

(1 —aj, 1y
(07 1)7 (1 - bj’ 1)141

Il
i

|
<
=
o
—
Q
=
SN~—
—
S
)
SN—
|
S
—
=
=
—_
=]
SN~—

1Lp
Hp,q+1 {Z

e
o
=

<.
I
—

3. Generalized Bessel Maitland Function [38, p. 25, Eq. (1.139)]

z
Hyy [— — J(2),  (L111)

where Jl’,f , is the Generalized Bessel Maitland Function [35, p. 128, Eq.

(8.2)]
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4. Wright’s Generalized Bessel Function[68, p. 19, Eq. (2.6.10)]

1,0 —— o
Hy {z (0,1), (=\, v) ] = JY(z). (1.1.12)
5. Kritzel Function [38] p. 25, Eq. (1.141)]
Hgéo {Z N } = pZ¥(2) z,veC,p>0, (1.1.13)
’ (071)7<;’;) P

where Z7 is the Kratzel Function [31].

6. Modified Bessel function of the third kind [I1], p. 155, Eq. (2.6)]

(1 o+l 1)
H2Y |2 g8 O =e. ara
(07 1)7 il Bv B

1.1.2 THE H-FUNCTION

Though the H-function is sufficiently general in nature, many useful functions
notably generalized Riemann Zeta function [8], the polylogarithm of complex
order [§], the exact partition of the Gaussian model in statistical mechanics [23],
a certain class of Feynman integrals [8] and others do not form its special cases.
Inayat Hussain [23] introduced a generalization of the H-function popularly known
as H -function which includes all the above mentioned functions as its special
cases. This function is developing fast and stands on a firm footing through the
publications of Buschman and Srivastava [3], Gupta and Soni [16], Gupta, Jain

and Agrawal [17], Gupta, Jain and Sharma [I§], Jain and Sharma [26], Rathie
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[54], Saxena [56, 58] and several others. The H-function is defined and represented

in the following manner:

—m o (ejan; ej)l,ny (ejan)n—i—l,p
H, [2|=H,, |z N
(i F)rms  (F5s 5 S5)mr1g
= B (1.115)
=— 2 1.
27w ’
3

where, w = v/—1,z € C\ {0}, C being the set of complex numbers,

(00~ B6 [0 -y + B
o) = —— S
[I ATA=f+FOF 11 Tley - Exf)

: (1.1.16)

It may be noted that ©(£) contains fractional powers of some of the gamma
functions. m,n,p, ¢ are integers such that 1 < m < ¢,0 < n < p,(E;)1,, (Fj)14
and (€;)1.n, (35)m+1,4 are positive quantities for standardization purpose. The
definition (|1.1.15]) will however have meaning even if some of these quantities are
zero, giving us in turn simple transformation formulae.

(€j)1p and (f;)1,, are complex numbers such that the points

_fj-i-k
=5

J

5 ]:177m7 k:()?l?za"'

which are the poles of I'(f; — F}&), and the points

1k
é':ej— ]:1,,7’L, k:071a27"'

J
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which are the singularities of {I'(1 — e; + E£;£)}</, do not coincide.
We retain these assumptions throughout the thesis.
The contour £ is the line from ¢ — ico to ¢ + ico, suitably intended to keep the
poles of I'(f; — F3¢) j=1,--- ,m to the right of the path, and the singularities
of {I'(1—e;+ E;§)} j=1,---,n to the left of the path.
Ife=S;=1 (i=1,---,n; j=m+1,--,q), the H—function reduces to
the familiar H—function.
The following sufficient conditions for the absolute convergence of the defining
integral for H—function given by have been given by Gupta, Jain and
Agarwal [17]

(1) larg(z)| < %QT{' and Q>0
(17) |arg(2)| = %Qﬂ' and Q>0

and (a) p#0 and the contour £ 1isso chosen that (cu+A+1) <0

(b) w=0 and (A+1)<0,

where

m n q p
Q:ZFj+ZEj€j— Z F535 = Z Ej
j=1 j=1

j=m+1 Jj=n+1
n p m q
p=> Bi&+ Y E-) F- ) ES;
=1 j=nt1 =1 j=m+1

10
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=%<ij+ YooESi=Y 66— > €j>
j=1

j=m+1 7j=1 j=n+1
1 (< 1
—l-é(ZEj—Z%j—i-p—m—n).
j=1 j=m+1

The following series representation for the H—Function given by Rathie [54] and

Saxena [50] has been used in the present work:

i (€5, Eji €)1ins (€5, Ej)ntip o0
|- =X
p,q

(f]; )lma (fj)F’j;%j)m-H,q t=0

O(syp)2%",  (1.1.17)

Ms

>
I

1

H F(f] — Fjﬁt,h) ﬁl {F(]_ — € + Ejst,h)}Ej

_ i _1)t i
@(5@},,) — J ) J7 - 0 (t'F) 7 5t7h — th
[I {P(L—fi+Fsen)t 11 Dle;— Ejsep) " "
j=m+1 j=n+1
(1.1.18)

In the Sequel, we shall also make use of the following behavior of the F:én[z]
function for small and large value of z as recorded by Saxena et al.

[57, p. 112, Eqgs.(2.3) and (2.4)].

m,n _ « _ . fj
H, . [2] = O]|z|*], for small z, where «a = lg}lgnmi)‘{ (F] (1.1.19)
TN o B €; — 1
H, . [2] = O[|z|"],for large z, where 3 = 11?%}%9% ( < E; )) ., (1.1.20)

provided that either of the following conditions are satisfied:
(i) w<0 and 0<|z] <o0

(1.1.21)
(1) p=0 and 0<|z| <&*

11
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where

n=X G+ Y B-Y B 3 B,
= j=ntl j=1 Jj=m+1

0= H(Ej)Ejej H (Ej)EJ' H(Fj)*Fa H(Fj)fFj%j.
i=1 j=n+1 j=1 m+1

SPECIAL CASES

(1.1.22)

(1.1.23)

The following special cases of the H—function have been made use in this thesis:

(I) The Polylogarithm of order p [8 p.30, §1.11, Eq. (14)] and

[10, p. 315, Eq. (1.9)]

e =2 5= | Y ]

(1,1;p+1)

(1,1, (0, L;p) } ’

—1,1

=—H, {_Z

Here, F'(z,p) is the polylogarithm function of order p .

(1.1.24)

(I) The Generalized Wright Hypergeometric Function [I8, p. 271,

Eq. (7)]

e

(€5, Ejs €)1
z
(fjv Fj) %j)l,q;

Il
1M
—=|T

N7

p=q

<
Il
-

12

{D(ej + Eyr)}= o

{O(f; + Fr)y¥ "
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(1 —ej, Ej5 €5)1p

(0,1), (1 = f5, F5:35)14

—71.p

pat1 | 7 , (1.1.25)

p@q reduces to ,¥,, the familiar Wright’s Generalized hypergeometric func-

tion [68, p. 19, Eq. (2.6.11)], when all the exponents (€;)1 , (3})m+1,4 take

the value 1.

[T (e, + Eyr)
B S e; + Lur

(eJaEJ)va i J ST

r¥q 2= Z q 7l
(f5s Fi)igs =0 [[T(f;+ Fyr) "

7=1
(1 —ej Ejiyp
=HP | |2 . (1.1.26)

(07 1)a (1 - ijij)l,q

(III) The Generalized Riemann Zeta Function [8, p. 27, §1.11, Eq. (1)]

and [10, pp. 314-315, Eq. (1.6) and (1.7)]

7 g2 0.1, (1-n1p)
o(z,p,m =H,, |— . (1.1.27
P ; ”{ 0.1, (-nLp | T2
(IV) Generalized Hurwitz Lerch Zeta Function [24, pp. 147 & 151, Egs.(6.2.5)
and (6.4.2)]
Do, (2,051 i @ h). 7
Sk — (V) 7" (n+mr)P
F(’}/) 13 (1—77,1;]7),(1—04,1;1), (1_671a1)
= HJs|—=
T()(B) *°

(1.1.28)
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(V) Generalized Wright Bessel Function [I8, p. 271, Eq.(8)]

o

. (—2y
Iiz) = ; rI(T(L+ X+ vr))H

=Hy, |2 . (1.1.29)
(07 1)7 <_/\7 v, :u)
(VI) A Generalization of the Generalized Hypergeometric Function

[18, p. 271, Eq. (9)]

(6 €)1
F, z

(fja %j)l,q;

p

e
—~—
'1
—
S
=
&

p . .
o H (ej)T}ej r I
Jj=1 < j |
:z q o Hpgir | =2

(1 =51 €)1y

<
I
—_
A
i)

=" ) (0.1). (1= £ 1:3)1,
ﬁ {F(fj)}gj (€, 15 €5)1p;

S P
e} \ (%)

1

J

The function ,F, reduces to well known ,F, for €;=1(j =1, -

L,---,q) in it.

Naturally, all functions which are special cases of the H—function are also special

cases of the H—function.

14



1.1 SPECIAL FUNCTIONS

1.1.3 H-FUNCTION OF TWO VARIABLES

The H-function of two variables is defined and represented in the following manner
[74, p. 82, Eqgs. (6.1.1-6.1.4)]:

2

a | (08,01 e (Y9 )1es (62,7 e,
0,B:A1,B1;A2,B2

C,D:C1,D1;C2,Do

2 | (b B, 80 p + (d5Y, 051 by (d5,65)1.p,

1 2 '
— _(271'(,0)2 //1/}(617&2 E (bz fz dfl de (z = 1,2)’ (1.1.30>

g £
where w = /—1,
B s
[IT(1—a;+ % a)"6)
en )= N o ;o (1.1.31)
[1T(1 =+ Zﬁ %e) 11 Tla; -3 a6
=t j=B+1 i=1
[0 — %) T 11— o (%)
¢i(&i) Di:1 7:1 1w im
J=1;I+1 F(l dgl) + (5](2)52) ]:H+1 F(Cgl) ’7](1)61)

All the greek letters occuring on the left-hand side of ([1.1.30]) are assumed to be
positive real numbers for standardization purposes; the definition of the multi-
variable H —function will, however, be meaningful even if some of these quantities

are zero such that

D;

A _Za“ + Z 7D~ Zﬂ’) Z(Sj(l)>0 (i=1,2), (1.1.33)

j=B;+1

15
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C B; C; D A; D;
f== X al > o= 3 - S 0 i=12)
j=B+1 j=1 j=Bi+1 Jj=1 Jj=1 J=Ai+1
(1.1.34)

where B,C, D, A;, B;, C;, D; are non negative integers such that 0 < B < C,
D>0, 0<B;<Ciand1<A;<D;, (i=12).

The sequences of the parameters in are such that none of the poles of
the integrand coincide i.e. the poles of the integrand in ((1.1.30)) are simple. The
contour £; in the complex &;— plane is of the Mellin-Barnes type which runs from
—woo to +woo with indentations, if necessary, to ensure that all the poles of
F(d§i) - 55”@) (j=1,---,A;) are separated from those of I'(1 — cy) — %(z)&)
(j=1,---,B;)and I'(1 — a; + i:lag-i)&) (i=1,2;5=1,---,B).

It is known that multiple Mellin-Barnes contour integral representing the multi-

variable H— function (1.1.36]) converges absolutely [73 p. 130, Eq. (1.4)] under

the condition ([1.1.40)) when
1 .
larg(z;)] < §Qi7r, (1=1,2). (1.1.35)
The point z; = 0(i = 1,2) and various exceptional parameter values are excluded.

1.1.4 THE MULTIVARIABLE H-FUNCTION

The multivariable H—function occuring in the thesis was introduced and studied
by Srivastava and Panda [74, p. 130, Eq. (1.1)]. This function involves r complex

variables and will be defined and represented in the following contracted form

16



1.1 SPECIAL FUNCTIONS

[T, pp. 251-252, Egs. (C.1-C.3)]

(r) ()

(1) (T))LC . (le 7’7] )1,01; T ’<C] ’,y] >1’CT

21 (aja J 7"'7aj

HO ,B:A1,B1; ;Ar,Br
C,D:C1,D1;++;Cr, Dy

Zr | (b 5(1) B(T))I,D : (d('l) 5(‘1))1,D1§ T ;(dg'r)aaj('r))l,Dr ]

S e TG 5 - =1,
o e A TG ds (=17
£ Le =
(1.1.36)
where w = /—1,
B
[TT(A=a;+> a;°&)
W&, 6) = 5 Flr = . (1137)
[IT(1—b+ Z &) T1 Tla;— Y o))
Jj=1 i=1 j=B+1
A; (4) B;
-—1F<djl )1:[ L1 -+
0il&) = —p e (=1, 7).
[I T —d?+07%) I T =)
Jj=Ai+1 j=B;+1
(1.1.38)

All the greek letters occuring on the left-hand side of ([1.1.36]) are assumed to be
positive real numbers for standardization purposes; the definition of the multi-
variable H —function will, however, be meaningful even if some of these quantities

are zero such that

C; D D;
A=Y"al =TT =N >0 (=12, 1), (1.1.39)
j=1 j=Bi+1 j=1 j=1

17
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C B; C; D A; D;
_ (4) (4) (4) (4) (@) (4)
D DRI S D VI D DD DU DT
j=B+1 j=1 j=Bi+1 Jj=1 Jj=1 J=Ai+1
(1.1.40)

where B, C, D, A;, B;, C;, D; are non negative integers such that 0 < B < C,
D>0, 0<B;<Cjand1<A;<D;;, (i=1,---,r).

The sequences of the parameters in are such that none of the poles of
the integrand coincide i.e. the poles of the integrand in ((1.1.36)) are simple. The
contour £; in the complex &;— plane is of the Mellin-Barnes type which runs from
—woo to +woo with indentations, if necessary, to ensure that all the poles of
F(dy) - 5J(.i)§z-) (j=1,---,A;) are separated from those of I'(1 — cy) - Vj(i)&)
(j=1,--,B,) and r(1—aj+ia§“gi> (i=1-- rj=1 B)

It is known that multiple MellinjBarnes contour integral representing the multi-

variable H— function (1.1.36]) converges absolutely [73 p. 130, Eq. (1.4)] under

the condition ([1.1.40)) when
1 .
larg(z;)| < 592-7?, (t=1,---,7). (1.1.41)

The point z; = 0 (i = 1,--- ,7) and various exceptional parameter values are

excluded.

SPECIAL CASES

By suitably specializing the various parameters occuring in the multivariable

H —function defined by (|1.1.36)), it reduces to the simpler special functions of one

18



1.1 SPECIAL FUNCTIONS

and more variables.

Some of them which have been used in this thesis are given below:

(i) If we take oél) = ozg?) = . =da"” (j=1,.,D) and B](-l) = 6](2) = .=

ﬂj(.r) (7=1,...,D) in (1.1.36)), it reduces to a special multivariable

H —function studied by Saxena [56].

(i) If we take r = 2, in (1.1.36)) , we get H—function of two variables defined

in [68, p.82, eq.(6.1.1)].

(iii) A relation between H—function of two variable and the Appell function [68,

p.89,Eq.(6.4.6)] is given as below:

0,0:1,2;1,2 | —&
Ho,1:2,1;2,1 { _

= ¢ )Fg(c,e,c/,e/;b;x,y), lz] <1, |yl <1 (1.1.42)

(iv) if we reduce Multivariable H-function into generalized hypergeometric Func-
tion [25, p.xi,Eq.(A.18)] as given below:
a | (=apl Dot == ——

0,C:1,0;---;1,0
HC7D:0,1;~~~;0,1

Zr (l_bj;17"'al)l,D:(()?l);"';(O?l)
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—Q
=3
£
.
S
Q
=

|
.
I
L

=L Fp (1t ) (1.1.43)

o
=
Sa
=
S

<.
Il
—_

1.1.5 SU POLYNOMIAL

The SY polynomial was introduced and investigated by Srivastava [61] and is

represented in the following manner :

(V/U]
- A
SV = 3 W%R V01,2, (1.1.44)
R=0 )

where U is an arbitrary positive integer, the coeflicients Ay g are constants, real

or complex.

1.1.6 GENERALIZED EXTENDED MITTAG-LEFFLER
FUNCTION

A special function of the form Fjs(z) was introduced by the Swedish mathemati-

cian Gosta Mittag-Leffler [43] in 1903 as

f: T (6 € C, R(5) > 0), (1.1.45)

n=0

which is direct generalization of the exponential function for 6 = 1. In 1905,
Wiman [81] gave the generalization of Es(z) known as Wiman’s function or gen-
eralized Mittag-Leffler function defined as follows:

Bsnl2) =Y rs—m I( 5n ) (0,k € C, R(d) > 0,%R(k) >0).  (1.1.46)

n=0
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Later on, Prabhakar [51] introduced a new generalization of Ej.(z2) as Ej,(2),

Ej.(2) = er—)”Z— (1.1.47)

where (1),, denotes the Pochhammer symbol (see for details, [53], [66] and [67]):
()0 =1, (9 =90+ 1)(WI+2) - (I +n—1). (1.1.48)

Moreover, generalization of E};K(z) was introduced and studied by Shukla and

Prajapati [59] defined as

n

EJT(z) = ZO S (((;Z)jf ™ = (1.1.49)

3

(0,0,k € C, R(6) > 0,R(k) > 0,R(Y) >0andr € (0,1) UN),

(1.1.49) was further investigated by Srivastava and Tomovski [7§]
[ee]

B (2 - 1.15
‘5’"“ ZF 5n+f£ n' ( O>

n=

(z,k,9 € C, R(0) > max(0,R(§) — 1), R(&) > 0).

Lately, Ozarslan and Yilmaz [46] studied extended Mittag-Leffler function and

defined it in the following manner:

qu19+nd ) (d), 2"

B(,d—0) T(on+r)n! (¢ = 0,%R(d) > R(9) > 0),

n=

(1.1.51)
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1
where By(z,y) = /tx_l(l - t)y_leﬂ;—qﬂ dt (1.1.52)
0

(R(q) > 0,R(x) > 0,R(y) > 0).

Now, we propose to introduce and investigate further generalization of extended

Mittag-Leffler function in (1.1.51]) as Eg;d(z;q,p, <),

§§B$%ﬂ+md—ﬁ> (d)n 2"

B(¥,d — 1) ['(dn + k) n! (1.1.53)

Ejid(zq,p.C) =

(g >0, R(d) > R(®) > 0, R() > 0, R(k) > 0),

where Bép <) (x,y) represents generalized Beta type function as follows(see, for
details, [65, p. 348, Eq.(1.2)]; see also [48, p. 32, Chapter 4]):
1
B9 (x,y) = /t””_l(l — )" (p; ¢ ﬁ) dt (1.1.54)

(R(g) = 0, min(R(z), R(y), R((), R(p)) > 0).

Further, we also present the contour representation of generalized extended Mittag-

Leffler function in the following manner:

9id, 1 p—&) T +& +&)0(d -9+ &)0(&)
B0 = o T !J‘c &) I(d+ &+ 25)
[(d+ &)(—E)

(q) " (2)*d&1dés
(1.1.55)

(H -+ 552)
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For, p = ( generalization of extended Mittag-Leffler function in (1.1.53)) reduces
to extended Mittag- Leffler function in (1.1.51]).

In the sequel, we shall represent Lebesgue measurable real or complex valued
functions defined on a finite interval [a, b] of real line R(see, for details, [13] and

[27]; see also [55]) in the following manner:
b
L(a,b) = {f(fﬂ) Il =/ | f(z) | de < OO}- (1.1.56)

1.1.7 S-GENERALIZED GAUSS HYPERGEOMETRIC
FUNCTION

ESPT (g b: ¢ 2) was

The S-generalized Gauss hypergeometric function
introduced and investigated by Srivastava et al. [65, p. 350, Eq. (1.12)]. It is

represented in the following manner:

> B(a’B;T’“)(b%—n c—b)z2"
(a,ﬁ;‘l’, ) . . J— p ) -
Fy©PT (a,b;¢; 2) = E (@), o) oy (2| < 1)  (1.1.57)

R(p) = 0; min{R(e), R(), R(7), R(w)} > 0;  R(c) > R(b) > 0),

in terms of the classical Beta function B(A, i) and the S-generalized Beta function
B (2 ), which was also defined by Srivastava et al. [65, p. 350, Eq. (1.13)]

as follows:

1
(O‘wB;Tnu') — z—1 — y_]- . . p
B, (x,y) = /0 (1=t By (0476, T t)l‘) dt (1.1.58)

(R(p) 2 0; min{R(z), R(y), R(e), R(B), R(7), R(p)} > 0).
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If we take p = 0 in (|1.1.58)), it reduces to classical Beta Function and (),

denotes the Pochhammer symbol defined (for A € C) by (see [67, p. 2 and pp.

4-6]):
I'(A+n)
Oy
. (n=0)
= {)\(A+1)...()\+n—1), (neN :={1,2,3---1), (1.1.59)

provided that the Gamma quotient exists (see, for details,[71], p. 16 et seq.] and
[72, p. 22 et seq.]).

For 7 = p, the S-generalized Gauss hypergeometric function defined by
reduces to the following generalized Gauss hypergeometric function F,EO‘”B i) (a,b;c; z)

studied earlier by Parmar [49, p. 44]:

= BYP T (b4 n,c— b) 2"
(eu.357) . o _ p ) ~
F; (a,b;c;2) = ng_o(a)n bc—b) oy (2] < 1) (1.1.60)

(R(p) =0, min{R(e), R(B), R(7)} > 0;  R(c) > R(b) > 0).

which, in the further special case when 7 = 1, reduces to the following extension
of the generalized Gauss hypergeometric function (see, e.g., [48, p. 4606, Section

3] ; see also [47, p. 39]):

= BYP (b4 n,c—b) 2"
(a,8) cor ) — P ’
F,*7(a,b;c; 2) = ngo(a)n Blbc—1) py (lz] < 1) (1.1.61)

R(p) = 0; min{R(e), R(B)} > 0; R(c) > R(b) > 0).
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Upon setting o = § in (1.1.61)), we arrive at the following Extended Gauss hy-

pergeometric function (see [3, p. 591, Egs. (2.1) and (2.2)]:

Fy(a,bic;z) = ;(a%Bpg(:’ Z_CZS b)Z—T (|2l < 1) (1.1.62)

1.1.8 EXTENDED HURWITZ-LERCH ZETA FUNCTION

The extended Hurwitz-Lerch Zeta function introduced by Srivastava et al. [77,

p. 503, Eq.(6.2)](see also [62] and [70]) is recalled here in slightly modified form:

P
( ) oo I%(kj%ngy L
""" yULyee 05U 1=
(I)kgll,...,kip;ll,l...7lQQ (2,8,a) = CD/UQ]Q (2,8,a) = Z 0 (m + a) (1.1.63)
m=0 m' Hl<lj)myj
]:

(P7QEN0,]€]€(C<]:1, 7P)7a7l]€C\Za(]:17 7@)7
0j,vp ERY(j=1---Pin=1---,Q);¥>—1 when s,z € C;
S =—1and s € C when 2| < U; = —1 and R(w) > 1 when |z| =

P

where U —(HQ] )(HU 7) and & f:vy ZQ])

1

Jj=
w—s+2l—2k + 559,
Jj=1 Jj=1

the integral representation of extended Hurwitz-Lerch zeta function was also given

by Srivastava et al. ([77],Theorem 8)see also([63], Theorem 6).

25



1. INTRODUCTION TO THE TOPIC OF STUDY AND
CHAPTER BY CHAPTER SUMMARY OF THE THESIS

® A, p1)se, (Ap, pp);
o 1 ( 1, P1), ; PyFP),
q)§2;7g;7-g§(2737a) = P( )/t81€atPW*Q Zeit dt
b} 9 S
0 (ﬂbal)?'” a(:UQaJQ);

(1.1.64)
(min{R(a),R(s)} > 0),

where pU*g (P, Q € Ny) denotes the Fox-Wright function,which is generalization

of the familiar generalized hypergeometric function pFy (P,Q € Ny)defined by

[8, p.183]

A i) p « . A oi)p
| Qe T e A ) 2 D) T(0) (s pir
e | 2 GGl 11~ T T0) i
(:ujao-j)LQ; =0 1)oin QJogn Tt- 1 P (:ujaa-j)LQ;

(1.1.65)

In a subsequent work by Srivastava [64], this last integral representation formula
(1.1.64]) was suitably modified in order to introduce and investigate the various
properties of a significantly more general class of the A—extended Hurwitz-Lerch

zeta functions defined by

()\],pJ,P) . _ (pl ----- PP301yes UQ) .
CD(M;‘,UJ';Q)(Z’ 8, a;, )\) - CI)/\l 77777 AP HQ (Z’ 5, a;b, )\)

1 = b (Alapl)f” 7()‘P7PP);
== /ts_lexp <—at — —) rP¥0 ze | dt
0

r A
(S) (:ulao-l)ﬂ"' 7(MQ7UQ);
(1.1.66)
(min{MR(a),R(s)} > 0;R(b) > 0; A\ > 0),
so that, obviously, we have the following relationship:
S el CENTUPYE i G YD)
= SR (0 s aih,0). (11.67)
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By using the following corrected version of an integral formula [38, p. 10, Eq.
(1.53)]:
> tail C . 1 2,0 1
exp | —bt — m dt = %HOQ bcr (1.1.68)
1
0 (aa 1)7 (07 ;)
(min{R(a), R(b), R(c)} > 0;p > 0),

an explicit representation was proven by Srivastava [64, p. 1489, Eq. (2.1)]:

P
) 1 [e) Hl(Aj)nPJ —
A b ) = s o g (o
=0 (a+n) - [] (Nj)naj (:1). (0,

(A>0),

in terms of Fox’s H-function defined by ({1.1.4)), it being assumed that each mem-
ber of the assertion ([1.1.69)) exists. The following Mellin-Barnes type contour

integral representation was also presented by Srivastava [64, p. 1489, Eq. (2.2)]:

i e
/_ Q
*(a—s)* [I Ty — s0y)

J=1

Q
I ()

QT s 0, M) = P
2miAD(s) [ T(),)
=1

J

: Hg”g (a — s)bi (—z)"% ds
(A>0),

provided that each member of the assertion (|1.1.70]) exists.
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SPECIAL CASES OF EXTENDED HURWITZ-LERCH
ZETA FUNCTION

(i) General Hurwitz-Lerch Zeta function : If we take Q =0 and P = p; =

k; =1 1in (1.1.63), we get

DY (2,5,a) = B(z,5,a) Z T o (1.1.71)

m=0

where ®(z, s, a) is defined in [§, p.27, Eq.(1.11)].
(ii) Riemann Zeta function : Again, if we take Q =0and P =p; =k; = 2z =
a=11in (1.1.63)), we get

oLl (1,5,1) = 1.1.72

b =)= 3 b I

where ((s) is defined in [8, Chapter 1](see, for details, [66, Chapter 2]).
(iii) Hurwitz (or generalized) Zeta function : Further, if we take ) = 0 and

P=pj=Fkj=z=1in (1.1.63), we get

(1, 5,0) = Z (1.1.73)
m+a

m=0
where ((s,a) is defined in [§, Chapter 1]( see also, [66, Chapter 2]).

(iv) Lerch Zeta function : If we take Q =0, P = p; = k; = a =1 and z = ¢*™

in (|1.1.63)), we get

(1.1.74)
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where /,4(&) is defined in [8, Chapter 1](see, for details, [66, Chapter 2]).
(v) Lipschitz-Lerch Zeta function : If we take Q =0, P = p; = k; = 1 and

z = e?™¢ in ((1.1.63)), we get

(I)EP(€2M£7 870’) = (b(év S,CL) = Z 6—7 (1175>

where ¢(¢, s,a) is defined in [66, p. 122, Eq. (2.5)](see, for details, [80, p. 280,

Example 8]).

1.2 INTEGRAL TRANSFORMS

If f(z) denotes of a prescribed class of functions defined on a given interval [a, b]
and K(z,s) denotes a definite function of = in that interval for each value of
s, a parameter whose domain is prescribed, then the linear integral transform

T[f(x); s] of the function f(z) is defined in the following manner:

b
T[f(x);s] :/K(x,s)f(x)dx (1.2.1)

wherein the class of functions and the domain of parameter s are so prescribed
that the above integral exists. In (1.2.1)), K(z,s) is known as the kernel of the
transform, T[f(z); s] is the image of f(z) in the said transform; and f(z) is the
original of T'[f(x); s].

Inversion formula for the transform

If an integral equation can be determined that
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B8
f(z) = / o5, 2)T1f (x); s)ds (12.2)

then (1.2.2)) is termed as the inversion formula of (1.2.1]).

1.2.1 LAPLACE TRANSFORM

One of the simplest and most important integral transform is the well known
Laplace Transform. It has been a subject of wide and extensive study on account
of its applications in applied mathematics and physics.

The Laplace Transform of a function is defined as follows:
L{fs} = [ fads () >0), (1.23)
0

provided that the integral (1.2.3)) exists and and the inversion formula is given
by:

c+ico

= % e L{f(x);s}ds (1.2.4)

c—ioco

/(=)

provided that the above integral exists.
The standard works of Doestch [7] in three volumes give the detailed and complete

account of Laplace Transform.
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1.2.2 MELLIN TRANSFORM

The well known Mellin Transform is defined by:

MA{f(x);s} = /:L'S_lf(a:)dx (1.2.5)
0
and the inversion formula is given by:
1 c+ioco
f(x)=— x *MA{f(x);s}ds (1.2.6)
2mi

provided that the above integral exists.

1.2.3 THE EXTENDED HURWITZ-LERCH ZETA
TRANSFORM OR THE E-TRANSFORM

We define the &—transform, that is, the extended Hurwitz-Lerch zeta transform

as follows:

(o) s L O)s) = [ @0 D st sl = ols)  (£2) € )
(1.2.7)
in the neighbourhood of ¢t = 2z, where A denotes the class of admissible functions
f(t), which are integrable in every finite interval in (0,00) with the following order

estimates:

o)  (t—0)

f(t> = { O(tne—pt) (|t| N oo) (1'2'8)
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provided that the existence conditions given with ([1.1.64]) for the extended Hurwitz-

Lerch zeta function are satisfied, R(w) > —1 and

R(p) >0 or R(p)=0 and max {9‘%</€+A;;1+1>}<0.

1<5<p

If we reduce the extended Hurwitz-Lerch zeta function to general Fox-Wright
function of the type pWy, defined by (1.1.65)[18, p.271, Egs. (7) and (9)], we are
led to the known integral transfroms studied earlier in [1, p. 44, Egs. (1.3.5) and

(1.3.6)].

1.3 INTEGRAL OPERATORS

In this section, A will denote the class of function f(t) for which

O{lt|°}; max{[t[} — 0
ft) = (1.3.1)
O{|t|wrew2lt}, min{|t|} — oo

In our present investigation we make use of an integral operator with H-function

in its kernel defined as follows:

(T #) (@) = / = 0P E (e — o) (t)dt (1.3.2)

1<j<m

(fﬁ(ﬁ) >0; we C\{0}; 1=m=q 0= n<p; R(B)+ min {9% (%)} > O).
If we take w = 1,m = 1 and a = 0 in (|1.3.2]), we obtain an integral operator
introduced by Harjule(see for details [19, p.80, Eq.(5.1.10)]).

Next, if we reduce H-function to the polylogarithm function of order 7 [8] p.30]
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in ((1.3.2), we obtain the following

@) @ = [0 Pt e (133)

(‘ﬁ(ﬂ) >0; we C\{O}),

provided that the integral exists.

Further, if we reduce H-function to the generalized Wright hypergeometric func-
tion [18, p.271, Eq.(7)] in , we get
(€5, £j; €)1

(s ) @ = [ @-1913, (e — 1) | p(t)dt (13.4)
¢ (f5, Fi S

(9‘{(5)>0; w e C\ {0}; p§q+1>,

provided that the integral exists.
Next, if we reduce H-function to the generalized Riemann zeta function [8, p.27,

section 1.11, Eq.(1)] in (1.3.2), we obtain

(601275 @) (2) = / " — 0P Sl — 1), o) (t)dt (1.3.5)

(fﬁ(ﬂ) >0; we C\{O}),

provided that the integral exist.
Again, if we reduce H-function to the generalized Wright Bessel function [I8]

p-271, Eq.(8)] in (1.3.2)), we obtain
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(T e) @)= [[o- 0 Tl - oea 030
(mw) 0 we C\{O}),

provided that the integral exist.

1.3.1 AN INTEGRAL OPERATOR INVOLVING THE
GENERALIZED EXTENDED MITTAG-LEFFLER
FUNCTION AS IT°S KERNEL

An integral operator with GEML function given by (1.1.53)) as it’s kernel and

z>a (a € RT =]0,00)) is defined as follows:

T

D@ = [ Bl - 9 OF) ds (137

(P, w € C,R(0) > 0,R(k) > 0)
provided that conditions of GEML function in (|1.1.53]) are satisfied.

SPECIAL CASES

(i) Considering p = ¢ in (1.3.7)), we obtain an integral operator introduced by

Rahman et al. [52] as

(el ) (@) = / (z—2)" 'Ej(w(x — 2)°5q) f(2) d=. (1.3.8)
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(ii) Next, on taking ¢ = 0in (1.3.8)) we get an integral operator given by Srivastava

and Tomovski [78]:

T

(s (@) = / (z = 2)" "By (w(z — 2)°) f(2) d=. (1.3.9)

a

(iii) Further, if we take w = 0, the integral operator in ([1.3.9) reduces to Riemann-

Liouville fractional integral operator as defined in (1.4.1)).

1.4 FRACTIONAL CALCULUS

The term Fractional calculus has its origin to the letter written by L’hospital in
1695 to Leibniz, wherein he enquired whether a meaning could be ascribed to
%Ef) if n were a fraction. Because the answer to the questions was affirmative,
various authors started working on the subject. In the initial stage of devel-
opment, the order n was taken to be fraction. Although now n is taken as an
arbitrary number, the subject is still known as fractional calculus. The works of
Caputo [4], Gorenflo and Vessela [12], Kiryakova [30], McBridge [39], Miller and
Ross [42], Nishimoto [44], Oldham and Spanier [45], Podlubny [50] and Samko,
Kilbas and Marichev [55], provide a comprehensive account of the development

and applications in the field of fractional calculus.

The following well known Fractional integral operator has been widely studied.
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The Riemann-Liouville fractional integral and derivative operator If, and D?_|

which are defined by (see, for details, [29], [42] and [55])

WD) =i [ Gl (00 ()

and

d\" .
D@ = (4) WEDE (0 >0 0 =BG+ D, (142
([x] denotes the greatest integer in the real number z)
will be required during the course of our study.
Hilfer [20] generalized the operator in (1.4.2) and defined a general fractional
derivative operator D47 of order 0 < p < 1 and type 0 < v < 1 with respect to

z as follows:
v v(i—p) d ) (1—
(D f)(x) = (faﬁ W (1 ‘”f)) (). (14.3)

Eq. yields the classical Riemann-Liouville fractional derivative operator
D! when v = 0 and for v = 1 it reduces to the fractional derivative operator
introduced by Joseph Liouville (1809-1882) in 1832, which is called the Liouville-
Caputo fractional derivative operator (see [13], [29] and [79]).

In the present work we have introduced and developed a pair of unified Fractional
Integral Operators whose kernels involve the product SY polynomial, generalized

extended Mittag-Leffler function and extended Hurwitz-Lerch Zeta function and

defined by ([1.1.44)), (1.1.53)) and (1.1.63)) respectively.
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IMP{f(t)y = o r 7t /tn(x - t)PS‘g [yl <£>771 (1 — é)pl} ng <w <1 — é)po i q, 0, C)
0
* q)ijg;g <y2 (é)m (1 - 2) N ,s,a> f)dt (1.4.4)

where f(t) € A,

min{R(n+¢+1,p+1)} >0 and min(py,n,p1) >0 and

e £\
Eé’ ,,{/ w/ <1 - _) ;qla 0/7 </
: z
X! P t\" £\
* ¢)“Z'?ZJ§Q' (yé (;) (1 — ;) ,s',a') f(z)d= (1.4.5)

o0

o , ’ , , t 771 t p/l
gy = [t (4) (-

t

provided that

R(wz) >0 or R(we) =0 and min{R((y —wy)} >0;

R(p' +1) > 0, min(py, n, py) = 0

On suitably specializing the parameters involved in the functions SY [z], Eg;d (2;q,0,0)
and Csz ?72 (z,s,a) our fractional integral operators can be easily reduced to left-
and right-sided generalized fractional integral operators involving the Gauss hy-

pergeometric function and classical Riemann-Liouville left- and right-sided frac-

tional integral operators.
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1.5 FRACTIONAL DIFFERENTIAL EQUATIONS

Fractional differential equations have gained considerable importance due to their
application in various disciplines, such as physics, mechanics, chemistry, engineer-
ing, etc. In recent years, there has been a significant development in ordinary and
partial differential equations involving fractional derivatives (see the monographs
of Kilbas et al. [29], Miller and Ross [42], Oldham and Spanier [45], Podlubny
[50] and Samko et al.[55]). Numerous problems in these areas are modeled math-
ematically by systems of fractional differential equations.

A growing number of works in science and engineering deal with dynamical
systems described by fractional order equations that involve derivatives and in-
tegrals of non-integer order [Benson et al. [2], Metzler & Klafter [41], Zaslavasky
[82]]. These new models are more adequate than the previously used integer order
models, because fractional order derivatives and integrals describe the memory
and hereditary properties of different substances [50]. This is the most significant
advantage of the fractional order models in comparison with integer order mod-
els, in which such effects are neglected. In the context of flow in porous media,
fractional space derivatives exhibit large motions through highly conductive lay-
ers or fractures, while fractional time derivatives describe particles that remain
motionless for extended period of time [40].

Recent applications of fractional differential equations to a number of systems

have given opportunity for physicists to study even more complicated systems.
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For example, the fractional diffusion equation allow describing complex systems

with anomalous behavior in much the same way as simpler systems.

1.5.1 A GENERAL FAMILY OF FRACTIONAL
DIFFERENTIAL EQUATIONS

The following family of fractional differential equations [79, p.803, Eq.(3.7)] was
introduced and studied by several authors [I8, 22] on account of their importance

in dielectric relaxation in glasses.

@ (D5 y) (@) +0 (D52 v) (@) + ey() = g(a) (15.1)

where

<0<a1§042<1;0§ﬁl,ﬁ2§1anda,b,c€R>

in the space of Lebesgue integrable functions ( see [13, [78]) y € L(0, 00) with the

initial conditions:
(I&—ﬁnu—ai) y> (04) = C (i=1,2), (1.5.2)
where, without loss of generality, we assume that

(1=08)1—a1) = (1= B2)(1 = ).

if €y < o0, then Cy = 0 unless (1 — 51)(1 —aq) = (1 — Ba2)(1 — aa).
In the thesis, we shall study a generalized form of fractional differential equation

(1.5.1) and aim at finding it’s solution by using Laplace Transfrom method.
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1.6 BRIEF CHAPTER BY CHAPTER
SUMMARY OF THE THESIS

Now we present a brief summary of the work carried out in Chapter 2 to 6.

In Chapter—2, we first give a brief survey of Mittag-Leffler function and it’s
various generalizations introduced from time to time. Next, we introduce our
function of study and call it generalized extended Mittag-Leffler (GEML) func-
tion and present some basic properties of the function of our study. Further, we
obtain some integral representations of generalized extended Mittag-LefHer func-
tion. Later on, we obtain Laplace transform, Mellin transform and Inverse Mellin
transfrom of function of our study. Finally, in this chapter we obtain right-sided
Riemann- Liouville fractional integral operator I, , right-sided Riemann- Liou-
ville fractional derivative operator D) and Hilfer derivative operator D]} of our
function of study GEML. The results established in this chapter generalize the
findings of Shukla and Prajapati [59] and Ozarslan and Yilmaz [46].

In Chapter—3, Firstly, we give an introduction to all the functions and integral
operator which will be required in the sequel. Next, we introduce and study an
integral operator whose kernel is generalized extended Mittag-Leffler (GEML)
function and point out it’s known special cases. Then we derive boundedness
property of aforementioned integral operator. Further, we obtain image of some
useful functions under the integral operator of our study along with some of it’s
special cases. Finally, we establish composition relationship of integral operator

of our study with right-sided Riemann- Liouville fractional integral operator I,
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and an integral operator H;”Jr]\]{gg involving the Fox H-function . The results

stated in this chapter generalize the findings of Kilbas et al. [2§] and Srivastava
and Tomovski [78].

In Chapter—4, we first define extended Hurwitz-Lerch zeta function and give it’s
integral representation. Next, we define a new integral transform whose kernel
is extended Hurwitz-Lerch zeta function and name it as the E—transform. The
transform of our study yields known integral transforms [I, p. 44, Egs. (1.3.5)
and (1.3.6)]. Further, we evaluate the Mellin transform of extended Hurwitz-
Lerch Zeta function and Inversion formula for &—transform. Next, we present
some basic properties and prove the Uniqueness theorem for €—transform. Fi-
nally, we obtain €—transform of Derivatives and Integrals.

In Chapter—>5, we study a pair of class of fractional integral operators whose ker-
nel involve the product of SY|z], Egij (2;q,0,¢) and (ID;ZZJJZ (z,s,a) which stand
for SY polynomial, generalized extended Mittag-Leffler function and extended
Hurwitz-Lerch Zeta function. Next, we derive three new and interesting com-
position formulae for the operators of our study. The operators of our study
are quite general in nature and may be considered as extensions of a number
of simpler fractional integral operators studied from time to time by several au-
thors. Later on, by suitably specializing the coefficients and the parameters of
functions involved in our fractional integral operators we can get a large number
of expressions for the composition of fractional integral operators. Finally, as an
application of our main findings we obtain three interesting integrals which are

believed to be new.
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In Chapter—6, we define the H-function, the Mittag-Leffler function, it’s vari-
ous generalizations and certain fractional integral operators that we will be using
in our study. Further, we define Laplace transform and provide some necessary
results required in finding solutions of fractional differential equations involving
Hilfer derivative operator and an integral operator involving H-function.
Furthermore, we consider a generalized form of General Family of fractional dif-
ferential equations and find it’s solution. On account of general nature of our
findings we can obtain a number of special cases by taking particular values of
the parameters involved therein. We mention here two new and three known
special cases.

Next, we study some interesting two new and three known special cases of our
main findings involving H-function. Later on, by giving numerical values to the
parameters in the functions and the operators involved therein we have plotted
some graphs with the help of MATLAB SOFTWARE.

Futher, we obtain solution of another fractional differential equation involving
Dg‘fl and ﬁg”f;’;g Finally, by specializing the parameters occuring therein we
can obtain a number of special cases of this result. However, we give here only

two known and two new special cases.
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GENERALIZED EXTENDED
MITTAG-LEFFLER FUNCTION AND
ASSOCIATED FRACTIONAL CALCULUS

The main findings of this chapter have bearing on the following paper as detailed

below:

1. N. JOLLY and R. JAIN (2017). STUDY OF GENERALIZED EX-
TENDED MITTAG-LEFFLER FUNCTION AND IT'S PROPERTIES,

South East Asian J. of Math. & Math. Sci., 14(1), 47-58 .
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In this chapter, we first give a brief survey of Mittag-Leffler function and
it’s various generalizations introduced from time to time. Next, we introduce
our function of study and call it generalized extended Mittag-Leffler (GEML)
function and present some basic properties of the function of our study. Further,
we obtain some integral representations of generalized extended Mittag-LefHer
function. Later on, we obtain Laplace transform, Mellin transform and Inverse
Mellin transfrom of function of our study. Finally, in this chapter we obtain right-
sided Riemann- Liouville fractional integral operator I, , right-sided Riemann-
Liouville fractional derivative operator D, and Hilfer derivative operator D,
of our function of study GEML. The results established in this chapter generalize

the findings of Shukla and Prajapati [59] and Ozarslan and Yilmaz [46].
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2.1 INTRODUCTION

GENERALIZED EXTENDED MITTAG-LEFFLER
FUNCTION

A special function of the form Ej(z) was introduced by the Swedish mathemati-

cian Gosta Mittag-Leffler [43] in 1903 as

Zr on +1) (0 € C, R(0) > 0), (2.1.1)

n=0
which is direct generalization of the exponential function for 6 = 1. In 1905,
Wiman [81] gave the generalization of Ej(z) known as Wiman’s function or gen-

eralized Mittag-Leffler function defined as follows

Esn9) = Tt (0,5 €C, RE) > 0,R/(k) >0).  (212)

n=0

Later on, Prabhakar [51] introduced a new generalization of Ej,(z) as Ej, (2),

Ej (2) =) %Z— (2.1.3)

where (9),, denotes the Pochhammer symbol (see for details, [53], [66] and [67]):
(W) =1, () =9+ 1) +2)--- (I +n—1). (2.1.4)

Moreover, generalization of E};K(z) was introduced and studied by Shukla and

Prajapati [59] defined as
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’fl

B (z 2.1.5
5“ ;F (5n+/€ nl ( )

(9,6, € C, R(J) > 0,R(k) >0,R(9) >0andr € (0,1) UN),

(2.1.5)) was further investigated by Srivastava and Tomovski [7§]

o0

EY (= z 2.1.6
5” ZF 5n+/{ n' ( )

3

(z,k,9 € C, R(0) > max(0,R(§) —1),R(&) > 0).

Lately, Ozarslan and Yilmaz [46] studied extended Mittag-Leffler function and

defined it in the following manner:

quﬁ—l—nd 19) (d), 2"

(2.1.7)
1
where By(z,y) = /tm_l(l - t)y_leﬁ dt (2.1.8)

0

(%R(q) = 0,%(z) > 0,%(y) > 0).

Now, in this chapter, we propose to introduce and investigate further generaliza-

tion of extended Mittag-Leffler function in (2.1.7)) as Ezf(z; q,p,¢C),

i BYOW4nd—1) (d), ="

Bl d—d)  T(on+r) nl (2.1.9)

E{d(zq,p.C) =

(¢ >0, R(d) > R(WI) >0, R() > 0, R(k) > 0),
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where Bép ©) (x,y) represents generalized Beta type function as follows(see, for

details, [65], p. 348, Eq.(1.2)]; see also [48, p. 32, Chapter 4]):

1
B{O(z,y) = / E= TR G ) d (2.1.10)
0

(R(g) = 0, min(R(z), R(y), R(C), R(p)) > 0).

Further, we also present the contour representation of generalized extended Mittag-

Leffler function in the following manner:

9:d 1 (p—E) T+ &+ E)(d— 9+ 6)T(&)
Eﬁn(’z q,p,() = (27i)2 T(p)T 2/2/ (¢ —&) T(d + & + 2&)
[(d + &) (&)

(q) % (=) d&rdEs
(2.1.11)

F(I{ + 5&2)

For, p = ( generalization of extended Mittag-Leffler function in (2.1.9)) reduces
to extended Mittag- Leffler function in (2.1.7)).

In the sequel, we shall represent Lebesgue measurable real or complex valued
functions defined on a finite interval [a, b] of real line R(see, for details, [13] and

[277]; see also [55]) in the following manner:

L(a,b) = {f(x) Nl = / | f(2) | da < oo}. (2.1.12)
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2.2 BASIC PROPERTIES OF GENERALIZED
EXTENDED MITTAG-LEFFLER FUNC-
TION

Theorem 2.2.1. For d, v, k,d € C, R(d) > R(¥) > 0, R(J) > 0,
R(k) >0 and g > 0, we have

. . d
EJ4(zq,p.C) = KE}Z, (214, p.C) + 62 EyL (219, p.0), (2.2.1)

provided that the conditions of generalized extended Mittag-Leffler function in

are satisfied.

Proof. Using ([2.1.9)) in the right hand side of ({2.2.1]), we obtain

. d
KEyL (214, p,C) +02 E{ (z14,p.C)
d X BYYWY+nd—9) (d), 2"
dz == BW,d—9) T'(n+rx+1)n!

nBYYW +n,d—v9)  (d) 2n
_ Eﬁd n -
= #Esn (%100, +Z B(,d—0) TOn+r+1)n

= KBy (210, p,C) + 02

25n+/<; ”4(19+nd V) G
B(¢,d — ) I'(dn+r+1)n!
B¥OW+nd—9) (d), 2

B ; BW,d—9) T(n+r)nl’ (22.2)

=0

Again, applying (2.1.9)) in (2.2.2)) we get the desired result. O

Theorem 2.2.2. [fd,V,r,6 € C, R(d) > R(V) > 0, R(d) >0, R(k) >0 and
q > 0 then for m € N,

d\" .
(E) E5i(24,0,0) = (DmBs i 1" (234, 0, Q) (2.2.3)
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d\"™ : :
() BB, = B 00,0, el ) >,

(2.2.4)

provided that the conditions of generalized extended Mittag-Leffler function in

are satisfied.

Proof. Applying (2.1.9)) in the left hand side of ([2.2.3)) and differentiating m times,
we get

A\™ o 2 B¥OW+nd—v) (d),
) g%, —
(dz) (5400 = D B(W,d—9) TOn+r) (n—m)

B +n+md—1) (Dngm 2"

n=m

n=0 B(0,d - 1) T(6(n+m)+r)n!
X BPYI+n+md—19)  (d+m), 2"
:(d)m§ B(0,d - 1) T(6(n+m)+r)n!
(2.2.5)

Now, reinterpreting (2.2.5) in the form of generalized extended Mittag-Leffler
function, we obtain right hand side of (2.2.3)).

Next, Considering left hand side of (2.2.4)) and applying (2.1.9), we obtain

( d )m 2 B2 28 ., )]

dz
B i m oo Bép,() (19 +n,d— 19) (d)n Wit o tr—1 (2 ) 6)
- \dz BW,d—v) T(@n+r) nl = 77
0 (p:¢) o n .on
S B Wnd=v) _ (dn &"Z" -, 0

BW,d—19) T(bn+rk—-—m) n!

n=0

Reinterpreting ([2.2.7)) in the form of generalized extended Mittag-Leffler function,
we obtain right hand side of ([2.2.4]). O

Remark 2.2.1. On taking p=(,q =0andv =1 in , we obtain the result
given by Shukla and Prajapati [59, p. 801,theorem 2.2, Eq.(2.2.3)].

Theorem 2.2.3. IfV,k,§ € C,R(d) > R(¥) > 0, R(J) > 0, R(«) > 0,
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R(k) > 0, min(R(I + n),R(d — ), R(C),R(p)) >0 and R(q) > 0 then

1

1 _ o . .
—F(a) /un 1(1 — U) 1E§ﬁ<zu6; q, p, C)du = Eg;j+a(z; q, p, C) (2.2.8)

0

If 9, k, 0, € C,R(d) > R(V) > 0, R(J) > 0,R(cx) > 0,R(k) >0,
min(R(I + n), R(d — 9),R(C), R(p)) > 0 and R(q) > 0 then

z

/t“‘lEﬁf(wt‘s; g, p,Q)dt = 2"Ej e, 1 (w2’ 4, p,C). (2.2.9)
0
In particular,
/t”lEzf(wt‘s; q,p,C)dt = z“Eéj:j?l (w2’ q). (2.2.10)

0

Proof. Applying (2.1.9)) in left hand side of (2.2.8) and using definition of Beta

function, we obtain the desired result after a little simplification.

Next, for the proof of assertion , we proceed by using the definition of
generalized extended Mittag-Leffler function given by , evaluating the in-
tergral obtained and reinterpreting it in the form of 7 gives us the desired
result.

Substituting ¥ = d in equation ([2.2.9)), we obtain the result (2.2.10|) after some

simplification. O

Remark 2.2.2. If we reduce generalized extended Mittag-Leffler function to two
parametric Mittag-Leffler function in , we get the result obtained by Shukla
and Prajapati [59, p. 803,theorem 2.4, Eq.(2.4.5)].
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2.3 INTEGRAL REPRESENTATION OF THE
GENERALIZED EXTENDED MITTAG-
LEFFLER FUNCTION

Theorem 2.3.1. For the GEML function, we have

1
. —q
EJd(zq,p.C) = Bod_1) d ) /t’? O ey O (p;c;m> Ef (tz)dt,
0

(2.3.1)

where R(q) > 0, R(d) > R(V) > 0, R(J) > 0, R(k) > 0, provided that conditions
of GEML function in are satisfied.

Proof. To prove the above result, we proceed by using (2.1.10]) in the left hand

side of ([2.3.1))

9;
E(S,j(’z; Q7p7 C)
1

_ S 1 n—1 —9—1 L~ 4 (d)n =
B nz:% B(0,d —9) /t“ (1=0""hh (p, s t(1 —t)) dt T(6n+ ) n!”

0

(2.3.2)

Interchaging the order of summation and integration in ([2.3.2))(which is permis-

sible under the assumptions stated in the above theorem), we get
Sdy .
E6 K (Z q, p7 C)

9— 1 d 9—1 e 4 N (d)n (t2)"
:/t 11 (p,(, t(l—t))ZOB(ﬁ,d—ﬁ)F(én+li)n!dt'

0 n=

(2.3.3)

Finally, applying (2.1.3)) in (2.3.3), we get the desired result. O
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Corollary 2.3.1. If we take t = 1 in W}, we get

(e 9]

. u? —q(1 +u)? uz
By (z4,0.0) = 3 ﬁd 19/ d1F1(5;0;¥)Eg’“(1+u>du'

0

(2.3.4)

Corollary 2.3.2. Taking t = sin?0 in (m, we obtain the following integral

representation:

Ey4(z14,p,€)

2 / o 1\20—1 2d—20—1 s —9q d 2
- m/(sm@) (cost) 1 Fy p[,m Ej,. (zsin®0) dé.
0

(2.3.5)

2.4 INTEGRAL TRANSFORMS OF THE
FUNCTION OF OUR STUDY

LAPLACE TRANSFORM

Theorem 2.4.1. The Laplace transform of generalized extended Mittag-Leffier

function is defined as

- “r(C)
a=1,-sz plid (. 0. ds — S FO1:2,151,2
/Z € 0,k (ZEZ 145 Py C) z F(p)F(ﬁ)F(d—ﬂ) 1,1:1,3;2,2 ) )
0 =z | B
(2.4.1)
where

Ar=1-9,1,1): (1 —p,1);(1 —a,o0),(1—4d,1)
B*=(1-4d;1,2):(0,1),(d—9,1),(1 = ¢,1);(0,1)(1 — &,0),
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and 9, k,9,a,0 € C;R(d) > R(I) > 0,R(5) > 0,R(a) > 0,R(k) >0,

R(a) > 0,R(c) > 0 and R(q) > 0, provided that the conditions of generalized
extended Mittag-Leffler function mentioned in are satisfied.

where the H-function of two variables occurring in the right hand side of

is defined in chapter zero by (1.1.50)).

Proof. To prove (2.4.1)), we first apply (2.1.9) in left hand side of (2.4.1)), and

obtain

o0

/Z“ L B (227 q, p, C)d2

0

B(W,d—9) T(én+r)n!

n=0

_ f: Blg (19 + n, d 19) (d)n " /Zno—l—a—le—szdz
0

o= BPYW +n,d—9)T(a + no)(d),
=L T Bua= 9 T@n s (7))

Further, evaluating the function Bép <) (9 + n,d — ) in the right hand side of
(2.4.2) with the help of (2.1.10)) in series form, we get

o0

/zaleszng(xz”; q,p,C)dz
0

—“F - Fp+rF(19+n—r)F(d—19—T)
ZZ ¢+ r)I(d+n—2r)

a+no)l'(d+n)(—q)" s x\"
= (6n)—i—</£) )(rq') <3_”) (243)

~ T(p)I(

n=0 r=0

Finally, applying definition of H-function of two variables ({1.1.30) for » = 2 in
(2.4.3), we get the desired result. m

Remark 2.4.1. On taking, o = 6 and kK = a in , we obtain the result

given by (2.2.4).
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MELLIN TRANSFORM

Theorem 2.4.2. The Mellin transform of the generalized extended Mittag-Leffler

function is as follows:

(0 +s,1),(d, 1);
2 Wy 2|,
(K, s),(d+2s,1);
(2.4.4)

F(S)(p)—s(d - 19)8

M(E;d(w2’;q, p,¢);8) = T9)(C)

(R(q) > 0, R(d) > RW) > 0, R(5) > 0,R(k) > 0,
min(R(P + n), R(d — ), R(C),R(p)) > 0),

where oWy denotes a special case of the Generalized Hypergeometric function

defined by .

Proof. In order to prove (2.4.4]), we proceed by obtaining the Mellin transform of
the generalized extended Mittag-Lefler function

o0

M(E](w=1q,p,0);s) = /q51E§f+1(wz5; g, p,¢)dq. (2.4.5)
0

Now,using equation (2.1.9) in (2.4.5) and interchanging the order of integration

(which is permissible under the conditions stated in the theorem), we get

M(E} i (wz";q,p,);9)
1 fe’e)

1 _ 9 - —q
=——— [ 11—t EY (¢ /SIF 1 (;——— | dq| dt.
B(’ﬁ,d—’&)/ ( ) 5,5( Z) q 1 1(p7<7t(1_t)) q

0

0

(2.4.6)
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Substituting u = ﬁ in equation 1} we get

M(E;d(w2’;q, p,C); 5)

1 o0
1 -~ . -
— m/tw 1(1 _t)d—i— 0 1Eg7,£(tz) /u LR (p:C: —u) du | dt
0
r( )r( r /
= i hs—L(] _ p)dbs—i- 1E 54

0

Further, using (2.1.3)) in (2.4.7) and evaluating the integral obtained by using

definition of Beta function, we obtain

o0

d~|—s— Z Fr+r+s)l'd+r) 2"
C(0r + x)D(d+r +2s) 1!

L'(s)L'(p — s)I(OL(
B, d— 0)T(p)L(C

M(Eyd(w2’;q,p,();8) =
r=0

(2.4.8)

Reinterpreting the summation r over gamma’s in as Wright Generalized
Hypergeometric function (|1.1.27]), we get the desired result. O

INVERSE MELLIN TRANSFORM

Taking inverse Mellin transform on both sides of (2.4.4)), we have

vioco (9 +s,1),(d, 1);
[ NS B i O[O U ,sd
0,k (Za q, P, C) 27”1—\(79)”_40 (C)*S (KJ’ S)’<d+28’1); Z14q S,
(2.4.9)

where v > 0.

Remark 2.4.2. If we consider, p = ( in , we obtain the result given by
Ozarslan and Yilmaz [46, p.4, Theorem 5].
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FRACTIONAL CALCULUS

Right-sided Riemann- Liouville fractional integral operator 1., and right-sided
Riemann- Liouville fractional derivative operator D, studied earlier by Samko
et al.[55] will be defined and represented in the present chapter in the following

manner:

and

LN = (1) ETNE (€ CRE)>0n=R0)]+D),
(2.4.11)

respectively. Hilfer (see [20], 21])generalized the Riemann-Liouville fraction deriva-

tive operator in (2.4.11)) as D)’ with order 0 <y < 1 and 0 <7 <1 by
_n d —)(1—
, 1 1-n)(1
D N) = @1 ) @), (24.12)

The following result on right-sided Riemann- Liouville fractional integral operator
I), was given by Mathai and Haubold [30] as

v _a#—l—Mx_av—Ht—l
[ (T —a)' = F(vﬂ&)( ) : (2.4.13)

where v, u € C,%(vy) > 0 and R(u) > 0. Another result of our interest was

established by Srivastava and Tomovski [78] as

DYI(r —a)’(z) = M(a; —a)? (2.4.14)

(B —7)
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where z > a, 0 <y <1,0<7n<1,R(y) >0 and R(S) > 0.

2.5 RIGHT-SIDED RIEMANN-LIOUVILLE
FRACTIONAL INTEGRAL OPERATOR
I, AND DERIVATIVE OPERATOR D],
AND HILFER DERIVATIVE OPERATOR
D))" OF THE FUNCTION OF OUR STUDY

Theorem 2.5.1. If x > a (a € RT =[0,0)),?, v, k, w € C, R(k) > 0,
R(5) >0 and R(y) > 0 then

[(r = a) B (w(t = a)’s g, p, Q@) = (2 — a) "B (w(x —a)’iq,p,0),
(2.5.1)

Dl — @) Eg(w(t — a)’s¢,p, Ol(x) = (2 — a)" T ESY (w(z — @)% 4, p,C)
(2.5.2)

and

D7 = a) B w(r = )3 ., Q@) = (2 = a) T BN (w(e — 0)’; 4., €),
(2.5.3)

provided that conditions of GEML function in are satisfied.

Proof. In order to prove result (2.5.1)), we proceed by using (2.4.10) and (2.1.9)
in the left hand side of (2.5.1)) and upon interchanging the order of summation

and integration (which is permissible under the assumptions stated in the above

theorem), we obtain
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2.5 RIGHT-SIDED RIEMANN-LIOUVILLE

FRACTIONAL INTEGRAL OPERATOR I/, AND DERIVATIVE
OPERATOR D], AND HILFER DERIVATIVE OPERATOR D.
OF THE FUNCTION OF OUR STUDY

L (r = a) B (w(r — a)’s 4, p, Ol)

xT

1 = BYOW +n,d — ) (d)w” o
- . —a) " (= 7)"dr
F(’}/)B(’&, d— 19) o F((Sn + I€) n /(T a) (.I 7') T
(2.5.4)

Again, applying (2.4.10)) to (2.5.4) and using the result (2.4.13]), we get

La[(r = “)”_1Eﬂ;d(w(7 —a)’;q,p,Q)](x)
C n

o aprr S BP0 nd—9) @ulwe—a))

Bﬁd NHL(on +k+7) n!

reinterpreting the above expression in terms of GEML function given by (2.1.9))

we arrive at assertion ([2.5.1)).

Further, in order to the prove (12.5.2)), we use ([2.4.11]) and previously proved result
(2.5.1]) in the left hand side of (2.5.2)

Dy l(r — @) ' Efi(w(rt — a)’; 4, p, Q)] (@)
_ (%) [(:13 —a)" R (w(r—a)’iq,p,0)

= (z—a)" "By (w(z —a)’iq,p,Q), (2.5.6)

0,k—y

from (2.5.6) we get the desired result.
Finally, for the proof of assertion (2.5.3), we use (2.1.9)) in the left hand side of
2523)

DYI(r — a) By (w(r — )’ q, p, Q)] ()
. BYYW +n,d—9) (d),uw”
—~ B(0,d—0)L(6n +r) nl (r

_ YN on+r—1
- Da+ - (l)

Y

(2.5.7)

99



2. GENERALIZED EXTENDED MITTAG-LEFFLER FUNCTION
AND ASSOCIATED FRACTIONAL CALCULUS

and obtain (2.5.7)) to which we apply (2.4.14) to get the required result.
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AN INTEGRAL OPERATOR INVOLVING
GENERALIZED EXTENDED
MITTAG-LEFFLER FUNCTION

The main findings of this chapter have bearing on the following paper as detailed

below:

1. M. K. BANSAL, N. JOLLY, R. JAIN and D. KUMAR (2018). AN
INTEGRAL OPERATOR INVOLVING GENERALIZED EXTENDED MITTAG-
LEFFLER FUNCTION AND ASSOCIATED FRACTIONAL CALCULUS,

The Journal of Analysis, https://doi.org/10.1007/s41478-018-0119-0 .
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In this chapter, we first give a brief introduction to all the functions and inte-
gral operator which will be required in the sequel. Next, we introduce and study
an integral operator whose kernel is generalized extended Mittag-Leffler (GEML)
function and point out it’s known special cases. Then we derive boundedness
property of aforementioned integral operator. Next, we obtain image of some use-
ful functions namely extended Hurwitz-Lerch Zeta function, S-generalized Gauss
hypergeometric function and Fox H-function under the integral operator of our
study along with some of it’s special cases. Finally, we establish composition
relationship of integral operator of our study with right-sided Riemann- Liou-
ville fractional integral operator I, and an integral operator H:jr]‘;[)gg involving
the Fox H-function. The results stated in this chapter generalize the findings of

Kilbas et al. [28] and Srivastava and Tomovski [78].
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3.1 INTRODUCTION

S-GENERALIZED GAUSS HYPERGEOMETRIC
FUNCTION

The S-generalized Gauss hypergeometric function FISO"B ol )(a, b; c; z) was

introduced and investigated by Srivastava et al. [65, p. 350, Eq. (1.12)]. It is

represented in the following manner:

> B(a’ﬁ;”‘)(b +n,c—0b) 2"
(@B (g b g ) — b : 2
Fy*7T (a, by c; 2) = ngo(a)n Blbc—1) oy (2| <1)  (3.1.1)

(R(p) 2 0; minR(a), R(B), R(7), R(u)} > 0; R(c) > R(b) > 0),

in terms of the classical Beta function B(A, ) and the S-generalized Beta function
BT (1 ), which was also defined by Srivastava et al. [65, p. 350, Eq.(1.13)]

as follows:

1
(CHER ) — z—101 _ p\y-1 - N p
B} (r,y) = /0 (1=t Ry (oz,ﬁ, 71— t)“) dt (3.1.2)

(R(p) =2 0; min{R(z), R(y), R(a), R(B), R(7), R(p)} > 0)

For 7 = p, the S-generalized Gauss hypergeometric function defined by (3.1.1)
reduces to the following generalized Gauss hypergeometric function FISO"B i) (a,b;c; z)
studied earlier by Parmar [49, p.44]

B(Q’B;T)(b +n,c—b) 2"
(,B57) - P ) z
F, (a,b;¢;2) E (a)y, (bc—b) o (lz] < 1) (3.1.3)

n=0
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(R(p) > 0; min{R(«a),R(B),R(1)} >0; R(c)>R() >0).

EXTENDED HURWITZ-LERCH ZETA FUNCTION

The extended Hurwitz-Lerch Zeta function introduced by Srivastava et al. [77,

p. 503, Eq.(6.2)](see also [70] and [62]) is recalled here in slightly modified form:

i (2, a) = @G (2.5,a)

!

[~]e
i

&)

+ I8

s

(3.1.4)

0j,un ERY(j=1---Pin=1---,Q);¥ > —1when s,z € C;
$=—1and s € C when |2| < U; = —1 and R(w) > 1 when |z| =

P

where U —(HQJ )(HU ) and & f:vj ZQJ’

1

Jj=
@ _s+Zl zk + £9),

Jj=1 Jj=

SPECIAL CASES OF EXTENDED HURWITZ-LERCH
ZETA FUNCTION

(i) General Hurwitz-Lerch Zeta function : If we take Q =0 and P = p; =

kj =11in (1.1.63), we get

1P _ _ - z™
O (2,8,a) = P(z,8,a) = mzzom, (3.1.5)

where ®(z, s,a) is defined in [§, p.27, Eq.(1.11)].

(ii) Riemann Zeta function : Again, if we take Q =0 and P=p; =k; =2z =
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a=11in (1.1.63)), we get

Z o (3.1.6)

oY (1,5,1) =
m=0
where ((s) is defined in [8, Chapter 1](see, for details, [66, Chapter 2]).

(iii) Hurwitz (or generalized) Zeta function : Further, if we take @) = 0 and

P=pj=Fkj=z=1in (1.1.63)), we get

dYF(1, s, a) Z (3.1.7)
s m—l—a

where ((s,a) is defined in [§, Chapter 1]( see also, [66l Chapter 2]).
(iv) Lerch Zeta function : If we take @ =0, P = p; = k; = a = 1 and z = ¢*™

in ((1.1.63)), we get

DU (27 5 1) = (,(€) = i S (3.1.8)

where /4(&) is defined in [8, Chapter 1](see, for details, [66, Chapter 2]).
(v) Lipschitz-Lerch Zeta function : If we take Q@ =0, P = p; = k; = 1 and

2z = e?™¢ in ((1.1.63)), we get

2m7rz£

LP 27ri§
5P (e La) = @&, 5,a) mzo Ty (3.1.9)

where ¢(, s,a) is defined in [66, p. 122, Eq. (2.5)](see, for details, [80, p. 280,

Example §]).
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3.2 ANINTEGRAL OPERATOR INVOLVING
THE GENERALIZED EXTENDED MITTAG-
LEFFLER FUNCTION AS IT°’S KERNEL
AND IT’S PROPERTIES

An integral operator with GEML function given by (2.1.9) as it’s kernel and

z>a (a€RT=]0,00)) is defined as follows

T

(ealimte (@) = /(w — ) B (w(r = 2)°54,0,0) f(2) dz (3.2.1)

(¥, w € C,R(4) > 0,R(k) > 0),

provided that conditions of GEML function in (2.1.9) are satisfied.

SPECIAL CASES

(i) Considering p = ¢ in (3.2.1)), we obtain an integral operator introduced by

Rahman et al. [52] as

(i) (@) = /(éE —2) B (w(w = 2)°59) f(2) da. (32.2)

(ii) Next, on taking ¢ = 0 in (3.2.2) we get an integral operator given by Srivastava
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and Tomovski [78]:

T

(eatonl)(z) = /(w —2) T Egl(w(r = 2)°) f(2) dz. (3.2.3)

a

(iii) Further, if we take w = 0, the integral operator in 3)) reduces to Riemann-

Liouville fractional integral operator as defined in ([2.4.10)).

Theorem 3.2.1. Under the various parametric constraints stated already with the
definition , let the function ¢ be in the space L(a,b) of Lebesgue measurable
functions on a finite interval [a,b](b > a) of the real line R given by

L(a.b) = {7 [l = [ Iito)lds < oo b (3.2.4)

Then the integral operator 6‘;}5’??;?( is bounded on L(a,b) and

w;;d;
Hga—k;ﬁ,np(@Hl = m. ||§0||17 (325)

where the constant m(0 < m < 00) is given by

m:< MZMBPC @+ nd=9) |l |w<b—a>“‘“|"). (326)

B(¢,d — 1) I'(on + k) n!

Proof. 1t is sufficient to prove that

bl x

lesismbeelh = [ |[(@ =) Bglwe — )%, p, J(t)dt

a a

(¢ >0, R(d) > R(I) >0, R(0) >0, R(k) >0),

dx < 0o

We apply the definitions (3.2.1)) and (3.2.4) in conjuction with the definition
(2.1.9) of the GEML function. Upon interchanging the order of integration by

68



3.2 AN INTEGRAL OPERATOR INVOLVING THE
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means of the Dirichlet formula[42] p.56], we thus find that

b b
el < /|<,0(t)| /(fv—t)m(")‘1 Ejdlw(e —1)%q,p,¢]| dx | dt
a t
b b

< / ()] / O B (r) g, Clldr | d
0

<> RR(5) +R ()1

N 0 B(0,d — 1) L(dn+r) n! T dr | lell
n= 0

=m|lolli  (R(k) > 0). (3.2.7)

This completes the proof of the boundedness property of the integral operator
5Zﬁ§f;f< as asserted by Theorem 3.2.1. O
Remark 3.2.1. Throughout the present investigation, it is tactily assumed that,
in such situations as those occurring in the definitions (2.4.10}), (2.4.11) and
, the number a in the function space L(a,b) coincides precisely with the

lower terminal a in the integrals involved in the definitions (2.4.10), (2.4.11) and
3.2.1]).

Remark 3.2.2. The results obtained by Kilbas et al. [28] and Srivastava and

Tomouski [78] can be deduced as special cases of Theorem 3.2.1.
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3.3 IMAGES

In this section, we will find images of some useful functions under our operator

defined by (3.2.1])
(D) (e (2= a)* 00 (B2, 5,0)]) (@)
P
o TL0)me,
_TOTe) (@ =t o me (B)™
- s IT(—
L(p)T(d) B(0,d—10) &= m!f‘)[(lj)mj (m + a)*m!T(—m)
j=1
(,U(ZC—G/)(S A . C
CHysussy | ! . (3.3.)
Tz 1 B*: D*

where

A*=(1-19;1,1,0),(1 — k;6,0,1)

C*r=(1-4d,1);(1=d+9,1),(¢,1),(1,1); (1 +m,1)

B*=(1-4d;1,2,0),(1 —a—k;6,0,1)

D* = (1-k,6),(0,1); (p,1); (0,1),

provided that conditions given by are satisfied.

where the multivariable H-function for r = 3 occurring in the right hand side of
is defined in chapter zero by (1.1.36).

Proof. By defination (3.2.1]), we have

s9id; — kj;0; P
(sl (z = @) @50 (B2, 5,0)]) ()

T

— [ =2 = B wla 2% 0,0, O O (2,5, ) s

a

(3.3.2)
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Next, using (2.1.9) and (3.1.4) and interchanging the order of summation

and integration (which is permissible under the assumptions stated in the above

theorem), we get the following expression after a little simplification

0id; —1xkj0 P
(€:+;6,np;§[(z - a)a 1(I)lj];5j]Q (EZ, S, a)])(ﬂi’)

P
E;)mo,
_ i i": B(gth)(ﬁ +n,d—19) (d)w" ]1;[1( J) 2 gm
n=0 m=0 B<197 d— 79) F(dn + H)n' - 19[ (lj)mvj (m + (I)S
j=1

‘ /(95 —2) R (y —a)* 1 2mdz (3.3.3)

a

Further, substituting « = 2== in the right hand side of (3.3.3) and evaluating
the u-integral with the help of [53| p. 47, Theorem 16], we obtain the following

expression:

0id; —1x5kj0; P
(53—&—;5,/@’?([(2 - a)Ol 1(I)l]-];5j]Q (BZ7 S, a)])(x)

(iL’ _ a)én-{—n—i—a—lzm

B i i BY O + n,d —9) (d)pw"
- B(Y,d — 1) n! Q (m + a)®

—m, on + K;
(o) r—a

"T(a+dn+r) x
a+on+ kK;

(3.3.4)

Interpreting the functions present in (3.3.4)) in form of multivariable H-function
(1.1.36|) for » = 3, we obtain the desired result. n
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(D) (2500 = ) PR a, b e A2)) ()
B i = B+ n,d—9) BETT (b4 n, e — b) (d)n(a)mw" AT

( . a)§n+n+)\—1xm

n=0 m=0 B(ﬁ’ d— 19) B(ba Cc— b) F((;n + H)n‘m'
I(o) —mont Ry,
T(o+on+r) " ctondn ;
(3.3.5)

provided that conditions given by (3.2.1]) are satisfied.

The proof of (3.3.5) will follow on similar lines as those given in the
proof of (3.3.1)).

(aj, ;)1,p
(III) eelite TP Hp' | Ar® (z)
(b]aﬁj)l,Q
[ Aio A* . C* T
L -
— Bl )R F70-3:N,M31,0:1,2:1,1 r
’(x —a) T(p)T(d — 9T (V) 3,2:Q,P+1;0,1;3,1;2,1 \
q
| w(r—a)® | B*: D"

(3.3.6)

where

14 8;0,1,0,0), (1 —1;0,0,1,1), (1 — x;0,1,0,9)

A= (
C* = (1=1bj,B)1.9;—(1,1),(1 =d+9,1), (¢, 1); (1 = d,1)
B* = (—#;0,1,0,6), (1 — d:0,0,2,1)

D

(1 —=aj,a5)1,p, (14 8,0);(0,1); (p, 1); (0, 1)(1 = &,9),
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provided that conditions given by (3.2.1)) are satisfied. where the multivariable
H-function for r = 4 occurring in the right hand side of (3.3.1)) is defined in
chapter zero by (|1.1.36]).

The proof of (3.3.5) will follow on similar lines as those given in the

proof of (3.3.1)).

SPECIAL CASES OF THE MAIN FINDINGS

(i) In image (I), if we reduce extended Hurwitz-Lerch Zeta function in (3.3.1)) to
general Hurwitz-Lerch Zeta function (3.1.5),by taking Q@ =0 and P = p; = k; =

1, we can easily obtain the following interesting result after a little simplification:

(2050 (2 — a)* '@ (B2, 5, 0))(x)
0o 0o Bép,C)(ﬁ +n, d— 19) (d)nw” ﬁm

- B(0,d— 1) W mtap

. a)&n—i—n—i—a—lxm

n=0 m=0
—m, on + K;

['«) ’ T —

2F1

T(a+ 0n+ k) x

a+on+ K;
(3.3.7)

(ii) Next, in image (I) if we reduce extended Hurwitz-Lerch Zeta function in

(3.3.1) to general Riemann Zeta function (3.1.6)) by taking Q@ =0, P = p; = k; =
1 and Bz = a = 1, we can easily obtain the following interesting result after a

little simplification:
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(ealmbcl(z = a)* ' ¢()) (=)

2 S BYYW A d—9)  (d)w” 1 )
- : - -1 n+r+a—1 5 '
B(,d - 1) L(on + k)n! (m+1)8(x ) B(on + K, a)

n=0 m=0

(3.3.8)

(iii) Again, in image (I) if we reduce extended Hurwitz-Lerch Zeta function in

(3.3.1) to Hurwitz (or generalized) Zeta function (3.1.7) by taking @ = 0, P =

p; = kj = 1 and Bz = 1, we can easily obtain the following interesting result

after a little simplification:

(eatimcl(z = a)*'¢(s, a)]) (2)

S B0 d =) (@
R B.d—0)  nl (myar Y B(on + £, ).

n=0 m=0

(3.3.9)

(iv) Further, in image (I) if we reduce extended Hurwitz-Lerch Zeta function in

(3.3.1) to Lerch Zeta function (3.1.8]) by taking @ = 0,P = p; = k; = a =1
and Bz = €?™¢ we can easily obtain the following interesting result after a little

simplification:

(easmbel(z = a)* (&) ()

o0 oo Bép,é) (0 +n,d —0) (d)pw™ e2mime S )
- : - -1 n+rk+a—1 '
B@,d-0)  n (map "V B(6n + k. a)

n=0 m=0

(3.3.10)
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(v) In image (I), if we reduce extended Hurwitz-Lerch Zeta function in ({3.3.1)
to Lerch Zeta function (3.1.9)) by taking Q =0, P = p; = k; = 1 and Sz = €*™¢,

we can easily obtain the following interesting result after a little simplification:

(easmncl(z = a)* (&) ()

0o 0o B(gp,() (19 +n, d — 19) (d)nwn e2mimg R
N B(W,d — ) nl (m+a)5<x_a> B(on + K, ).

n=0 m=0

(3.3.11)
COMPOSITION RELATIONSHIP
Theorem 3.3.1. If 9, 7, 6, k, w € C, R(k) > 0,R(7) > 0, R(0) > 0, then
(I [ete ) (@) = (5050 (@) = e 1 @), (33.12)
where f € L(a,b).

Proof. In order to prove the left hand side of above mentioned assertion, we
proceed by using (3.2.1]) in (2.4.10))

L _wididsp P
(T leetsite D@ = T(l'y) / (g(a; ;i”f)l)_(»y i (3.3.13)
- ﬁ /(m N 2)%1 /(Z B u)ﬁilEg,icd(w(Z - u)§§ ¢, p,C) f(uw)du | dz.

(3.3.14)

Now, by interchanging the order of integration (which is permissible under the

assumptions stated in the above theorem), we obtain

I D@ = [ 5 [@ =2 =0 B = w0 p. Q| Sl

a u

(3.3.15)
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Substituting (z — u) = o in the above equation, we have

o o .
(I 47550 f]) () = —— [ (@—u—0) o) By (wo’;q, p,¢)do | f(u)du.
a/ INGD 0/
= /(ISI“O”‘lEzf(woé;q,p, O)(r —u)f(u)du (3.3.16)

a

Further, applying (2.5.1)) in (3.3.16]), we have

xT

(I [0 ) () = / (@ — u) ™ BN (w(z —u)’q,p,0) fu)du

a

= (st (@) (3.3.17)

this proves the first part of ([3.3.12]).
In order to prove the second part, we proceed by using (3.2.1)) in the right hand

side of (3.3.12)

(ol Ll N (@) = /(fv —2) T Egi(w(z = 2)% ¢, 0, Q10 f1(2)dz

a

_$$_Zn—1 95l (g — )0 1 [ f(u) w | dz
_a/< P BN e = 2)%,p,0) F(V)a/(z_u)ud .
(3.3.18)

Next, interchanging the order of integration (which is permissible under the as-

sumptions stated in the above theorem), we have

@ = [ | [l =276 =0 B = 0.0z | Sl

a u

(3.3.19)
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Substituting (r — 7) = &, we obtain

" T ] T—u . ) .
A @ = [ 5 [ O = e =0 B p Ode | fu)du.
a 0
(3.3.20)
Again, by using (2.4.10) and (2.5.1]), we get
(5 L @) = (05 ) (@), (3.3.21)
from (3.3.17)) and (3.3.21]) we get the desired proof. O

Remark 3.3.1. The above theorem generalizes the results obtained by Kilbas et
al. [28] and Srivastava and Tomouvski [78].

AN INTEGRAL OPERATOR H;ﬂf;’g;g INVOLVING THE
FOX H-FUNCTION

In our present investigation, we make use of a special case of general families of
fractional integral operators having Fox-H function in their kernels (see [75], p.

15, Eq. (6.3)]), defined and represented in the following manner:

x

(HE50) @) = [0 Y ol = (o) (3:3.22)

a

(?ﬁ(ﬁ)>0; weC\{0}; 1S M<Q; 0N < P;R(B) + min {m(o‘—bj>}>o>.

1sj=M

Theorem 3.3.2. If ¥,k,0,8 € C,w € C\ {0},R(5) > 0,R(5) > 0,R(k) >
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0 and R(B) + min {SR <ab )} > 0 then

1SjEM B

M,N; 9;d;
(H, 2 p 05 Eatisme/D(@)

;) A*: C*
z q
I'(¢) k1 770,1:1,2;1,1;M,N+1
" T(p)T(d— 0T () / (r =)™ g | wile 1)
a wo(x — 7)°
B*: D*
= (eSS m [ H N ) (@), (3.3.23)

where [ € L(a,b) and
—(1-9;1,1,0)
= (1,1), (1—d+19 1), (¢, 1); (1 = d, 1); (a5, 5)1,p, (1 = B, )
=(1—-k—05;0,6,),(1 —d;2,1,0)
= (p, ) (0,1); (bs, Bj)1.0;

where the multivariable H-function for r = 3 occurring in the right hand side of

is defined in chapter zero by .

Proof. In order to prove the left hand side of above mentioned assertion, we
proceed by using ((3.3.22)) in ([3.3.23))

(HEM N o 1) ()
- / (& — )P YN [ — %) (2% 1) (6)dt

a
T t

Z/(x—t)ﬁlff%v[%(ﬂc—t)“] /(t— 7) s (wi(t = 7)% 4, p, Q) f(T)dr | dt.

(3.3.24)

Now, by interchanging the order of integration (which is permissible under the

assumptions stated in the above theorem), we obtain
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(HyZ by Eaismi )(@)
= / /(x — )P (¢t — T)“_IH%QN[wg(x — t)a]Egif(wl (t —1)°%q,p,C)dt| f(r)dr.

(3.3.25)

Using (2.1.9) and ([1.1.4)) in the right hand side of the above equation and changing

the order of summation and integration (which is permissible under the assump-

tions stated in the above theorem) and then substituting (t — 7) = o, we have

omi — I'(6n+ k) n!

wa; M,N;ap _wi;%;d, 1 - mBép,O(ﬁ—i_n?d_ﬁ) (d)n w? 5
RS e ) =5 > [ Pt < [ oot
a £

r—T7
: / (x — o — 7)Pres o tonLisdsdr.

(3.3.26)

Further, substituting —*- = z, using beta function and contour representation of
generalized extended Mittag-Leffler function (2.1.11)), we have

(HEpog Ealisnt ) (@)

_ ! ) ac—TﬁJr”l (wo(x — 7 wi(z — 7)%)& —&
~ @2ri)PT(p)I(d — 9)L (V) /( /// oz = 7)) (Wi = 7)) (1)

e 8 8,
L'(B + as) P(—Sz)r(fl)F(P — &) D0+ &+ &)(d =9+ §)T(d + &)
[(k+ B+ 68 + as) (¢ —¢&) [(d+ & +261)

ds dé,dédr,

(3.3.27)

reinterpreting the right hand side of ([3.3.27)) in the form of multivariable
H-function (1.1.36]) for » = 3, we obtain the desired result. n
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A NEW INTEGRAL TRANSFORM
ASSOCIATED WITH THE EXTENDED
HURWITZ-LERCH ZETA FUNCTION

The main findings of this chapter have bearing on the following paper detailed

below:

1. H.M. SRIVASTAVA, N. JOLLY, M.K. BANSAL and R. JAIN
(2018). A STUDY OF NEW INTEGRAL TRANSFORM ASSOCIATED
WITH A-EXTENDED HURWITZ-LERCH ZETA FUNCTION, Revista
de la Real Academia de Ciencias Ezxactas, Fisicas y Naturales,

https://doi.org/10.1007/313398-018-0570-4.
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In this chapter, we first define extended Hurwitz-Lerch zeta function and give
it’s integral representation. Next, we define a new integral transform whose kernel
is extended Hurwitz-Lerch zeta function and name it as the &—transform. The
transform of our study yield known integral transforms [I], p. 44, Egs. (1.3.5) and
(1.3.6)]. Further, we evaluate the Mellin transform of extended Hurwitz-Lerch
Zeta function and Inversion formula for €—transform. Next, we present some
basic properties and prove the Uniqueness theorem for €—transform. Finally, we

obtain €—transform of Derivatives and Integrals.
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4. A NEW INTEGRAL TRANSFORM ASSOCIATED WITH THE
EXTENDED HURWITZ-LERCH ZETA FUNCTION

4.1 INTRODUCTION

The extended Hurwitz-Lerch zeta function introduced by Srivastava et al. [T, p.

503, Eq.(6.2)](see also [62] and [70]) is recalled here in slightly modified form:

n

oo
(P15030ps01504,0) _ & Xipsip) _} : J
CD/\1 ,,,,, Apillyeeshiq (Z’S’a) - (I)(uj,oj;q)(z’s’a) -
n=0 n! T (1j)no,

Jj=1

(n+a)s

ﬁ ()‘j)nﬁj
= (4.1.1)

(p,quo,AJEC(]:L 7p)7&7,uJEC\Za<]:17 7Q)a
pjor ERT(j=1---p;k=1--- ,q); A > —1 when s,z € C;

A =—1and s € C when |z| < v*; A =—1and R(E) > ; when |z| = "

I q P
where 7* == ([ p;”)(I] 077) and A = 3" 05 — 37 pj,
j=1 =1 =1 =1
q p
Sim st Y- 3+ 50)
=1 =1

the integral representation of extended Hurwitz-Lerch zeta function was also given
by Srivastava et al. ([77],Theorem 8)see also([63], Theorem 6).
i) 1 7 o ()\17/)1)7"' 7(>\p7:0p>; »
CD(M;:ojqu)(% s, a) = m / N ze | dt
0 (:ulao-l)v"' 7(#’(170-11);
(4.1.2)
(min{R(a), R(s)} > 0),

where ,¥*, (p,q € Npy) denotes the Fox-Wright function,which is generalization

of the familiar generalized hypergeometric function ,F, (p,q € Ny)defined by [8|,
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p.183]
Ai- D : 0o n )\.’ . :
v, (Ajs i1y . :Z (/\1)p1n-~-()\p)p,,n2_ _ F(M1>”T(M‘1)p\1/q (Ajs Pj)1p
‘ I onn!  T(\)---T(\
(K> 05)105 1=t (H)own = (Ha)oun 1 )T ) (K> 051,05
(4.1.3)

4.2 A SET OF MAIN RESULTS

In this section, we first introduce the new integral transform of our study whose

kernel involves the extended Hurwitz-Lerch zeta function defined by (4.1.2).

4.2.1 THE EXTENDED HURWITZ-LERCH ZETA
TRANSFORM OR THE E-TRANSFORM

The extended Hurwitz-Lerch zeta transform studied in this chapter will be defined

and represented in the following manner:

o0

ECI (2,5, a) [f (1)) (s) 1= / SO (st s, a) f(t)dt = p(s)  (f(t) €A),
’ (4.2.1)

in the neighbourhood of ¢t = z, where A denotes the class of admissible functions
f(t), which are integrable in every finite interval in (0,00) with the following order

estimates:

o) (t—0)

f(t) = { O(t”e_“t) (M N OO), (4-2'2>

provided that the existence conditions given with (4.1.2)) for the extended Hurwitz-

Lerch zeta function are satisfied, JR(w) > —1 and
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R(p) >0 or R(p)=0 and max {9%(/4;+Aj7_1+1>}<0.

1<j<p P

We shall refer this transform as €—transform.

If we reduce the extended Hurwitz-Lerch zeta function to general Fox-Wright
function of the type ,¥7 defined by [18, p.271, Egs. (7) and (9)], we are
led to the known integral transfroms studied earlier in [1l p. 44, Egs. (1.3.5) and

(1.3.6)].

4.2.2 THE MELLIN TRANSFORM OF THE EXTENDED
HURWITZ-LERCH ZETA FUNCTION

The Mellin transform of a suitably constrained function f(t) is defined by (see,

for example, [6, p.340, Eq.(8.2.5)]):

o0

MIF(1)](s) := / 571 f (1) dt =: Fa(s) (R(s) > 0), (4.2.3)

0
provided that the improper integral in (4.2.3|) exists.

If

o0

/ (1) f()dt < oo,

0
for some ¢ > 0, then the Mellin Inversion Formula reads as follows [14, p.1194]:

f(z)—‘ml[f(s)](z)—% F(s)ds (¢ > 0). (4.2.4)

c—100

where Fyy(s) is given by Eq. (4.2.3), provided that the above integral exists.
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Theorem 4.2.1. If R(s) < min {9{ (2—; +a>} and  R(a—s) >0, then

1<5<p

<
I
—

<.
I
—

MBI (1, 5, 0)](5) =

(15,0539)

provided that each member of the assertions exists.

Proof. Our demonstration of the assertion (4.2.5)) of Theorem 4.2.1 is based upon
the Mellin Inversion Formula in conjunction with the integral representa-
tion for the extended Hurwitz-Lerch zeta function.

For direct derivation of the assertion of Theorem 4.2.1, we can apply the
representations together with the following familiar Eulerian integral:

/000 tpleot — F(P) (min{%(p),m(g)} - 0)’ (4‘2‘6)

oP

The details involved are fairly straightforward and are, therefore, being omitted
here. O

4.3 INVERSION FORMULA FOR E-TRANSFORM

Theorem 4.3.1. Ift*"1f(t) € L(0,00), the function f(t) is of bounded variation
in the neighbourhood of the point t = z and

(e 9]

ps) = EQITT (25,0)[f(1)](s) = / SO (st s,a) f(Ddt (f(t) € A),
0

(4.3.1)
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then

SUG+ 0+ 5 -0 = o [y 2

( Latd ) ouar (432)
r
where

Q(0) :/sgw(s)ds, (4.3.3)

provided that existence conditions for the extended Hurwitz-Lerch zeta function
given by are satisfied, the extended Hurwitz-Lerch zeta function transform
of |f(z)| exists, and min{l — ¥, R({ + a — 1),9%(3)} > 0.

Proof. In order to prove the inversion formula (4 , we substitute the value of

o(s) from ( into the right-hand side of ([4.3.3] -, we get

o

:/s_é ds-/ _f/ Z]gjf st,s,a)f(t)dtds. (4.3.4)
0

Upon interchanging the order of the t-integral and the s-integrals in (4.3.4]), which

is permissible under the conditions stated above, if we evaluate the s-integral by

using (4.2.5)), we obtain

(1 1)

.
Il <
—

Ila+0¢—1
['(a+?)

N0 ﬁ I'(Aj = pj + Lp))
O0) == = (

p q ) > (=) f(t)dt.
0 [IT(N) 1;[ U(pj — o + loy)

j=1 j=1

(4.3.5)

Finally, by applying the Mellin Inversion formula (4.2.4) to this last t—integral
(4.3.5), we get the desired result (4.3.2)) after a little simplification. O
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4.4 BASIC PROPERTIES OF THE E-TRANSFORM

In this section, we present linearity property and scaling property of the

E-transform.

4.4.1 LINEARITY PROPERTY

We state the following linearity property.

Theorem 4.4.1. Let &! HJ ZJ 7;)(2, s,a)[fe(®)](s) (k=1,---,n) denote the E—transform

of the functions fi(t) (k=1,---,n). Then

QI (2, 5,a)en fult) + -+ + e fi(D)](s)
= €M) (s ) AMD](S) + - + € (2 s a)[fu(D)](s),  (44.1)

(15,0539) (15,0539

for any constants c1,- -+, cp.

Proof. The proof of the linearity property (4.4.1)) asserted by Theorem 4.4.1 fol-
lows readily from the definition (4.2.1]) of the &—transform. O

4.4.2 SCALING PROPERTY

Now, we state the following scaling property of the €—transform which is deriv-

able in a straight forward manner from it’s definition (4.2.1)).

Theorem 4.4.2. Let& Ajop5iP) (z, s,a;b, \)[f(t)](s) denote the E—transform (4.2.1

(115,0539)

of the function f(t). Then

ETTI (2, 5,0:b, N [EF ()] (s) = ieﬁj/ (s @b N (0)] G) (£>0).

(4.4.2)

Now we shall define an important function that will be required in the proof

of uniqueness theorem.
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4.5 THE H-FUNCTION

We recall here that, in the course of evaluation (in two different ways) of some
Feynman integrals which are known to arise naturally in perturbation calculations
of the equilibrium properties of a magnetic field of phase transitions, Inayat-
Hussain [23] was led eventually to a further generalization of Fox’s H—function
defined by . Inayat-Hussain’s general H—function is known to contain such
special cases as (for example) the polylogarithm function of complex order and
the exact partition function of the Gaussian model in statistical mechanics. In
terms of a suitable Mellin-Barnes contour integral of the type £, which we have
already encountered in our present investigation, it is defined as follows (see, for
details, the subsequent systematic investigation of this general H—function by

Buschman [3]; see also [76]):
. (e, Ejs €5)im, (€45 Ej)nyip U
iz N - %/@(5)2 de (4.5.1)
(fjaFj)l,mv (fijja\yj)m+1,q I

where, w = +y/—1, z € C\ {0}, C being the set of complex numbers,

I'(f; — F;6) 'ﬁ1 (T(1—e; + E;6)}

II
= , (4.5.2)
I1

1 AT £+ BOYY 1T Tle — E56)
j=m+1 j=n+1

and which obviously contains fractional powers of some of the I'—functions. Here,

and in what follows, e; (j=1,---,p)and f; (j=1,---,¢q),
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and the exponents (or powers)

¢ (=1,---,n) and S; (j=m+1,---,q)
can take on non-integers values. Clearly, when all of the exponents (or powers)
;=1 and 5 (j=m o)

take on integer values, the H—function defined by would reduce to the
relatively more familiar H—function defined by , which has indeed been
investigated and applied in the mathematical, physical, engineering and statistical
sciences rather extensively.

Now, we state and prove an important lemma that will be required to establish

our Uniqueness theorem.

4.6 THE UNIQUENESS THEOREM

Lemma 4.6.1. If
/@&ﬁﬁ@m@ﬂﬁ@ﬁza (4.6.1)

then

f)=0 (t€(0,00)),

provided that f(t) is continuous in (0,00), f(t) € A and the existence conditions

for the extended Hurwitz-Lerch zeta function:

DO (2, 5,a) (4.6.2)
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are satisfied.

Proof. We first multiply the left-hand side of (4.6.1)) by

- (_a+zga1;s)a(1_”j+0-jgao-j)1,qa(Qa]-)
1,q+1 y_

o—17r
Y Hq+27p+2 n

<070>7 (1 —a+ 0, 17 5)7 <1 - >\] + pjgv pj)l,p

and then integrate with respect to n from n = 0 to n = oo under the following

parametric constraints:

min {9% (&,a—i-l)} >0 and max {9‘{ (Q+ ﬁ)} <0,
1<j<g+1 0;j 1<j<p Pj

the H—function being defined above by (4.5.1)). We thus have

00 c* 0

— _1, +1 ya )‘jv 55
/779 1Hq—§2,p+2 ? /(I)Eujﬁ-jf;%(_nt) S5, a)f(t)dtdn = 07 (463)
0 D* 0

where, for convenience,

C" = (=a+01;s),(1 = p; +07;0,05)14 (2, 1)

and

D* = (O,U), (1 —a-+ 0, 17 S), (1 - >\j + P50, pj)l,p-

Now, if we interchange the order of integration in the left-hand side of (4.6.3]), we
get

C*

_1551,q+1 y° Xj i
/f(t)dt/ng 1Hq—52,p+2 ? q)guj,gj;zg(_nt S, a)dn = Oa (464)
0

0 D*

Expressing the H—function in the form of its Mellin-Barnes contour integral

representation given by (4.5.1]) and changing the order of the resulting s—integral,
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4.6 THE UNIQUENESS THEOREM

we obtain

q

(mos){T'(1+a—o+s)}* [ T(1; —oj0+0;8)

e
0

{Tla—o+s)} HF(A —pjo+p;s)l(e—s)

[e.e]

. /ng—s—l-lq)()\jvpj?.p)(_nt’ s, CL)dn ds dt = 0.

(.Uj 05 3q)
0

We now evaluate the n—integral with the help of (4.2.5). We thus obtain the

following result after a little simplification:

o0

/ porto Tt f (1) gt — 0, (4.6.5)

0

which, by applying Lerch’s Theorem [32, p. 339], immediately yields the following

result:
f(&7)=0. (4.6.6)

This evidently leads us to the assertion of the above Lemma. O]

Theorem 4.6.1. (Uniqueness theorem) If the functions fi(t) and fa(t) are con-

tinuous in the semi-closed interval [0,00),n > 0 and

/‘D@J (it 5,0) fu (1) I/‘D(ff 20 (—nt, 5, a) fo(t)dt, (4.6.7)
0

wn which both integrals are convergent, then
f1(t) = fo(t) (0 =t < 00). (4.6.8)

Proof. Theorem 4.6.1 follows as a direct consequence of the Lemma. We choose

to omit the details involved. O
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4. A NEW INTEGRAL TRANSFORM ASSOCIATED WITH THE
EXTENDED HURWITZ-LERCH ZETA FUNCTION

4.7 E-TRANSFORM OF DERIVATIVES AND
INTEGRALS

By using integration by parts and the principle of mathematical induction on m,
we can easily derive the following result.

Theorem 4.7.1. If f(™)(z) is the derivative of the function f(z) of order m with

respect to z, then

q P
X le(ﬂj) le()\j + mp;) .
o (25, )™ (0)(6) = ()" —— ity ar (8- mf(D](s),
Hl I'(A;) Hl I'(pj +maoy)
J= J=

(4.7.1)

provided that there exists €1 and o such that

lm @) (st s a) fm()dt =0,  lim @Y7 (st s 0+ 1) f™(t)dt = 0

0 (K:0530) too  (K,0539)

and  EXIIP) (2 s a4+ D)[fT(1)](s),

(1j,0539)
exists when €1 < R(s) < .

Proof. We will be omitting the details of the proof as it is fairly simple. m

Finally, we state the following easily derivable result.

Theorem 4.7.2. If

F(z) = / F(t)dt, (4.7.2)

so that

F0)=0 and — FY(z) = f(2), (4.7.3)
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4.7 E-TRANSFORM OF DERIVATIVES AND INTEGRALS

then
p q
t . le()\j) ] 1F(#j +0;)
AjoPjs = = AjoPji
QTN (2, 5,0+ 1) / fl)du| (s) = ——5——5 I (2, 5,a) [ f(1)](s),
0 _le(ﬂj) , 1F(/\j + p;)
J= J=

(4.7.4)

Proof. Our demonstration of the assertion (4.7.4) of Theorem 4.7.2 is fairly
straightforward. We, therefore, skip the details involved. O
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5

A STUDY OF COMPOSITION FORMULAE
FOR FRACTIONAL INTEGRAL OPERATORS
INVOLVING THE PRODUCT OF
FUNCTIONS EJ (z;¢,0,(), ®./"7

i) (2,8,a) and

Sy 2]

The main findings of this chapter have bearing on the following paper detailed

below:

1. N. Jolly and R. JAIN (2016). AN INVESTIGATION OF COMPO-
SITION FORMULAE FOR FRACTIONAL INTEGRAL OPERATORS,

Palestine Journal of Mathematics, (Accepted).
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In this chapter, we study a pair of class of fractional integral operators whose
kernel involve the product of SY|[z], Egjf (2;q9,0,() and @Zgg (z,8,a) which
stand for SY polynomial, generalized extended Mittag-Leffler function and ex-
tended Hurwitz-Lerch Zeta function. Next, we derive three new and interesting
composition formulae for the operators of our study. The operators of our study
are quite general in nature and may be considered as extensions of a number of
simpler fractional integral operators studied from time to time by several authors.
By suitably specializing the coefficients and the parameters of functions involved
in our fractional integral operators we can get a large number of expressions for

the composition of fractional integral operators. Finally, as an application of our

main findings we obtain three interesting integrals which are believed to be new.

99



5. A STUDY OF COMPOSITION FORMULAE FOR
FRACTIONAL INTEGRAL OPERATORS INVOLVING THE
PRODUCT OF FUNCTIONS E;*” (Z;Q,0,(), ®\"'0 (2,5, A) AND

- ny;07Q
Sy 2]

5.1 INTRODUCTION

In this chapter, A will denote the class of function f(t) for which
O{tl°}; max{[t[} = 0
f(t) = (5.1.1)
O{|t["re—w2lt}, min{ ||} — oo.
The fractional integral operators studied herein will be defined and represented

in the following manner:

e frear (4 (Y (o2 e
0 (I))\j;pjp ¢ 2 t P2 d
S <y2 (;) (1 — ;) ,s,a) f(t)dt, (5.1.2)

where f(t) € A,

min{R(n+s+1,p+1)} >0 and min(py,m,p1) >0 and

SYlz], Egg (2;q,0,¢) and CI>MJ ZJQ (2,5,a) occurring in (5.1.2)) stand for SY poly-

nomial, generalized extended Mittag-LefHler function and extended Hurwitz-Lerch

Zeta function and defined by (|1.1.44)) in chapter 1, (2.1.9) chapter 2 and ([3.1.4)

chapter 3 respectively.
19/.d/ t plO
E(;/ 75/ w, (1 - _) ;q/aalac,
’ z

N 3o, P! £\ " £\ 72
* CIDH, Q) <y' (;) (1 — ;) ,3',a'> f(2)dz, (5.1.3)

o0

> , " ' £\ £\
Ry = [ st (2) (1)

t

provided that

100



5.1 INTRODUCTION

R(wy) >0 or R(wy) =0 and min{R (' —w;)} > 0;

R(p' + 1) >0, min(py,m,p)) > 0.

On suitably specializing the parameters involved in the functions SY[z], ng (2:q,0,0)
and @: ?J g (2, s,a) our fractional integral operators can be easily reduced to left-
and right-sided generalized fractional integral operators involving the Gauss hy-

pergeometric function and classical Riemann-Liouville left- and right-sided frac-

tional integral operators.

2. MAIN RESULTS

Result 1
;o 1 h y4 001 X
n,pP P I - I L
g e =1 [FC) s [1(2) e G
0 x
where
Pty = LD 4o/ + mR 4 R+ man + om + 1) i f: MEQIey
D@~ DI — ITOW) 22 2 22
11O, TTON)
i no; VA _—
(—V)ur(=V'urAvrAv g =1 e 1 1 YRy
RIR Q Q' . (n_|_a>s (m+a/)s’ 1 1
nlml Hl(uj)mj 1) me
j= j=
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5. A STUDY OF COMPOSITION FORMULAE FOR
FRACTIONAL INTEGRAL OPERATORS INVOLVING THE
PRODUCT OF FUNCTIONS E}'” (Z;Q,0.¢), ®)7'0 (2,5, A) AND
Sv1Z]

(y2)n(yé)mtn+mR+n2n<1 i t)p+p’+p1R+p/1R/+np2+mp/2+1
[ A O]
—t
—w(l —t)m
2| —w!(1—t)ro

77777

(5.1.5)

77777

QJ»—»Q ==

B*: D

where

At=0—-n—n"—p—p = (py +m)R — (p1 + m)R+ (p2 + m2)n — (p3 + m3)m; 1, po, py, 0, 0),
(—p' = piR = phm:; 1,0, p},0,0), (1 —9;0,1,0,1,0), (1 —¢;0,0,1,0,1)

B'=1—=n—n—p—p = (i +0)R — (pr + m)R + (p2 + m2)n — (0 + p)m; 0, po, p, 1,0),
(=1=n—n"=p =mR—(py +m)R —man —nym; 1,0, p;,0,0), (1 — d;0,1,0,2,0),
(1—d;0,0,1,0,2)

Cr=—(1-d1):(1—=d 1);(1,1),1=d+9,1),(¢,1);(1,1), 1 —d +0,1),(C,1)

D* = (0,1);(0,1),(1 = ,0); (0,1), (1 = &",8"); (p, 1); (¢, 1),

and F*(t) can be obtained from F(t) by interchanging the parameters with dashes

with those without dashes and following conditions are satisfied

where f(t) € A
R +n+¢) > =2,R(p+p' + py+ po) > —2

R(we) >0 or R(we) =0 and R(y —w;y) >0
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5.1 INTRODUCTION

Result 2

BN = [ 6 () fee (5.1.6)

where

oo oo [V/UIV'/U]

G(X)= Lr(C) Z Z Z (_V)UR<_‘2!>JU%’II!2’AV,RAV’,R’

P P’ ,
Hl()‘j)npj Hl()‘j)mp; 1 1
J= J= R/. I\R n( /\m '+ R +nhm
. Xn m Mo
. Q Q' / (n—i—a)s (m+a,)s/y1 (yl) (y2) (y2>
n.m. H (Mj)noj H (Mj)mo;
7j=1 7j=1
B A** . C** T
X
w(l — X)ro
(1= X s o o | (1~ XA ,
1
q/
I B - D** |
(5.17)

where
A% = —n —p = pP\R — pym +nen+mR — iR — nym; 1,0, g, 0,0),)
(—p — piR — pani 1, po,0,0,0), (1 —9;0,1,0,1,0), (1 — 9;0,0,1,0,1)
B* =(=2—p—p' —pR— pon — pi R' — pym; 1, po, p,0,0),
(1—4d;0,1,0,2,0), (1 —d;0,0,1,0,2)

C*=—(1-d1);(1—-d,1),(—p— piR — phm, pp);

(1,1),(1 —d+9,1),(¢,1);(1,1),(1 —d' +9',1),(¢", 1)
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5. A STUDY OF COMPOSITION FORMULAE FOR

FRACTIONAL INTEGRAL OPERATORS INVOLVING THE
PRODUCT OF FUNCTIONS E;*” (Z;Q,0,(), ®\"'0 (2,5, A) AND

ny;07Q

sv1Z

D** =(0,1);(0,1), (1 — ,9);

(0,1),(1=#"0"),(n =" = p' = Py R = phm + nan + mR — m R’ — 1m; pg);

and following conditions are satisfied
where f(t) € A
R +n+¢)>=2,R(p+p + py+ po) > —2

min{n,n;, p1,p1} >0

Result 3

o0

e (g = [ 260 (

z

2) Fe)de,

(0,1); (0", 1)

(5.1.8)

where G(z) is given by (5.2.2)), f(t) € A exists and following conditions are

satisfied

R(wg) >0 or R(we) =0 and R(n+1n —w) > 0;

R(p+p +ph+ po) > =2, min{ny, 71, p1, 01} >0

Proof of (5.1.4),(5.1.8) & (5.1.6)): In order to prove Result 1, we proceed

by expressing I- and J-operators in the left hand side of (5.1.4)) in their integral

forms with the help of (5.1.2) and (5.1.3]), we obtain
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5.1 INTRODUCTION

.y y t m t P1 9. t PO
et eN = o fow-oest o (2) (1-2) w2 (w (12 2) ananc)
T T d T
0
£\ ™ £\ " T A t\™
q))‘JiPJP _ 1—= " / —n'—p'—1 — 1P SU/ A
1;0;Q (y2 (l’) ( 33') 7$>a) z (Z ) v |Y P
t
1.q! t P Nospl P! t m t po
-Eg/”:, <w/ <1 - ;) q, 0, C) (I)“Z'?ZZQ/ (y; (;) (1 — ;) ,S/,CL/> f(z)dzdt

Next, we interchange the order of t- and z- integrals (which is permissible under

the conditions stated) and obtain the following after a little simplification:

91T (2))] = / 1(2) / g(e, 2, t)didz + 7 1(2) / g(e, 2, )didz
- / f(z)[lder]o f(2)hdz  (say) (5.1.10)

where

! / P t\ ™ £\ "
g(w, Z,t) = x—n—p—ltn+77 (1’ _ t)ﬂ(z _ t)P P —153 {y (_) (1 . _) ]
T
9;d t po ) Ajip; P t 72 " p2
o (w (1 oz 140, ) Pioia | 2 T b= 2 5
, t 77/1 t ,0/1 o " p6
st (8 (=) i (o (1-8) )
z z ) =
No:pl P! L[t ) £\ P2 o
P ) =) s 111
wo'Q <92 (Z> 2 s, a (5 )
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5. A STUDY OF COMPOSITION FORMULAE FOR
FRACTIONAL INTEGRAL OPERATORS INVOLVING THE
PRODUCT OF FUNCTIONS E}'” (Z;Q,0.¢), ®)7'0 (2,5, A) AND
Sv1Z]

and

To evaluate I, we first express both the generalised extended Mittag-Leffler func-
tions in terms of their respective contour integral forms using (2.1.9). Next, ex-

press both the S} polynomials and extended Hurwitz-Lerch Zeta functions in

terms of their respective series with the help of (1.1.44]) and (1.1.63)). Further, on

interchanging the order of summations and contour integral, we get

ER DOI(E)
27w) T(0)T(o")T(d — 0)(d — )LL) 2t 2t 2 2
Mooy THO
(_V)UR(_V/)U’R’AV,RAV’,R’ Jljl( ) JEIl( ) ! 1 1 yR<y/>R’(y )n(y/)m
IR/ Q Q’ n al)d (m a)s LAl 2 2
e | (I 1 (1 R

zZ
/”_//tn+17’+mR+niR/+n2n+17’2mx—77—p—(m+p1)R—po€2—(n2+p2)n—1(x _ t)p+p1R+po£z+p2n

g £ 0
AP R A phatpym 1 —p — (et pym—(n o) R —phea—1 L (=€) (€)T (0 — &)
(Z t)p P 14 P z n—=p Tl TP mrp P F(C_£2>
W+ &+ &)N(d -9+ &)I(d+ &) & () D(—=&3)0(E)T (0" — &4)
[(d + &1+ 28)0 (K + 661) (¢ = &)
(0" + &+ &)0(d — 0"+ &)I(d + &) (¢) 8 (B dtds; - - - déy (5.1.12)

L(d + &+ 284)0(K + §'Es)

Now, we substitute ¢ = uz in ([5.1.12)) and evaluate the u-integral using the known
result[53], p. 47, Eq.(16)]. Finally, re-interpreting the result in terms of the Mul-
tivariable H-function we obtain I;.

In order to evaluate I, we proceed on similar lines as mentioned above substi-
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tuting ¢ = uwx. On substituting the values of I} and Iy in (5.1.10)), we get the
required result.

Similarly, we can prove the results (5.1.6) and ((5.1.8) with the help of

the results given by [53, p.60, Eq.(5)], so we omit the details.

5.2 APPLICATIONS

In this section we first give the application of result 1. Thus, on taking both S}
polynomials and extended Hurwitz-Lerch Zeta functions equal to unity and taking

f(2) = (1 — v2z)! therein, we arrive at the following after a little simplification:

* . * ]
PO ] . K
—w (1 z)
r /
z / 1\70
£\ " 1\~ —w 5
=1 [+ (L 1_ = 0,4:1,1;1,1;1,0;1,2;1,2 .
2 4,3:1,2:3,1;0,1;3,1;3,1 =
T vt o
0 1
7 J* L*
_ PR
1 :
—w(1 — ~yx)ro
(1 — p
— (1 pp 42 ) 061111 11,0:1,2:1,2 w'(1 — )P
= (1 —~m) 6:1,1;1,2;1,2:0,1;3,1;3,1 _
v
1
q
1
q Q* .G
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5. A STUDY OF COMPOSITION FORMULAE FOR
FRACTIONAL INTEGRAL OPERATORS INVOLVING THE
PRODUCT OF FUNCTIONS E;*” (Z;Q,0,(), ®\"'0 (2,5, A) AND

B30 5Q
Sv1Z]
-1 EF: G*
w <1 B L)po
~x
1 P +p+2 /(1 1 Po
- 0,6:1,1;1,1;1,1;1,0;1,2;1,2 —W ( — —)
+ <7ZE) H6,6:1,1;1,2;1,2;0,1;3,1;3,1 ) T ) (521)
Tz
v
q * *
1 . H
L q -
where

I* = (1-1;1,0,0,1,0), (1 — ¢';0,1,0,0,1),)
(=050, p5, 1,0,0), (—=p" =150, pp, 1,0,0)
J*=(1-4d;1,0,0,2,0), (1 —d;0,1,2,0,0), (1 —n' — p';0,p},1,0,0)
K'=(1-d1);(1-d,1);—;

(1,1),(1 —=d+9,1),(¢, 1); (1,1), (1 —d' +9',1),({, 1)

L*=(0,1),(1 = &,6);(0,1),(1 = #',0"), (L = p— 0" — 1, pg); (0, 1); (0, 1); (¢, 1) )

P*=(=1—n—n"—p—p;1p0,0,0,0,0),(=p31,0,0,0,0,0),)
(1-1;0,1,0,0,1,0),(1 —;0,0,1,0,0,1),

(L=p—=p =n—=11,p0,p,0,0,0), (=1 = p =050, po, pp, 1,0,0)

Q" =(-1=n=n"=p=050,p0,p,0,0,0), (=1 —=n—7n" = p';1,0, p,0,0,0),

(1-4d;0,1,0,0,2,0),(1—d’;0,0,1,0,0,2),

<_1_,0_/0/_77_l;17/)07/76>07070)7(_1_77_/0_/0/517,007[)6;07070),
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R=(1—n1)(1—d1);(1—d, 1);—
(1,1),(1 —d +9,1),(¢, 1); (1,1),(1 —d' + 9, 1), (¢, 1)

S*=1(0,1);(0,1), (1 = 5,6);(0,1), (1 = &',0"); (0,1); (0, 1); (¢, 1)

E* = (_1_77_n,_p_p/;1707p07p/07070)7(_p;1707p07070a0)7\
1_6;07071707071)7(1_19/;07170707170 ) _1_P_Pl_77/3170700a/)/70a0 )
0
<_1 _p_p/§0717P07P67070)
Fr=(=1=n—n"=p—050,0,p0,p5,0,0), (=1 =0 —n"— p; 1,0, po,0,0,0),
(1 _d707 07170707 2)7
(1 _d,;07050717270)7<_1 _P_P,_U/§1a0>/70ap,70a 0)7
0
(_1_77/_p_pl_l;1707p07p67070)
G=0-n-011);(1-d,1);(1—-d,1);—;

(1,1),(1 —d+9,1),(¢,1); (1,1), (1 —d' +9,1),({, 1)

H* =(0,1);(0,1), (1 — ,8); (0,1),(1 — &,8"); (0,1); (¢, 1); (¢/, 1) )
provided the conditions obtainable from result 1 are satisfied. Again, on taking

Ajipi P

f(z) = €7 and considering ®,"' " (2, s, a) and SY[z] equal to unity in result 2,

we arrive at the following result after a little simplification:

A** . C** N
"1 — 2)ro
x w 1 _ Z)\po
1 (i)”ez (1 _ i)”"“ odraLnLonae | 'z
I - - 4,3:2,3;1,2;0,1;3,1;3,1 1 @
’ it
q
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FRACTIONAL INTEGRAL OPERATORS INVOLVING THE
PRODUCT OF FUNCTIONS E;*” (Z;Q,0,(), ®\"'0 (2,5, A) AND

U ny;07Q
Sy 2]
B E** . G** T
w/
w
_ 770,2:1,2;1,2;1,2;1,2;1,2 _
= H)15551,31:31 195 (5.2.2)
q
1
q/
where

A =(1-191,0,0,1,0),(1 —;0,1,0,0,1), (—p; 0, po, 1,0,0), (n — 0" — p'; p5, 0, 1,0,0))
B** = (1 - d/;270707 170)7 (1 - d;07270707 1)7 (_1 —p— ,0/3/)67/)07 1707())
C** = (1 - dlv 1)7 (_10/7/)6)7 (]- - d7 1)7 5 (17 1)7 (1 - d, + ﬁl)a (§/7 ]-)7

(1,1),(1 —d+9),(C1)

D™ = (0,1), (1 = #",0"), (n—=n"—p', p5); (0, 1), (1 = &,0); (0, 1); (p', 1); (p, 1) )

E* = (1-19;1,0,0,1,0), (1 —9;0,1,0,0,1)
F*=(1-4d52,0,0,1,0),(1—d;0,2,0,0,1), (=1 —n" = p; 05,0, 1,0,0),
(=1 =n—p;0,p0,1,0,0)
G =(1-d,1),(=p,p0): (1 = d,1),(=p, po); (=1, 1), (=n, 1);
(L1),(1=d' +¥),(¢", 1):(L,1),(1 —d+9),(¢ 1)

H™ = (0,1), (1 = #,0"):(0,1), (1 = £,6); (0,1); (¢, 1); (p, 1)

provided the conditions obtainable from result 2 are satisfied.
Finally, in result 2 if we take f(z) = 2F} (a,b;¢; (a — %)m) and consider both
extended Hurwitz-Lerch Zeta functions equal to unity we obtain the following

after a little simplification:
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oo ottt (o) e B ) 0
0
( ) .o C) 551 Y (é)n/1 (1 — é)pll o) (a, b; c; (a — §>m> dzdt

v/Ul v U]
_ DO (n+mR + 1) Z/:] | Z V)uwAvirAv g
[(o)D(o")I(d — )T (d' — ")) = AT RIR"!
L l0ma0-h) e o
—w(l — )™ (1—1)7
1\ PP R R +2 —w'(1 — x)Po (1 — é)po
Ry, "R’ 0,7:1,0;1,1;1,1;1,2,1,2;1,2;1,0 1
¥ (y) (1 - a) H7 607101 2:12:31:31:2,2:01 7
i
7
oSy
1 N*:. P*
) (5.2.3)
where

M* = (=n+n" —p—(pr +m)R+nR1,p0,0,0,0,0,0),(—p — mR;0, p0,0,0,0,0,0),)
(—=p =1, R’;1,0,0,0,, p),0,0), (1 —9;0,1,0,1,0,0,0),

(1-14;0,0,1,0,1,0,0), (=2 —p—p' = n—2m R —n R’ 1, po, py, 0,0, m, 1),
(=1=p—p' =mR—mR;1,po pp,0,0,0,1)

N*=(1-p—p —pR — poR; 1, po, py,0,0,0,0),

(—n—n"—p—mR — (p1 + m)R;0,p,0,0,0,0,0),

(1-d;0,2,0,1,0,0,0),(1 —d:0,0,2,0,1,0,0),

(_1 — P pl —-n- 2771R - UiRl? 17p0’p670’07070)v

(—2—p—p' —n—=2mR—-nR; 1, po, p;,0,0,0,1) )
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PRODUCT OF FUNCTIONS E}'” (Z;Q,0.¢), ®)7'0 (2,5, A) AND
Sv1Z]

0" =—; (1 —d, 1); (1 - d/a 1); (17 1)7 (1 —d+, 1)7 (Ca 1)3 (17 1>7 (1 —d + 19/7 1)7 (Cla 1)?
(1—a,1),(1=05,1),(0,1); —
P = (07 1); (Oa 1)’ (1 - "{75); (07 1)’ (1 - '%/75/); (07 1); (0,7 1); (1 — ¢ 1); (07 1)

provided the conditions obtainable from result 2 are satisfied.
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The main findings of this chapter have been published as detailed below:

1. N. JOLLY, P. HARJULE and R. JAIN (2017). FRACTIONAL DIF-
FERENTIAL EQUATION ASSOCIATED WITH AN INTEGRAL OPERATOR
WITH THE H-FUNCTION IN THE KERNEL, Global Journal of Pure and Ap-
plied Mathematics, 13(7), 3505-3517.

2. N. JOLLY, P. HARJULE and R. JAIN (2018). ON THE SOLUTION
OF GENERAL FAMILY OF FRACTIONAL DIFFERENTIAL EQUATION IN-
VOLVING HILFER DERIVATIVE OPERATOR AND H-FUNCTION, Int. J.
Math. And Appl., 6(1-A), 155-162.

3. P. HARJULE, N. JOLLY and R. JAIN (2017). A SOLUTION OF
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FRACTIONAL DIFFERENTIAL EQUATION INVOLVING HILFER DERIVA-

TIVE OPERATOR, Journal of Indian Acad. Math., 39(2), 255-263.
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In this chapter, first we define the H-function, the Mittag-Leffler function, it’s
various generalizations and certain fractional integral operators that we will be
using in our study. Next, we define Laplace transform and provide some necessary
results required in finding solutions of fractional differential equations involving
Hilfer derivative operator and an integral operator involving H-function.
Further, we define a General Family of fractional differential equations. Then
we consider generalized form of aforementioned equations and find it’s solution
in form of theorem 1. On account of general nature of theorem 1 we can obtain
a number of special cases by taking special values of the parameters involved
therein. We mention here two believed to be new and three known special cases.
Next, we formulate theorem 2 by considering oy = o = « and ¢ = 0 in theorem
1. Furthermore, we obtain two unknown and three known special cases by spe-
cializing parameters of H-function and various other parameters involved therein.
By giving numerical values to the parameters in the functions and the operators
involved in theorem 2 we have plotted some graphs with the help of MATLAB
SOFTWARE.

Next, we obtain solution of another fractional differential equation and present it
in form of theorem 3. Finally, by specializing the parameters occuring therein we
can obtain a number of special cases of our theorem. However, here we mention

only two known and two unknown special cases.
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6. SOLUTIONS OF FRACTIONAL DIFFERENTIAL EQUATIONS
INVOLVING HILFER DERIVATIVE OPERATORS AND AN
INTEGRAL OPERATOR INVOLVING H-FUNCTION

6.1 INTRODUCTION
6.1.1 THE H-FUNCTION

The H-function was introduced by Inayat Hussain [23] and studied by Bushman

and Srivastava [3]. It is defined and represented in the following manner:

e (ej,Ej; €j>1,na (ejan)n—i-l,p 5
7. /@ de, (6.1.1)
p,q 2
(fis Fi)vm, (55 F35S5)mr1q e

where, w = +v/—1, z € C\ {0}, C being the set of complex numbers,

ﬁ L(f jﬂﬁﬂﬂ—@+@@ﬁ
8(6) = —— - , (6.1.2)
[T {00~ 5+ FOF 11 Tle; - Bg)

j=m+1 j=n+1

1<m<gq and 0<n<p (m,ge N={1,2,3,---}; n,p € Ny = NU{0}),
(6.1.3)
The nature of contour £ in (/6.1.1)) and various conditions on its parameters can

be seen in the paper by Gupta, Jain and Agarwal [17].

6.1.2 THE MITTAG-LEFFLER FUNCTION AND IT’S
GENERALIZATIONS

The familiar Mittag-Leffler function Ejs(z) [43] is defined by the following series:

Es(z):=Y m — E51(Z) (6 € C; R(8) > 0). (6.1.4)

n=0
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It’s first generalization Ejs,(z) was introduced by Wiman [81] , defined and

represented in the following manner:

Esn(2) =) o T 5n R (0,1 € C; ]R(6) > 0, R(k) > 0). (6.1.5)

n=0

A further generalization of FEj,(z) was given by Prabhakar [51] as follows:

B (2 ;F MH 2 (0.9 €CR) > 0.5(m) > 0,%(9) > 0).

(6.1.6)

6.1.3 THE LAPLACE TRANSFORM

The Laplace transform L[f(x)](s) of the function f(x) is defined as follows:

Llf(x)](s) = /000 e f(x)dx (R(s) > 0), (6.1.7)

provided that the integral exists.
The following Laplace transform formula for the generalized Mittag-LefHer func-

tion E}, (z) was given by Prabhakar [51]:

Sﬁé*lﬁ

L[SL’HilEgﬂ(w.T(;)](S) = m (618)

(6,w, 1 € C;R(k) > 0;R(s) > 0; %] < 1).

6.1.4 FRACTIONAL INTEGRAL OPERATORS

The Riemann-Liouville fractional integral and derivative operator I}, and DY,

which are defined by (see, for details, [29], [42] and [55])
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([5+f)(9:)zrl) / ’ : IO 4 () > 0) (6.1.9)

and

d\" .
e N = (1) EFNE (30 >0 0=l +1,  (6110)
([z] denotes the greatest integer in the real number z)
will be required during the course of our study in this chapter.
Hilfer [20] generalized the operator in (6.1.10)) and defined a general fractional
derivative operator D4} of order 0 < p < 1 and type 0 < v < 1 with respect to

z as follows:
D Y () — (w4 pana-w 6111
( a+f)('r) a+ dZL' a+ f (.T) ( ce )

Eq. yields the classical Riemann-Liouville fractional derivative operator
D!, when v = 0 and for v = 1 it reduces to the fractional derivative operator
introduced by Joseph Liouville (1809-1882) in 1832, which is called the Liouville-
Caputo fractional derivative operator (see [13], [29] and [79]).

In our present investigation we make use of an integral operator with H-function

in its kernel defined as follows:
(ﬁ;ﬁ’j};gg go) (z) == / (x— £V H (e — t)]p(t)dt (6.1.12)

(%(6) >0 weC\ {0} 1Sm<q; 0 <p; KA+ min {R (L)} >o>.
1=jsm 7

If we take w = 1,m =1 and a = 0 in (6.1.12)), we obtain an integral operator

introduced by Harjule(see for details [19, p.80, Eq.(5.1.10)]). Next, if we reduce
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H-function to the polylogarithm function of order 1 [8, p.30] in (6.1.12)), we obtain

the following
gl p)(z):= z:1:—155_1]7 x —t)7,n]e(t)dt 6.1.13
( a+;1,2;8 ) ( ) . ( ) [w( ) ?n] ( ) ( t )

(‘ﬁ(ﬁ) >0; we C\{O}),

provided that the integral exists.

Further, if we reduce H-function to the generalized Wright hypergeometric func-
tion [I8, p.271, Eq.(7)] in (6.1.12), we get

i @ o (€5, Eji €)1

(7l e) @)= [ @13, wle —1)7| p(t)dt

(fja F]7 %j)l,q
(6.1.14)

(Wﬁ)>0; wGC\{O};p§q+1>,

provided that the integral exists then the Theorem can be specialized to the
following form.
Next, if we reduce H-function to the generalized Riemann zeta function [I7, p.27,

section 1.11, Eq.(1)] in (6.1.12)), we obtain
(0010 ¥) () = / (z =) glw(z —1)7, 0,m)p(t)dt (6.1.15)
0

(‘ﬁ(ﬂ) >0; we C\{O}),

provided that the integral exist.

Again, if we reduce H-function to the generalized Wright Bessel function [I8]

119
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p.271, Eq.(8)] in (6.1.12), we obtain

(Tl e) @)= [[@-0 T wle - optar 0110

(9%(6) >0; we C\{0}>,

provided that the integral exist.

6.1.5 REQUIRED RESULTS
First, we recall the following known result (see, for details, [78] and [79]):
SHDE @) = LI @] -0 (K709 5) (04)  (93(s) > 0: 0 < o < 1),

(6.1.17)

where the initial-value term:

(171 (04),

involves the Riemann-Liouville fractional integral (6.1.9) (with a = 0) of the
function f(t) of order

p— (1—=v)(1—p), (6.1.18)

evaluated in the limit as z — 0.

Next, for a = 0, by using the Convolution Theorem for the Laplace Transform in

(6.1.7), we find from the definition (6.1.12) that
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[T ) @] )
L

271 Hy ) wa]] (s) - Llp(a)](s)

p.q

1 (1 _577;1>7 (ejan;Ej)l,m(ejan>n+1,p
=sPH ws 7 d(s)

p+1l,q
(fis Fi)ims (f55 Fji S5)m+1.4

(D‘i(s) > 0; v > 0; R(B) + lg}g}n {SR (%)} > O>,

where,

O(s) := Llp(z)](s) (%(s) > O).

In its special case when p(z) =1, (6.1.19) immediately yields

e[ ) @] o

a1 (1 _57’77 1)? <€j7Ej;€j)17n,(ejan)n—&-l,p
= s g ws™ (6.1.20)

p+1,q
(fis Ei)rmy (F5, F3 ) m1q

(9%@) > 009> 0 (3 + min {9% (%J)} > 0).

Further, we state the following formulae [79] that will be used in the proof of

theorem 1:
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gPilai=1) 1 [ gBilei—1) 1 1 T ogoar+Bioi—Bi
asa1+bs‘12+c_5<sa2+§>(1+%( )) 5;( ) 592 4 £)rtl

a2+
1 & "
.y |:6 Z ( _ %) x(ag—a1)r+a2+ﬁi(1—ai)—1
r=0

T C o -
B st (1o ( — z)} (s) (i=1,2) (6.1.21)

and

F(s) 1 - a\’
as"‘l—i-bso‘?—l—c_grz:;(_E) ((5‘“2—1- T“ ) [
e NN - B f@))] (5
1 [o¢] '
_ {E 3 (_ %) (E;;}awl)w%gm f) (x)} (s). (6.1.22)

r=0

o'lr—k

Now, we shall evaluate an important result which will be required in obtaining
our solution of fractional differential equation given by theorem 1. This result is

believed to be new and of importance by itself.

by o1 (1_577;1)7(€jan;ej)l,n7(€jan)n+l,p

s H ws~ 7

as™ + bs + ¢ prla

( ) (s Ei)rms (f55 F3 Sj)mt1g
A 0o 00 a T ) 1 c J

-z _ = plae—an)r+a(G+1)+8 - [ _ =

_L{bgz( b) (4 1), p(eronr+os j!( b)

(1—5,7:1), (e, Ej; €)1ms (€5 Ej)ng1p

—m,n+1
TH g |0 .
(fi, Fi)im: (fis Fj3 Si)mrtg (—a2j — (o — ar)r —az — 3,73 1)

(6.1.23)

provided that the conditions stated in (6.1.1)) and (6.1.7)) are satisfied.
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EQUATIONS

Proof. We first express H-function in the form of contour integral and then in-
terchange the order of summation and integration(which is permissible under the
conditions stated) in the left hand side of (6.1.23)

A > a\’ ger—vE=6-1 .
~ 2nib 2/2:; (_ 5) T e W T8+ 9€) B(§) de (6.1.24)

27 (592 4 £)rHl
using (6.1.21)) we get
A > a\’” c
_ v (az—a1)r+as+vE+B pr+1 e
— 9ih /L |:Z ( b) <I 2—Q1 217 Eaz,(ag—al)r+042+7§+ﬁ+1< 5 T 2):| (S)
i r=0

-T(B +1€)0(€) d€

Further, we express generalization of the Mittag-Leffler function in the series form
and reinterpret H-function in order to obtain the right hand side of (6.1.23). O

6.2 A GENERAL FAMILY OF FRACTIONAL
DIFFERENTIAL EQUATIONS

The following family of fractional differential equations [79, p.803, Eq.(3.7)] was
introduced and studied by several authors [I8, 22] on account of their importance

in dielectric relaxation in glasses.

@ (D5 y) (@) +0 (D52 y) (@) 4 eyle) = 9(@). (6:2.)

where

<O<a1§042<1;0§61,6Q§1anda,b,c€R>,
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in the space of Lebesgue integrable functions ( see [13] [7§]) y € L(0, co) with

the initial conditions:
(1770 ) (04) = & (i=1,2), (6.2.2)

where, without loss of generality, we assume that

(1 =81 —a1) = (1= B)(1 - ay).

If Cl < 00, then CQ = 0 unless (1 — Bl)(l — Oél) = (1 — Bg)(l — Oég).
In the present chapter, we shall study the following generalized form of fractional

differential equation given by (6.2.1]) by establishing the following theorem.

THEOREM 1

The following fractional differential equation:

arwsm,nyy

a (D5 ) (@) + b (D™ y) () + eyle) = A (Tl 1) (@) + f(2) (6.23)

<0<a1§a2<1;0§ﬁl§1;0§62§1;%(5)>0;we@\{O}; 1<m=gq

0<n<p; 9’{(5)+1I<ni<n {i}{(%ﬁ)}>0),

J

with the initial condition:

(Iglﬁi)@*‘”) y> (04) = ¢ (i=1,2), (6.2.4)
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has its solution in the space L(0,00) given by

1 S rf @ ' ag—a )rta l—a1)—1 pr+1 € a
y(x) :g Z(_D <Z> {GOIx( et Ea;(a2—a1)7“+a2+51(1—a1) < - 51’ 2)
r=0

(ag—a1)r+ag+P2(l—az)—1 pr+l _ ¢ r+1
+ b Cypgle2—a)rtoatfa(l-as Eaz,(ag—ocl)r-i-az-i—ﬁz(l—ag) ( 7 xQZ) + Ea27(a2_a1)r+a2,_%;(H_f(x)

G az—a1)r+az(g 1 c 7
+ )\Z(r + 1)] x( 2—a)r+ae(j+1)+8 ﬁ<_ E)
=0
(1 - /Ba i 1)7 (ejv Ej; ej)l,n? (eja Ej)n—f—l,p

—m,n+1

. v
H, gy |WE

(f]7 Fj)l,m7 (f]? F]J %j>m+1,q7 (—Oégj - (Oé2 - Oél)T — Qg — 5777 1)
(6.2.5)

where C1,Cy and X\ are arbitrary constants and the function f is suitably pre-
scribed.

Proof. We denote by Y(s) the Laplace transform of the function y(z), which
is given as in (6.1.7). Then, by applying the Laplace transform operator £ to
each side of (6.2.3)), and using the formulas (6.1.17) and (6.1.20) and the initial

condition ([6.2.4]), we find that

a(s1Y (s)—Cy s711=D) 4 p(s°2Y (s) — Cy s™2(271) 4 e Y (s)

(1 - /67 Y5 1)7 (ej7 E]7 Ej)l,nu (ej7 Ej)”H‘LP
—m,n+1

=F(s)+ )\s_ﬂ_alH’q ws™
(fjv F’j>1,m7 (fja Fj; %j)m+1,q

(6.2.6)
which readily yields
a Ol o b CQ o F(S)
Y — B1(a1—1) B2(a2—1)
(5) (as®r + bs®2 + c)s * (as®r + bs®2 4+ C)S * (as®r 4 bs®2 + ¢)
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(1 - ﬁa Y 1)a (ejv Ej; Gj)l,n» (Bj, Ej)n+17p

+ S
(as® 4 bs®2 4 ¢)
(s Ei)rms (f55 F3 S)mt1
(6.2.7)

Using (6.1.21)), (6.1.22)) and (6.1.23)) we obtain

1 — a\" c
_ v (ag—ar)r+as+B1(1—a1)—1 pr+1 _ YL«
Y(S) =L |:g Z < b) |:CLCl A 2 ! Ea27(a2—a1)r+a2+,31(1—a1) ( b x 2)

r=0

(az—ai)r+as+B2(1—a2)—1 pr+1 . C o
+b02x = o ’ Ea2,(a2—a1)r+a2+52(1—042)< r 2)

r+1
+ (Eaz,(a2—011)7“+012,—§;0+f) ({L‘)

= ag—a1)r+az(y 1 c g
+ )\Z(r +1); plae—an)r+ 2(]+1)+Bﬁ(_ l_))
7=0

» (1—=5,7v:1),(ej, Ej;3 €)1 (€5, Ej)nt1p
aqmr wx”
p+1,g+1

(f]? F})l,mu (f]7 F]7 %j)erl,qa (_Oégj - (062 - 051)7’ — Qg — 5777 1)

(6.2.8)

Finally, by applying the inverse of Laplace transform, we get the solution (6.2.5|)
asserted by the main theorem. O

Corollary 1. If we reduce H-function occurring in the integral operator on
the right hand side of to the function associated with Gaussian Model free
energy([l, p.4126, 4127, Eq.(23),(28)] and [23, p.98, Fq.(1.4)]), we observe that

the following fractional differential equation:

a (D52 y) (@) + b (D% y) (@) = A (FEHE 1) @) + fl@) (629)

<0<a1§&2<1;0§51§1;0§62§1; 9‘(5)>0;w€<c\{0}>
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with the initial condition has its solution in the space L(0,00) given by

1 - r @ ' az—aq)r+ao 1—a1)—1 pr+l € a
y(x) :E Z(_l) (g) |:a01m( e i Ea;(az—al)T+a2+/31(1—a1) ( - 51‘ 2)
r=0

ag—a1)rta 1—ag)—1 rpr+1 c a
+ ng$( 2—a1)r+az+F2( 2) ETt Jrtaa+ Ba{l—2) ( _ Z_):E 2)

az,(az—ai

)\ = . 1 c\’
r+1 ag—o ) r+o 1
F B yanrsangor (@) = g D (r 1)y et s o ( _ 5)

dm2 25 J!
(1 _5_7777 1)?(0a1a2)7( %717d)
ﬁég " }
(07 1)7 (_17 17 1+ d)? (_a2j - (a2 - 041)7“ — Qg — 6 =7 1)

(6.2.10)

where C1,Cy and X\ are arbitrary constants and the function f is suitably pre-
scribed.

Corollary 2. If we reduce H-function to the Polylogarithm function of order p
[8, p.30] in the integral operator on the right-hand side of , we obtain the

following fractional differential equation:

a (D5 y) (@) + 0 (D527 y) (@) = A FE5, 1) (@) + f(0) (6211)

<0<a1§az<l;Oéﬁlél;Oéﬁzél; E)ﬁi(ﬁ)>0;w€<C\~{0};p§q+1>,

with the initial condition has its solution in the space L(0,00) given by

100 rar ag—a1 )r+a 1—a1)—1 pr+1 Ca
() =5 2 (1) <5> {aclx( ey Ea;(ag—m)rmgwl(l—m)(_ b" 2)
r=0

(az—ai)r+as+B2(1—a2)—1 pr+l . E @ r+1
+ b Gtz orrastzime) = )T+a2+62(1—a2)( pt 2> + Eaz,(aQ—al)r+a2,—g;o+f(l')

ag,(ae—a1
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o0 . 1 j
=AY (r 1) gleemenrte(iEs i < - g)
J=0 '

Hyy | —wa? . (6.2.12)

(]-7 1)7 (07 17p>7 (_CYQj - (042 - al)r - 57’% ]-)
where C1,Cy and X are arbitrary constants and the function f is suitably pre-

scribed.

KNOWN SPECIAL CASES OF THEOREM 1

If we consider A = 0 in the right hand side of (6.2.3)), we get the result obtained
by Tomovski et al. [79, p.803, theorem 5|. Again, if we take a=1, b=c=0 and
reduce H-function to the Mittag-Leffler function(see[68] and [78]) in the integral
operator on the right hand side of , we get the result obtained by Srivastava
and Tomovski [78, p.207, Theorem 8]. Further, if we take a=1, b=c=0 and reduce
H-function to the H-function [19, p.10, Eq.(1.1.42)], we get the result obtained
by Srivastava et al.[69, p.115, Theorem 2].

If in theorem 1, we take a; = a; = a and ¢ = 0, we get the following
result which is of interest by itself and of great practical importance.

We shall denote it by a theorem and not a corollary.

THEOREM 2

The following fractional differential equation:

a (Dg‘fl y) (z) +b (Dgf2 y) () = A (ﬁg’;’ggjg 1) (@) + f(x)  (6.2.13)
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(0<a<1;0§61,ﬁ2§1;%(ﬁ)>0;wGC\{O}; 1=m=g

0<n<p; 9‘{(5)+1I<ni<n {‘ﬁ(%‘fj)}>0),

J

with the initial condition:
<I(§};5i)“*a> y) (0+) = C; (i=1,2), (6.2.14)

has its solution in the space L(0,00) given by

CLCl xa+61(1—o¢)—1 bC2 xa—f—,@g(l—a)—l
y() ~(a+D) I'(a+ 6i(1 - ) + (a+b) T(a+ Be(l —a))
A A 1 r
o+ F’m,n-l—l v / _ na—1
+ @t b)x pilgil |WT + T o ), (x — )" f(t)dt,
B*

(6.2.15)

where A* = (1= 3,7;1), (¢, Ej; €)1, (€5, Ej)nt1p;

B* = (f;, Fj)1m» (fjs F3 ) ma1,g, (=08 — a,7; 1) and Cy, Ca, X are arbitrary con-
stants and the function f is suitably prescribed.

Corollary 1. If we reduce H—function occuring in the right hand side of
to the polylogarithm function of order n [8, p.80], we obtain the following frac-

tional differential equation:

a (Dg‘fl y) (z) +b (Dg“fz y) (x) = A (FEL5,1) (@) + f(=) (6.2.16)

<0<a<1;0§ﬁl;ﬁ2§1; R(B) > 0; wEC\{0}>7
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with the initial condition (6.2.14) has its solution in the space L(0,00) given by

a Cl xa+ﬁ1(1—a)—1 b 02 xa—i—ﬂg(l—a)—l
_I_
(a+0b) F(a+ﬁ1(1—a)) (a+0b) F(a+5g(l—a))
(1=8,71),(1,1;n+1)

y(r) =

A S e ) .
— mx jLBHZ3 —wx
(1? 1)7 (07 1§ 77)7 (_ﬁ — a7, 1)
e L @0 s (6:2.17)
(a+0)l(a) Jo ’ -

where C7,Cy and X\ are arbitrary constants and the function f is suitably pre-

scribed.

Corollary 2. If we reduce H—function occuring in the right hand side of
to the generalised Wright hypergeometric function [18, p.271, FEq.(7)], we obtain

the following fractional differential equation:

o (D5 y) @) +6 (D5 y) @) = A (B ls 1) (@) + @) (6218)

<O<a<1;0§51;52§1; R(B) > 0; wE(C\{O};p§q+1>,

with the initial condition (6.2.14) has its solution in the space L(0,00) given by

aC, potBi(l-a)-1 b, potBa(l—a)—1

+
(a+0b) F(a+ﬁ1(1—a)) (a+b) F(aJrﬁz(l—a))
(]- - eja E]a ej)l,pa (ﬁa’% 1)

y(r) =

A _
" (a+0) 2 bt jwr’
(L= f5 F3;Si)e (L + B+ a,731)
1 x
+ m/o (ZL’ — t)a_l f(t)dt, (6219)

where C1,Cy and X\ are arbitrary constants and the function f is suitably pre-

scribed.
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KNOWN SPECIAL CASES OF THEOREM 2

If we consider a = 1,b = 0 and reduce H-function to the Mittag-LefHler function
(see [68] and [78]) in the integral operator on the right-hand side of (6.2.13),
we get the result obtained by Srivastava and Tomovski [78, p.207, Theorem 8].
Again, if we take a = 1,b = 0 and reduce H-function to the Fox’s H-function 19
p.10, Eq.(1.1.42)] in the integral operator on the right-hand side of , we

get a result obtained by Srivastava.et.al [69, p.115, Theorem 2].

NUMERICAL EXAMPLES AND GRAPHICAL REPRE-
SENTATIONS

First of all, by letting w — 0 in Corollary 2, the generalized Wright hyperge-
ometric function occuring in reduces to 1. Further, in order to obtain
numerical examples from Corollary 2 we consider f(z) = z” where R(p) > —1.

Example (a). If we take 5 =05,a=1,b=1, a = 0.5, f; = 0.25, f = 0.5

and p = 1 in equation ([6.2.19)), we easily arrive at the following result

4 Cy A I'(2) 215

Yos(x) = 20(0.625)20-375 - 20(0.75)x0-25 + 9 + 21°(2.5)

(6.2.20)

Example (b). If we take § =05, a=1,b=1, a =0.6, 5 = 0.25, 85 = 0.5

and p = 1 in equation ([6.2.19), we easily arrive at the following result

C, Cy Azt [(2) 16

9ot = oro s ¥ e T2 T are)”

(6.2.21)

Example (c). If we take  =0.5,a=1,b=1,a=0.7, 51 = 0.25, B, = 0.5 and
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p =1 in equation (6.2.19)), we easily arrive at the following result

C, Cy Azt e -

i * Toren”

— 2.22
w1l = o 77EEE T (0850 n T 2 (6.2.22)

Example (d). If we take § =05, a=1,b=1, a =0.9, 5 = 0.25, 5 = 0.5

and p = 1 in equation ([6.2.19), we easily arrive at the following result

(2) Ch + Co n Azt n ['(2) 1,
xXr) = s .
Yoo 9T(0.925)2007 | 20(0.95)2005 ' 2 ' 20(2.9)

(6.2.23)

Example (e). If we take 5 =0.5,a=1,b=1,a =1, 5 = 0.25, B, = 0.5 and

p =1 in equation (6.2.19)), we easily arrive at the following result

Axts o T(2)
RRETCLE (6.2.24)

n(z) = %(01 +Cy) 4+

Example (f). If we take 5 =0.25,a=0,b=1, =0, 5, =0, 8, = 0.5 and

p = 0 in equation (|6.2.19)), we easily arrive at the following result

&

Yos(x) = Nl A0 4 1. (6.2.25)

Example (g). If we take 5 =025, a=0,b=1, a =0, #; =0, 52 = 0.65 and

p = 0 in equation ((6.2.19)), we easily arrive at the following result

Cy

Yoes(e) = T0.65)705 A% 4 1. (6.2.26)

Example (h). If we take 8 =0.25,a =0,b=1,a =0, p; =0, S = 0.9 and

p = 0 in equation ((6.2.19)), we easily arrive at the following result
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Cy

Yoolx) = T(0.9)201 + A% + 1. (6.2.27)

Example (i). If we take 5 =0.25,a=0,b=1, a =0, f; =0, 82 = 0.95 and
p = 0 in equation (6.2.19)), we easily arrive at the following result

Cy

Y o0s(x) = T(0.95)20% + A% 4+ 1 (6.2.28)

Example (j). If we take § =025, a=0,b=1, =0, f; =0, f2 — 1 and

p = 0 in equation (6.2.19)), we easily arrive at the following result
Y (x) = Cy + Aa®® + 1. (6.2.29)

Example (k). If we take =05, a=1,b=0,a =0, f; = 0.5, B2 = 0.5 and

p = 2 in equation (6.2.1Y)), we easily arrive at the following result

ok Cl
Yy O.S(x):\/ﬁ

+ A% + 2% (6.2.30)

Example (1). If we take 8 =0.5,a=1,b=0,a =0, f; = 0.7, o = 0.5 and

p = 2 in equation (|6.2.19)), we easily arrive at the following result

Cy

Yor(x) = [(0.7)203 + A% 4 2, (6.2.31)

Example (m). If we take 3 =0.5,a=1,b=0, a =0, 5 = 0.9, 5 = 0.5 and

p = 2 in equation (6.2.19)), we easily arrive at the following result

ok Cl

Yoolr) = (0.9)201 + A% + 2 (6.2.32)
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Example (n). If we take 5 =0.5,a=1,0=0,a =0, f; = 0.95, B = 0.5 and

p = 2 in equation (|6.2.19)), we easily arrive at the following result

Cy

Yo.os(x) = T(0.95)205 N (6.2.33)

Example (o). If we take  =05,a=1,0=0, =0, 5 — 1, 55 = 0.5 and

p = 2 in equation (|6.2.19)), we easily arrive at the following result

yi*(r) = O + A% + 2? (6.2.34)

The following graphs (see Figure 6.1, Figure 6.2 and Figure 6.3) are obtained

by using MATLAB. Figure 6.1 exhibits a comparison between the behaviours

of the solutions y,(z) given by Egs.(6.2.20)), (6.2.21), (6.2.22), (6.2.23) and

(6.2.24)) for different values of the parameter «. On the other hand, Figure

6.2 illustrates a comparison between the behaviours of the solutions yj, (z)

given by Eqgs.(6.2.25)), (6.2.26)), (6.2.27)), (6.2.28]) and (6.2.29) for different values

of the parameter (. Similarly, Figure 6.3 illustrates a comparison between

the behaviours of the solutions y5(z) given by Eqgs.(6.2.30), (6.2.31), (6.2.32),

(6.2.33)) and (6.2.34)) for different values of the parameter f;.
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160

A0 1 I 1 1 1 1 1 1

Figure 6.1: Solutions y,(z) for different values of @ when Cy = 88.4, Co = 66.6
and A =3
[Here yo.5(x) is the lowermost graph]

f I

Figure 6.2: Solutions yj (z) for different values of 8o when C5 = 88.4 and A =3
[Here yj(z) is the uppermost graph and Y5, (x) is approaching yj(x) as S — 1]
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Figure 6.3: Solutions yg*l‘(:v) for different values of 81 when C7 = 66.4 and A = 2
[Here y7*(z) is the lowermost graph and y37(x) is approaching y7*(z) as 1 — 1]

6.2.1 IMPORTANCE OF GRAPHS

It is found that the graphs (see Figure 6.2 and Figure 6.3 ) given here are quite
comparable to the corresponding physical phenomena involving ordinary calculus,
especially when the parameters 5, > 0, S > 0 get closer and closer to an integer.
It can be concluded from the graphs that fractional calculus approach leads us
to study a broader spectrum of area in any physical phenomenon as compared to

the corresponding physical processes in ordinary calculus.
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EQUATIONS
THEOREM 3
The following fractional differential equation:
z (Délf ' y) (x) = A (ﬁ"ﬂgﬂ} 1) () (6.2.35)

<0<a<1;0§51§1; R(B) > 0; we C\{0}; L=m = ¢

with the initial condition:
< [{PO0—e) y> (0+) = C, (6.2.36)

has its solution in the space L(0,00) given by

o xa—i—ﬁl(l—a)—l o Jfa_l
r) = +C"
y(z) T(a+ Ai(l - a)) T(a)

——=m,n+2

+ APV Y [ wa? : (6.2.37)
F*

where

E* = (1 - /Ba’yv 1)a (1 - ﬁ)f}/a 1)7 (€j7Ej; Gj)l,na (6j7Ej)n+1,p
F* - (fquj)l,m7 (fj7ﬂ;%j>m+l,q7 (_5)75 1)7 (1 - /6 — a7, ]-)7

and C, C* and X\ are arbitrary constants.

Proof. Since d”
L F@IE)} = (D" £ @)l (s), (6.2.38)

if we denote by Y'(s) the Laplace transform of the function y(z), which is given
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as in (6.1.7). Then, by applying the Laplace transform operator £ to each side

of (6.2.35)), and using the formulas (6.1.17) and (6.1.20) and the initial condition
(16.2.36|), we find that

A*
d —Fm,n
s {s°Y (s) — C’s‘ﬂl(l_a)} = —/\s_’B_alJélj;I ws™ . (6.2.39)

B*
Upon integrating both sides, this last equation (6.2.39) yields
Y (s) =Cs~a A=) 4 org=a

E*
s P T ws ™ , (6.2.40)

G*
where

E* = (1 - /8777 1)a (1 - /677’ 1)7 (eja E]a ej)l,na (eja Ej)n-‘rl,p
G* = (f5, Fy)vm, (f5, Fj3 Si)marg, (=6,7;1)

and C* is a constant of integration. The solution (|6.2.37)) asserted by ([6.2.35|)

would now follow when we take the inverse Laplace transform of each term in

(6-2-40)). O

Remark 6.2.1. If we reduce H-function to the Mittag-Leffler function (see [68,
78] ) in the fractional integral operator on the right-hand side of , we get
the result obtained by Srivastava and Tomouvski [78, p.208, Theorem 9]. Again, if
we reduce H-function to H-function [68, p.10] in the fractional integral operator
on the right-hand side of , we get a result obtained by Srivastava et al.
[69, p.120, Theorem 3].

Corollary 1. If we reduce H-function in the right hand side of to the
generalized Riemann zeta function [8, p.27, section 1.11, Eq.(1)], we obtain the
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following fractional differential equation:

x (Dfi“f ' y) (x) = A (¢hias 1) (@) (6.2.41)

<0<oz<1;0§51§1; 9‘*(5)>0;w€C\{0}),

with the initial condition has its solution in the space L(0,00) given by

patBi(1—a)—1 | o]
V@) =C T ama—ay ¢ T
I

+ APt e VY (wad : (6.2.42)
;-

where

= (1 - 657; 1)? (1 - B?’Y; 1)7 (07 1; 1)7 (1 -1, 17@)
J*=(0,1),(-=n, L 0), (=8,7;1),(1 = B — o, ;1)

and C, C* and X are arbitrary constants.
Corollary 2. If we reduce H—function in the right hand side of to
the generalized Wright Bessel function [18, p.271, Eq.(8)],we observe that the

following fractional differential equation:

v (Dg‘fl y> (z) = X (7;“;1;3’,;?6 1) () (6.2.43)

<0<a<1;0§51§1; 9%(5)>0;w€@\{0}),

with the initial condition has its solution in the space L(0,00) given by
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where

L= (071)7(_'%7 V;H)>(_577;1)7(1 _ﬁ — Qs 1)

and C, C* and X\ are arbitrary constants.

140

?
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